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The course has been designed so that all necessary information will be provided either in
lecture (verbally, written on the board, or presented on slides) or as extra resources posted on
the course website (including this mini-textbook). For other sources of information, please see
Appendix A.

Although Table 1 provides a rough correlation between lecture modules and the content of
this mini-textbook, you should not assume that reading the mini-textbook is a substitute for
attending lecture. Certain material, such as self-checks, will be presented in lecture only.
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(Section 4.3); analysis of pseudocode (Sections 4.4, 4.5, and 4.6)

Module 3 Memory (Chapter 3, Appendix C), basic data structures (Sections 7.1 and 7.3);
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(Appendix D); ADT Set (Table 6.3); types of data (Section 7.2);
bit vector (Section 7.3)

Module 4 Case study (lecture only); Group B ADTs (Section 6.4); ADT Stack
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for graphs (Section 7.6); ADT Directed Graph (Tables 6.14 and 6.15);
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Module 7 Case study (lecture only); Group D ADTs (Section 6.6); ADT Dictionary
(Table 6.16); searching (Section 8.2.1); sorting (Section 8.3.1); binary search tree
(Section 7.7.1); AVL tree (Section 7.7.2); (2,3) tree (Section 7.7.3)

Module 8 Case study (lecture only); Group D ADTs (Section 6.6); ADT Priority Queue
(Table 6.17); heap (Section 7.8); heapsort (Section 8.3.2)

Module 9 Average-case analysis (Section B.6); interpolation search (Section 8.2.2);
search in a static array (Section 8.2.3); self-organizing heuristics (Section 8.2.4);
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Module 10 Skip list (Section 7.7.5), graph problems (Section 5.5); ADT Disjoint Set
(Table 6.18); ADT Range (Table 6.19); quadtree (Section 7.9.1); k-d tree
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Table 1: Readings by lecture module
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Chapter 1

Course goals

The goal of the course is to enable you to solve problems that involve non-trivial ways of handling
data. Just as in first-year computer science courses you were taught first to use built-in functions
and operations and then to design and implement your own, now that you have used built-in
ways of storing and manipulating data (such as using Python lists and Python dictionaries),
here you will be taught how to design and implement your own.

1.1 Modularity and data hiding

Our approach makes use of two of the most important concepts found throughout computer
science, namely modularity (the division of a program into independent, reusable pieces) and
data hiding (the hiding of local data from other parts of the program). In first-year computer
science, modular thinking was emphasized by the use of helper functions, which made possible
the decomposition of a program into multiple tasks.

When we consider modularity on a larger scale, the division of a program into pieces may
enable different programmers or groups of programmers to develop those pieces independently.
Just like the user of a helper function needs to know only the input, output, and side effects
of the helper function (but not how it is implemented), groups focusing on different pieces of
a project need to agree only on the interfaces between the various pieces. Here, data hiding
encompasses the idea of each group knowing only what is needed for the creation of their own
piece.

1.2 Roles, stages, and abstract data types

The type of interface used in the course is an abstract data type, or ADT, which consists
of a specification of a type or types of data items as well as a set of operations on those items.
Each operation is defined as a set of preconditions (requirements that must be satisfied for an
operation to be guaranteed to work as specified) and postconditions (guarantees of outcomes
when the operation is executed, such as what is produced and what the side effects are, provided
that the preconditions are met). The ADT can be viewed as a contract between the user of
the ADT and the provider of the ADT. As long as the user of an operation ensures that the
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preconditions are satisfied, the provider guarantees that the implementation of the operation
will satisfy the postconditions.

Each of the user and the provider have access only to the information that they need to
know. The user does not need to know how the operations are implemented, only that they
will work as specified. The provider does not need to know how the operations will be used,
only how they are specified. In this way, the work can be divided between the user and the
provider, each of whom can work independently. Just like the use of helper functions allows
the separation of certain tasks from the main program or function, the use of an ADT allows
the separation of tasks that manipulate data from other functions. Helper functions allow code
reuse (the same helper function can be used in many different programs) and localized updates
(one way of coding a helper function can be replaced by another without changing any other
part of the code); ADTs provide the same advantages.

It is not coincidental that the term “contract” arises both in the design recipe for a program
and in the description of an ADT. Choosing the type of data to use and the type of ADT to
employ can be viewed as additional steps in the design recipe, that is, part of the planning
stage in coming up with a solution to a problem. To make even clearer the distinction between
planning and coding, we will refer explicitly to the planning and coding stages for both users
and providers of ADTs.

The course will cover the roles of both users and providers, and for each, both the planning
and the coding stages. For example, in the planning stage, a user will need to identify what ADT
is best suited to the problem in question, either making use of a well-known ADT, adapting an
ADT, or coming up with a new one. Once the user and the provider have agreed on the ADT(s)
to use, the user can identify how often each of the ADT operations will be required. Operations
for ADTs discussed in lecture are summarized in Chapter 6.

Meanwhile, without knowing how an ADT is to be used, the provider can investigate various
implementations of the ADT, for each one choosing how the data is to be stored and how each
of the operations is to be implemented. For each choice, the provider can determine the costs of
each operation, and then provide the user with the information. As the user will know both the
number of times each operation is used and the cost of each operation for each implementation,
it is then possible to choose the best implementation for that particular situation.

1.3 Choosing, modifying, or creating an ADT

The course introduces a series of case studies; for each case study, the user determines the types
of data and operations required, and then chooses, modifies, or creates an ADT that can store
the data and support the operations. Although the primary focus of the lectures is the creation
of common ADTs, by the end of the course the student will have mastered enough common
ADTs to be able to handle a case study by choosing or modifying a known ADT. The purpose
of the course is not limited to focus on a specific set of ADTs, but rather to cover both common
ADTs and the types of modifications that one might make for situations in which none of the
common ADTs directly apply.

In choosing which ADT to use or to modify, it is important to keep in mind the tradeoff
between generality and efficiency. Depending on how the ADT might be used in the future, it
might be desirable to form an ADT that stores general data (see Section 7.2 for more information
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on types of data) and supports a large range of operations. However, for a situation in which
one knows more about the specifics of the data and there is need for only a small number of
operations, it might be better to use a more limited ADT. Typically, the more that an ADT
can do, the more expensive each operation is to support.

When there is a common ADT that is similar to what is needed, it may make sense to modify
the ADT. The two major types of modifications we will consider are when we need operations
not included in the original ADT and when there are operations included in the original ADT
that we do not need to use; we will refer to these types of changes as augmenting an ADT
and restricting an ADT, respectively.

When there are ADT operations that are needed but not part of the original ADT, we will
consider two possible ways of implementing the operations. In the simpler case, it may be
possible to construct the desired operation out of a sequence of operations already supported
by the ADT. We can view such a construction as one that can be achieved by the user of the
ADT, without any knowledge of how it is implemented and without any changes to the ADT.
Even in those cases where such a construction is possible, the provider can determine whether
one can create a more efficient algorithm by using or modifying details of the implementation.
In such a case, we will create a new ADT by augmenting the original ADT to include the new
operation. One of the most common types of augmentation is when the ADT is used exclusively
for compound data (a data item composed of two or more fields, possibly of different types,
such as a number and a string); in such cases, there may be separate operations for accessing
or updating the value for each field individually.

Less obvious is modification when we have a situation in which one or more of the original
ADT operations is never used. Although it is clearly possible to choose an ADT and use only
a subset of the operations, for the purposes of efficiency, it might be better to define a more
restrictive ADT. In general, the cost of implementing each operation depends not only on the
operation itself but on other operations supported by the ADT. The more limited the set of
operations supported, the better the chance of saving time and space in the implementation.
As discussed in Section 7.2, one of the most common types of restrictions is by removing any
operations that change the set of data items being stored.

1.4 Implementing an ADT

The planning stage of the provider results in an implementation of an ADT, consisting of a way
of organizing and storing the data and a set of algorithms that implement the ADT operations.
An implementation can use other ADTs as well as data structures (ways of organizing data
in the computer’s memory). In the example illustrated in Figure 1.1, the provider of ADT A
makes use of both an ADT (B) and a data structure (C) to implement A. The provider of
ADT A does not need to know the details of how ADT B is implemented, only how the ADT
operations for A are implemented using the ADT operations for B. Thus, the provider of one
ADT (A) may play the role of user of another ADT (B). Another common use of an ADT
within another ADT is when using compound data; in this case, an ADT can be introduced for
the type of data, allowing access and updating of any of the fields individually.

We can view the levels of abstraction as occurring in a sequence of layers, with the top,
most abstract, layer representing the problem being solved and the interface between each pair
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of consecutive layers represented by an ADT. There can be any number of layers of ADTs, as
long as each bottom layer specifies a data structure and a set of algorithms that implement the
operations of a bottommost ADT. (In Figure 1.1, the bottom layers are the data structures C
and D, where D implements the bottommost ADT B.) When specifying a data structure, we
are not concerned with where exactly in memory the data items are stored, but rather whether
they are to be accessed directly (as in the case of contiguous memory) or whether one or
more links need to be followed (as in the case of linked memory). (These terms are discussed
in greater detail in Chapter 3.)

User of ADT B

Data structure C

Provider of ADT A

ADT A

User of ADT A

ADT B

Data structure D

Provider of ADT B

Figure 1.1: Implementation of an ADT using another ADT

Although various sources use inconsistent definitions of the term data structure, in this
course we use the term to refer only to the way data is organized in memory, without specify-
ing how the ADT operations are implemented. In fact, the same data structure can be used
not only to implement different ADTs, but also to provide different implementations of the
same ADT. Thus, for a single ADT, a given data structure may be used in multiple, differing
implementations, each of which may use different algorithms to implement the ADT operations.

1.5 Models and analysis

In order to determine which implementation of an ADT is most suitable, one could code each
implementation, time the execution of operations on representative data, and then compare the
results. Such an approach is not only time-consuming and labour-intensive, as it requires the
resources to code a potentially large number of options, but the usefulness of the results depends
on how close the data, programming language, and machine are to those which are going to be
used.

A more time-efficient and generally-applicable approach is to find a way of comparing options
without coding and without making any assumptions about the data, programming language,
or machine. In this approach, analysis makes use of a model of computation, a mathematical
definition that captures the essence of computation, with costs based on a memory model,
which in turn captures the essence of memory use.

We will use a model of computation that represents the computation using a single processor,
in which simple tasks (such as simple mathematical and Boolean operations and comparisons)
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can be viewed as all taking roughly the same amount of time. For those who have not studied
the topic before, an introduction to the basics of computers is provided in Appendix C; this
material provides the background underlying the memory models used in the course (Chapter 3)
as well as the model of computation. Instead of explicitly defining the model, we will make use
of pseudocode to both express and analyze our algorithms (Chapter 2).

1.6 Recipes for users and providers

The following “recipes” summarize the steps undertaken by the user and provider in the planning
and coding stages:

Recipe for user/plan (solving a problem):

1. Determine types of data and operations.

2. For each type, choose/modify/create an ADT.

3. Develop a pseudocode algorithm using ADT operations.

4. Calculate the algorithm’s cost with respect to costs of operations.

5. Using information from the provider, choose the best option.

Recipe for provider/plan (choosing among implementations):

1. Create pseudocode of various options for data structures and algorithms to implement the
ADT and its operations.

2. Analyze the cost of each operation for each implementation.

3. Provide options for packages of operation costs.

Recipe for user/code (code solution using ADT operations):

1. Agree on the code interface.

2. Code a solution to the problem using the ADT.

Recipe for provider/code (code implementation of ADT operations):

1. Agree on the code interface.

2. Code the chosen data structure and algorithms implementing the ADT.
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1.7 Outline

To establish the assumptions underlying our assessment of various options, in Chapter 2 we
discuss how we model computation (pseudocode), and in Chapter 3 we discuss how we model
the use of memory (memory models). Then, Chapter 4 covers methods for analysis (worst case,
best case, and average case) as well as the use of order notation to express space and time costs.

In order to be able to discuss ADTs and data structures (Chapters 6 and 7), we give back-
ground on trees and graphs in Chapter 5. Details on algorithms that implement operations are
covered in Chapter 8.
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Chapter 2

Pseudocode

In lectures, algorithms will often be expressed in pseudocode, a mixture of code and English.
While understanding pseudocode is usually not difficult, writing it can be a challenge.

One example of pseudocode, used in this course, is presented in Section 2.2. Appendix E
contains examples of pseudocode found in various textbooks.

2.1 Guidelines for writing pseudocode

Why use pseudocode at all? Pseudocode strikes a sometimes precarious balance between the
understandability and informality of English and the precision of code. If we write an algorithm
in English, the description may be at so high a level that it is difficult to analyze the algorithm
and to transform it into code. If instead we write the algorithm in code, we have invested a lot
of time in determining the details of an algorithm we may not choose to code (as we typically
wish to analyze algorithms before deciding which one to code). The goal in writing pseudocode,
then, is to provide a high-level description of an algorithm which facilitates analysis and eventual
coding (should it be deemed to be a “good” algorithm) but at the same time suppresses many
of the details that vanish with asymptotic notation (discussed in great detail in Section 4.3).
Finding the right level in the tradeoff between readability and precision can be tricky. If you
have questions about the pseudocode you are writing on an assignment, please ask one of the
course personnel to look it over and give you feedback (preferably before you hand it in so you
can change it if necessary).

Just as a proof is written with a type of reader in mind (hence proofs in undergraduate
textbooks tend to have more details than those in journal papers), algorithms written for dif-
ferent audiences may be written at different levels of detail. In assignments and exams for
the course, you need to demonstrate your knowledge without obscuring the big picture with
unneeded detail. Here are a few general guidelines for checking your pseudocode:

1. Mimic good code and good English. Using aspects of both systems means adhering to the
style rules of both to some degree. It is still important that variable names be mnemonic,
comments be included where useful, and English phrases be comprehensible (full sentences
are usually not necessary).
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2. Ignore unnecessary details. If you are worrying about the placement of colons, you are
using too much detail. It is a good idea to use some convention to group statements
(begin/end, brackets, or whatever else is clear), but you shouldn’t obsess about syntax.

3. Don’t belabour the obvious. In many cases, the type of a variable is clear from context;
unless it is critical that it is specified to be an integer, for example, it is often unnecessary
to make it explicit.

4. Take advantage of programming shorthands. Using branching or looping structures is
more concise than writing out the equivalent in English; general constructs that are not
peculiar to a small number of languages are good candidates for use in pseudocode. Using
parameters when defining functions is concise, clear, and accurate, and hence should be
included in your pseudocode.

5. Consider the context. If you are writing an algorithm for mergesort, the statement “Use
mergesort to sort the values” is hiding too much detail; if we have already studied merge-
sort in class and later use it as a subroutine in another algorithm, the statement would
be appropriate to use.

6. Don’t lose sight of the underlying model. It should be possible to “see through” your
pseudocode to the model below; if not (that is, you are not able to analyze the algorithm
easily), it is written at too high a level.

7. Check for balance. If the pseudocode is hard for a person to read or difficult to translate
into working code (or worse yet, both!), then something is wrong with the level of detail
you have chosen to use.

2.2 Pseudocode used in the course

The pseudocode used in the course will adhere to the following conventions:

• Variable names are capitalized, and function names are written in all capital letters. Where
helpful for readability, such as to separate words, an underscore ( ) is used.

• To make it distinguishable from code, which is presented in typewriter font, pseudocode
is presented using italics. (The one exception is function names, which may be written
with or without italics.)

• Simple Python list operations, such as [] for an empty list or accessing an item in a
position, will be included, but no powerful operations, such as sorted and reverse.

• The Python list operation slice can be used, with the indices having the same meaning as
in Python: [a:b] consists of items a up to but not including b, where if a is omitted the
slice starts at the first item in the list and if b is omitted the last item in the slice is the
last item in the list. The operation can also be used for strings.

• The Python method len will be written as Length for consistency with other names.
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• Each function definition contains a preamble consisting of the name of the function and
parameters, the input, the output (if any), and side effects (if any).

• Function applications are given as the name of the function with all parameters appearing
afterwards in parentheses, separated by commas. For consistency, instead of using dot
notation for methods, the object appears as one of the inputs. For example, to determine
the length of list L we would write Length(L).

• Reserved words (such as for and if ) are shown in boldface.

• Assignment statements are shown using ←, like in Example 3 (see Appendix E for pseu-
docode examples). Other common conventions are the use of = (Example 4) and :=
(Example 2).

• Types of variables are not listed explicitly, unlike in Examples 2 (which uses integer)
and 4 (which uses int). Ideally, the code will be written in such a way that the type is
clear from context, or from the listing of inputs and outputs.

• Indentation is used to group statements, like in Python.

• The word return is used to indicate that a value is returned.

• Branching mimics Python; thus, if and else are used, but unlike in Examples 1–3, not
then.

• In for loops, a loop that goes from the value Start to the value Finish will be written for
Count from Start to Finish, where Count can be replaced by a variable of another name.
The comparable Python code would be for count in range(start, finish+1).

• For a for loop over a list or other collection, for each is used.

• For the ease of analysis, almost always a line will contain a finite number of simple tasks
(cost Θ(1)) or a function application.

As you can see from the example of binary search below, the pseudocode is quite close to
Python.

Bin Search(L, Item)
INPUT: A list L with items in nondecreasing order
OUTPUT: True or False depending on whether Item is in L
if Length(L) ≤ 1

if Length(L) == 1 and L[0] == Item
return True

else
return False

else
Mid = Floor(Length(L) / 2)
if L[Mid] == Item
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return True
else if L[Mid] > Item

return Bin Search(L[:Mid], Item)
else

return Bin Search(L[Mid+1:], Item)
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Chapter 3

Memory models

Just like a model of computation is used to give a simplified view of the steps taken during
computation, a memory model is a simplified representation of how computer memory is orga-
nized and accessed. In the planning stage, the provider of an ADT will use a memory model
to specify how the data is to be stored. Our representations are intended not to be exact and
accurate depictions of what happens in a computer, but to provide sufficient information for us
to be able to compare different ways of structuring data.

In your previous study of computer science, you may have been exposed to a variety of
different memory models, each used to illustrate a particular concept. For example, when
students are first taught about variables, the memory allocated to a variable is sometimes
represented as a box labeled by an identifier (the name of the variable). When a variable is
created, the box is drawn and the label attached, and when the variable is initialized, the initial
value is placed in the box (Figure 3.1). Thereafter, if the value of the variable is changed, the
value inside the box is changed.

Count

4

Figure 3.1: A simple memory model

The model mentioned above is consistent with the way Python manages identifiers in
namespaces (mappings between identifiers and addresses). As you’ve experienced in your
programming in Python, there are various namespaces used, including namespaces that are
local to functions or modules, as well as a global namespace. Using from math import * puts
all of the functions in the math module into the global namespace. Typically we instead use
import math so that the application of a function in the module requires that the name of the
function be appended with math. to distinguish it from any new function of the same name.

Often a different memory model is introduced to support the concept of aliasing of mutable
data such as Python lists. Instead of storing a value in a box labeled by an identifier, now
an identifier labels an arrow that points to a box storing data. When the same data can be
accessed using two different identifiers, there are two arrows, one for each identifier, pointing to
the same data. Similar ideas are used to represent built-in data types; for example, a list may
appear as a sequence of boxes, each accessed using the index of the particular item (Figure 3.2).
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Figure 3.2: A memory model depicting a list

Here, too, the model is consistent with Python (though not necessarily all other languages).
Just as in Python, an immutable data type, such as a tuple, can contain within it a mutable
data type, such as a list.

For this course, we will make use of memory models that allow us to understand the relative
costs of choosing different ways of arranging data. Rather than be concerned about where in
memory our data is stored, we will be concerned with how easy it is to find our data, access it,
and change it. In much of our analysis, we will focus on two main ways to allocate memory for
a group of related data items, all of the same type. (If you have not already done so, you may
wish to read Appendix C now.)

In contiguous memory, all items in the group are stored in one chunk. A chunk has the
advantage that if you can find the location of the first cell in the chunk, you can easily find the
cells in the rest of the chunk. The memory for one item can be seen as a subchunk (or slot)
of the chunk for the group, where the address of the first cell in each subchunk can be easily
calculated from the address of the entire chunk.

In contrast, in linked memory, multiple chunks of memory are used, typically one chunk for
each item in a group. The name comes from the links that are used by a program to navigate
through the data: each chunk will store not only one or more pieces of data, but also one or
more addresses of other chunks. The term pointer is used for a type of data that represents an
address; in illustrations, typically pointers are depicted as arrows (and empty, or null pointers,
are depicted by diagonal lines), allowing us to represent addresses as locations in an image rather
than as numbers. In addition, we can assume that there is a way to associate an identifier with
an address. In our example of aliasing, for two variables to be associated with the same data
item, the two variables are associated with the same address (that is, the address of the first
cell in the chunk in which the data item is stored).

We will not be concerned with the role of the operating system, other than to expect that
when we write a program that uses memory, the operating system will handle the job of finding
a free chunk of memory of the correct size, and that when we are no longer using that memory,
the operating system will reclaim the memory for later reuse.

Due to the nature of memory handling, if no processing is done to initialize newly-allocated
memory, reading memory before writing to it may result in the reading of a value that had been
stored in the memory when it was being used by a previous process. To avoid this problem, at
times we will opt to initialize a chunk of memory to empty. For each data structure that we use
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in the course, we will specify whether or not we opt for this type of initialization.
As discussed in Appendix C, the costs of accessing memory in various levels of the hierarchy

may differ. In this course, we will consider two different models. For most of the course, we
will ignore such differences, making use of a one-level model. At times we will expand our focus
to a two-level model in which data is moved between main memory and external memory, and
where data structures are designed based on the size of a page. More complex models are also
possible, but will not be considered in this course.
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Chapter 4

Analysis

Throughout the course, we will be considering various implementations of ADTs, where each
implementation consists of the choice of how to store the data (using one or more data structures
and/or ADTs) and the choice of algorithms for each of the ADT operations. By assigning time
and space costs to various aspects in our model of computation (Chapter 2) and our memory
model (Chapter 3), we will be able to analyze various options without having to code them all.

In our analysis, we have not specified particular software or hardware. We will categorize
costs of options into groups, where differences between groups are so wide that small changes
resulting from particular choices of programming languages or machines will not alter the ways
options are categorized.

In the remainder of this chapter, we explore how we can form groups by representing costs
in a succinct way.

4.1 Operations with costs that vary

Whether we are determining the amount of space used by a data structure or the amount of
time used by an algorithm, the resources required will often vary depending on the particulars
of the data being stored. For example, if an operation entails examining all possible locations in
a data structure where data might be stored, then the cost of the operation will depend on the
size of the data structure. If instead the operation entails examining all of the data items being
stored, ignoring empty locations, then the cost of the operation will depend on the number of
data items. At times, the cost of an operation may depend not only on the size of the data
structure or the number of data items, but also specific values and locations of data items.

In order to be able to compare multiple options, for each option we need to find a succinct
way of representing the required resources, rather than including detailed information about
each possible situation that might occur. At the same time, we wish to include enough detail
that we have an overall picture of the behaviour of a particular algorithm. Accordingly, we will
discuss the running time and space use in terms of quantities such as the size of an input (often
represented as n), the size of a data structure, and the number of data items stored in a data
structure at the time of an operation. In most of the course, we will assume that the number of
bits used to store a single item of simple data (such as a number, string, Boolean, or pointer) is
a constant; as a consequence, the number of data items is used as a way of measuring the size
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of an input.

4.2 Representing cost as a function

For the time being, we represent each cost as a function of a single variable n; we will expand
our analysis to additional variables in Section 4.6. In order to represent the running time of an
algorithm as a function f , we need to determine a value f(n) for each possible input size n. For
convenience, we can express the function as if it were defined on all nonnegative values of n,
even though the only values of n that represent input sizes are nonnegative integers.

If the running time of an algorithm is the same on all inputs of a fixed size n, then f(n)
is defined to be that running time. If instead the running time is not identical for all inputs
of a fixed size n, we can still define a function f to represent running times by choosing a
value f(n) that represents the range of running times of inputs of size n. In doing so, we will
end up throwing away some of the details of the differences in costs. Our goal is to choose a
representative that captures enough of the behaviour to help us select among options.

There are different ways of choosing representatives, each of which results in a different
type of running time. We obtain best-case running time if we choose as f(n) the smallest
possible running time for any input of size n; analogously, if we choose as f(n) the largest
possible running time for any input of size n, we obtain worst-case running time. Each of
these choices ignores all values larger (respectively, smaller) than the one chosen.

Another way of determining f(n) is to take into account how likely each input of size n is to
occur. More precisely, a probability distribution is an assignment of probabilities to each
possible input, where the sum of all the probabilities equals 1. (Further discussion of probability
can be found in Appendix B.6.) The average-case running time with respect to a particular
probability distribution is found by setting f(n) to equal

∑
i∈I Pr[i] · t(i) where I is the set of

inputs of size n, Pr[i] is the probability of input i, and t(i) is the running time on input i.
Unfortunately, the average-case running time is only useful when the probability distribution

accurately reflects the type of data on which the algorithm is to be run. As it is rare that such
distributions are easy to obtain, in many cases the average case is not used.

The most common type of running time used in analysis is worst-case running time. Although
it might seem unduly pessimistic, it has the advantage that it provides a guarantee: the actual
running time will never be worse than the worst-case running time. When we have more
information about the input, we will at times discuss average-case running time. The main use
of best-case running time will be on assignments and exams, to test your understanding of the
concepts.

Remember that when we refer running time, we are referring to a function of an input size
n. In particular, this means that we cannot make assumptions about the value of n, such as
assuming that n = 1 for a best-case analysis.

Note: Please do not use the term runtime interchangeably with running time. The former
is more accurately used to describe when a program is being run, such as in the phrase “runtime
stack.”
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4.3 Categorizing functions into groups

Although our motivation for categorizing functions into groups is to be able to compare worst-
case running times of algorithms, it is important to keep in mind that the discussion in this
section applies to any function at all. It could express worst-case, best-case, or average-case
running time, or it could be a function that has nothing to do with running times at all.

We will be categorizing functions using order notation, also known as asymptotic nota-
tion. (We will use the terms interchangeably.) The use of the word “asymptotic” reflects the
fact that in this notation, we are grouping functions into sets, based on how the functions behave
in the long term, as the value of n increases. Just like numbers might be grouped by “order of
magnitude,” here we group functions into categories that are significantly different from each
other, such as “constant time,” “linear time,” and “exponential time” (all as a function of n).

In this course we will use three types of notation, O, Ω, and Θ, each of which defines a
set with respect to a simple function on a single variable. (Discussion of order notation on
simple functions of multiple variables can be found in Section 4.6.) We consider a function f(n)
on a single variable to be simple if it consists of a single term (that is, it is not of the form
f(n) = g(n) + h(n)) and is not the product of a function and a constant (that is, it is not of
the form f(n) = cg(n) for any constant c). We will see shortly how such simple functions are
sufficient to describe all the groups of interest. Note: We will use names such as f(n), g(n), and
h(n) for functions playing various roles in expressions. Whenever a function appears in order
notation, it will be a simple function as described above. Typical simple functions we will see
are 1 (for constant-time costs), log n, n, n log n, n2, n3, and 2n).

The set O(f(n)) contains all functions that can be bounded above by a constant multiplied
by f(n) for all values of n that are sufficiently large. More formally, a function g(n) is in
O(f(n)) if g(n) ≤ c · f(n) for all values of n ≥ n0, where c > 0 and n0 ≥ 1 are both constants.
Analogously, the set Ω(f(n)) contains all functions that can be bounded below by a constant
multiplied by f(n) for all values of n that are sufficiently large. More formally, a function g(n)
is in Ω(f(n)) if g(n) ≥ c · f(n) for all values of n ≥ n0, where c > 0 and n0 ≥ 1 are both
constants. Notice that in both definitions, we are not required to use specific values for c and
n0; all we need to do is to ensure that some such values exist.

There are a few immediate observations we can make as a consequence of these definitions.
If we have two simple functions g(n) and h(n) such that g(n) < h(n), then it is easy to see that
if f(n) ∈ O(g(n)), then f(n) ∈ O(h(n)) (that is, since f(n) ≤ c · g(n) ≤ c · h(n) for all n ≥ n0),
and that if f(n) ∈ Ω(h(n)), then f(n) ∈ Ω(g(n)).

Omitting other types of notation, such as o and ω, that we will not be using in this course,
the last remaining notation we will introduce is Θ(f(n)). A function g(n) is in Θ(f(n)) if it is in
both O(f(n)) and Ω(f(n)). We observe from the above discussion that although a function can
be in O(g(n)) as well as O(h(n)) (or in Ω(g(n)) as well as Ω(h(n))) for two different functions
g(n) and h(n), it can be in Θ(f(n)) for only one simple function f(n). Consequently, when we
are trying to give as much information as possible about a function, we will use Θ notation. If
we are using O notation, we will try to express a function as in O(f(n)) for as small a function
f(n) as possible (since the larger the f(n), the larger the set, and the less we are saying about
our function), and similarly, we will try to express a function as in Ω(f(n)) for as large a function
f(n) as possible.

To see why we can express all the groups that we need using simple functions, we first observe
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that since we can use any constant c, clearly any multiple of f(n) is in O(f(n)). Moreover, when
we have a function f(n) that consists of several terms, we can show that f(n) ∈ Θ(g(n)), where
g(n) is the simple function that appears in the dominant term. For example, if f(n) = 3n2+10n+
6, we can show that f(n) ∈ Θ(g(n)) by demonstrating that f(n) is bounded below by 3n2 for all
n (and hence is in Ω(n2)) and bounded above by 19n2 = 3n2+10n2+6n2 ≥ 3n2+10n+6 = f(n)
for all n ≥ 1 (and hence is in O(n2)).

Please be very careful not to confuse the idea of a lower bound on a function (as represented
by Ω) with the choice of smallest values as representatives for best-case running time, nor to
confuse the idea of an upper bound on a function (represented by O) with the choice of largest
values as representatives for worst-case running time. Remember that both Ω and O can be used
to describe any function at all, whether worst-case, best-case, or average-case running time, or
a function that does not represent any kind of running time.

4.4 Using order notation to analyze pseudocode

If you read about order notation in various textbooks, you are likely to encounter exercises that
ask you to express a complicated function in order notation. In this course, the way we will
use order notation is to remove complications before expressing functions. In particular, since
we will typically be using order notation to analyze pseudocode, we will simplify functions into
order notation as we go instead of analyzing the cost in detail in the first place.

Our typical use of order notation will be in the analysis of pseudocode, where we assign
order notation to the cost of each line or block of lines. If an algorithm can be decomposed into
a sequence of blocks of lines, then we can analyze the entire algorithm by analyzing each block.
Moreover, since the cost of the sum of several terms is dominated by the cost of the highest
term, we can ignore all but the dominant term, as discussed in Section 4.3. Similarly, we can
express the cost of any constant number of constant-time operations as in Θ(1).

For branching, we will make use of the fact that we are determining worst-case costs, using
the most expensive (worst case) branch in our calculations. For looping, the total cost will be
the sum of the costs of all the loop bodies. When each loop body has the same cost, we can
simply multiply the number of iterations by the cost of a loop body. More complex analyses
are discussed in lecture.

4.5 Constant-time operations

Throughout the course, we will be analyzing pseudocode based on assumptions about the costs
of various operations. In this section, various operations with constant-time costs are listed.

As a default, we will handle numbers and Booleans as entities of a constant size, and view
operations on them as taking constant time. Such operations include common mathematical
operations (such as +, −, \, and ∗), Boolean operations (such as and, or, and not), and
comparisons (such as <, >, <=, >=, ==, and ! =).

Similarly, because their costs do not depend on the size of inputs, we assume constant-time
worst-case costs for such steps as assigning a value to a variable, using a variable, and using
return to return a value.
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Strings will be handled in different ways in different situations. For data structures that
manipulate strings, the length of a string will be viewed as a part of an input. If instead a
function produces a string such as “Not found”, producing the string will be seen as a constant-
time operation.

If you are unsure about the cost of an operation that you are using, please consult course
personnel.

4.6 Using multiple variables

We can also define order notation with respect to multiple variables, for situations in which
values depend on various types of information, such as both the number of edges (m) and the
number of vertices (n) in a graph. For general graphs, we do not know whether m or n is
bigger, and hence we cannot simplify our representation to use a single variable. Consequently,
a simple function on two variables can contain more than one term, provided that none of the
terms dominates any of the others. Thus, a simple function could not contain both mn and
mn2, since mn2 dominates mn, but it could contain both m2n and mn2, as either one might be
the dominant term.

Simplifying a function is more complicated when we have additional information about the
variables being used. For example, if we are calculating a function based on both the size of a
data structure (n) and the number of data items stored (k), we know that n ≥ k. In this case,
a simple function cannot contain both n2 and k2 as terms, as the former dominates the latter.
However, a simple function could have the terms n2 and k3, as we do not know which one is
dominant.
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Chapter 5

Trees and graphs

We will make use of more complex structures, such as trees and graphs, to form more complex
ways of relating information in ADTs. Although trees can be viewed as special types of graphs,
we introduce slightly different terminology for trees and graphs.

5.1 Tree terminology

In the trees we consider in this course, each tree consists of a set of nodes, one of which is a
special node called the root. Although there exist unrooted trees, we will rarely, if ever, consider
them in this course. In addition, when viewed as a graph, we could use the term vertex instead
of node. We may opt to use the term tree node when it is necessary to make a distinction
between a node in a tree and a node in a linked data structure (Section 7.3).

A connection between two nodes is an edge; each edge is between a parent and a child. If
we draw a tree by putting the root at the top of the page and drawing each edge more-or-less
vertically, then the parent is the node at the top of the edge (closer to the root) and the child
is the node at the bottom of the edge (farther from the root).

As a node can have more than one child, we use the term children as the plural of child. The
set of nodes that have the same parent as u are called the siblings of u. Working downwards in a
tree, for any node u we call its children, the children of its children, and so on, the descendants
of u. The tree formed from a node u and all its descendants (including the edges that join them)
is the subtree rooted at u.

Although a node can have any number of children, it can have at most a single parent, the
only node without a parent being the root of the tree. If we trace back from a node u to its
parent, the parent of its parent, and so on, we will eventually reach the root of the tree. The
nodes visited along the way form the ancestors of u. Although differing definitions are used,
in this course we will assume that a node is neither its own descendant nor its own ancestor.

Two other useful pieces of terminology make a distinction between nodes that have no
children (leaves) and nodes that have at least one child (internal nodes).

We will distinguish between different types of trees, depending on extra information that is
provided. In the definitions given so far, we have not defined an order on the children of a node;
each tree we have defined is an unordered tree. If instead we specify an order for the children
of each node, we have an ordered tree.
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By adding further restrictions, we can define a binary tree in which each node has at most
two children, where each child is either a left child or a right child. When a node has two
children, it has both a left child and a right child; if it has one child, it is either a left child or
a right child. The subtree rooted at the left child of u (if it exists) is the left subtree of u and
the subtree rooted at the right child of u (if it exists) is the right subtree of u.

A key property of trees is that there is exactly one sequence of edges connecting any pair
of nodes; we can describe this sequence in terms of a path between nodes v0 and vk, which is
a sequence of nodes {v0, . . . , vk} such that {vi, vi+1} is an edge for all 0 ≤ i < k. A path is
simple if each node appears at most once in the sequence. We define the length of a path
to be the number of edges in the path. The depth of a node is the number of edges in the
path from the node to the root; the depth of the root is thus 0. We refer to all the nodes of a
particular depth as being on the same level. To determine the height of a node u, we instead
consider the maximum number of edges in any path from the node to leaf in the subtree rooted
at u. Because a subtree rooted at a leaf contains only the leaf itself, each leaf has height 0. The
height of a tree is the height of the root of the tree.

There are special terms used to describe special types of binary trees. In a perfect binary
tree, each node has either zero or two children and all leaves have the same depth. As a
consequence, for a perfect binary tree of height h, each level ` < h contains 2` internal nodes
and level h contains 2h leaves.

In a complete binary tree of height h, each level ` < h contains 2` nodes and level h contains
at most 2h nodes, situated as far to the left as possible. More formally, if we consider the nodes
at level h− 1 in order from left to right as u0, u1, . . . , u2h−1−1, then for some uj, 0 < j, each ui

has two children for i < j, each uk is a leaf for j < k, and uj has either two children or just
a left child. By this definition, every perfect tree is a complete tree (where j = 2h−1 − 1 and
uj has two children), but not every complete tree is a perfect tree. In particular, in a complete
tree, there can be leaves on levels h− 1 and h whereas in a perfect tree there are only leaves on
level h.

5.2 Tree traversals

In order to search for data stored in a tree, we make use of different ways of traversing all the
nodes in a tree. The traversals are described here in general terms that allow the existence of
multiple possible orderings of a given type; in practice a particular implementation will result
in one specific ordering. For example, the order in which the children of a vertex are stored,
even in an unordered tree, may have an impact on how an algorithm orders the nodes.

The first three types of traversal orders are applicable to any tree; for an unrooted tree, any
node can be used to serve the role of the root in the descriptions that follow. In a postorder
traversal, each node appears after its children in the traversal, and in a preorder traversal,
each node appears before its children. In a level order traversal, nodes appear in increasing
order of depth. As noted above, a particular implementation may result in a particular way of
breaking ties among children in a postorder or preorder traversal and among nodes at the same
level in a level order traversal.

An additional type of traversal order is applicable only to binary trees; in an inorder
traversal, any node will appear in the ordering after all the nodes in its left subtree and before
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all the nodes in its right subtree.

5.3 Graph terminology

A graph G consists of a set V (G) of vertices and a set of E(G) of edges. In this course,
we will consider two types of graphs that differ in whether or not edges are directed from one
vertex to another; in the directed case, we’ll often use the term arc instead of edge. Thus,
in an undirected graph, each edge is an unordered pair of vertices {u, v} and in a directed
graph, each arc is an ordered pair of vertices (u, v); u and v are the endpoints of the edge or
arc. Unless stated otherwise, we will assume that the graphs are simple, which means the two
endpoints must be distinct vertices, there can be at most one edge connecting a pair of vertices
in an undirected graph, and there can be at most one arc connecting a given vertex to another
given vertex in a directed graph (there can be at most one arc (u, v) and at most one arc (v, u)).

For either undirected or directed graphs, we may wish to store extra information with a
vertex, edge, or arc. Such information can consist of various labels or colours, or numbers, such
as weights.

5.3.1 Terminology for undirected graphs

Various terms are used to describe relationships among vertices and edges. In an undirected
graph, two vertices u and v are adjacent if there exists an edge {u, v}. For relationships between
edges or between edges and vertices in an undirected graph, we use the term incident: an edge
and each of its endpoints are incident, and two edges are incident if they share an endpoint.

We frequently wish to determine the surroundings of a particular vertex. The set of vertices
adjacent to u is the set of its neighbours; collectively, the set of neighbours is the neighbour-
hood of u. The size of the neighbourhood of u (or equivalently, the number of incident edges)
is the degree of u. In a simple graph, the degree of a vertex can be at most one less than the
number of vertices in the graph. A vertex of degree zero is an isolated vertex.

More generally, we wish to traverse a sequence of edges in a graph. A path between vertices
v0 and vk is a sequence of vertices {v0, . . . , vk} such that {vi, vi+1} ∈ E(G) for all 0 ≤ i < k; a
path is simple if no vertex is repeated. We form a cycle by joining the first and last vertex in
a path; more formally, a cycle is a sequence of vertices {v0, . . . , vk} such that {vi, vi+1} ∈ E(G)
for all 0 ≤ i < k and {vk, v0} ∈ E(G). A graph without a cycle is acyclic.

In certain cases, there is a path between any pair of vertices in the graph; such a graph is
connected.

5.3.2 Terminology for directed graphs

For an arc (u, v), the vertex u is the tail of the arc and the vertex v is the head of the arc; an arc
is typically drawn as an arrow directed from u to v. In a directed graph, vertices connected by
an arc are categorized as the in-neighbours of u (vertices v for which the arc (v, u) exists) and
out-neighbours of u (vertices v for which the arc (u, v) exists). The numbers of in-neighbours
and out-neighbours are known, respectively, as the indegree and outdegree of u.
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A directed path is a sequence of vertices {v0, . . . , vk} such that (vi, vi+1) ∈ E(G) for all
0 ≤ i < k.

5.4 Breadth-first search and depth-first search

The algorithms breadth-first search and depth-first search are employed not only to de-
termine the set of vertices reachable from a given input vertex, but also as templates for various
algorithms that process such vertices. Here we consider only the basic forms of the two al-
gorithms. Each can be modified to solve various problems, typically by adding extra steps
associated with each vertex or edge either when it is first encountered or right before the last
time it is visited.

As the names imply, the two algorithms use different strategies for determining which node
to list (or process) first. In breadth-first search, vertices are processed in order of increasing
distance from the input vertex, where the distance can be seen as the shortest path from the
input vertex to the vertex in question. Thus, after the input vertex, first all neighbours of
the input vertex are listed, then all neighbours of neighbours of the input vertex that are not
also neighbours of the input vertex, and so on. In contrast, vertices are ordered by depth-first
search by seeking those farthest from the input vertex first, where a farthest vertex can be found
by following a path until it is not possible to go further without revisiting an already-visited
vertex. Details of both algorithms follow in the next sections.

For each algorithm, we make use of a colouring of the vertices to indicate progress by the
algorithm. Initially, all vertices are white, indicating that they have not yet been visited. When
a vertex has been visited (but not necessarily listed or fully processed, as in the case of depth-
first search), it is coloured gray. Finally, when all processing on the vertex has been completed,
it is coloured black. The colours are used to help organize each search.

In the same way that there were multiple orderings for tree traversals, as discussed in Sec-
tion 5.2, our descriptions of the two algorithms are given in a general form that allows multiple
possible orderings. The exact order of vertices, for either of the two algorithms, will depend on
a particular implementation (and, in particular, the order in which the neighbours of a vertex
are processed).

5.4.1 Breadth-first search

In breadth-first search, a queue (initially containing the input vertex) is used to manage the
vertices being processed. At each iteration, the first vertex in the queue is removed, its neigh-
bours are found and added to the queue, and then the vertex itself is added to the ordering.
In the pseudocode algorithm (Figure 5.1), the ADT Undirected Graph has been augmented
with operations Vertex Colour(G, One) (which produces the colour of vertex One) and
Set Vertex Colour(G, One, New) (which sets the colour of vertex One to New), and it is
assumed that all vertices are initialized to white.

29



BFS(G, Start)
INPUT: A graph G and a vertex Start in G; all vertices are white
EFFECTS: Visits all vertices reachable from Start; all such vertices are black
1 Q ← Create Queue()
2 Enqueue(Q, Start)
3 Set Vertex Colour(Q, Start, gray)
4 Optional steps placed here
5 while not Is Empty Queue(Q)
6 Current ← Dequeue(Q)
7 for Nbr in Neighbours(G, Current)
8 if Vertex Colour(G, Nbr) == white
9 Enqueue(Q, Nbr)
10 Set Vertex Colour(G, Nbr, gray)
11 Set Vertex Colour(G, Current, black)
12 Optional steps placed here

Figure 5.1: Breadth-first search pseudocode template

5.4.2 Depth-first search

Just like the vertices in breadth-first search can be seen as being stored in a queue for processing,
those in depth-first search can be seen as being stored in a stack. Typically this does not entail
using an explicit stack, but instead relies on the implicit stack inherent in recursive algorithms.
As in the algorithm for breadth-first search, in Figure 5.2 we augment the ADT Undirected
Graph with operations Vertex Colour(G, One) and Set Vertex Colour(G, One, New),
and assume that all vertices are initialized to white.

DFS(G, Start)
INPUT: A graph G and a vertex Start in G; all vertices are white
EFFECTS: Visits all vertices reachable from Start; all such vertices are black
1 Set Vertex Colour(G, Start, gray)
2 Optional steps placed here
3 for each Nbr in Neighbours(G, Start)
4 if Vertex Colour(G, Nbr) == white
5 DFS(G, Nbr)
6 Set Vertex Colour(G, Start, black)
7 Optional steps placed here

Figure 5.2: Depth-first search pseudocode template
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5.5 Problems on graphs

In the course, various problems on graphs are discussed, though not necessarily in detail, and
not necessarily with solutions provided. As discussed in class, they are introduced in part to
motivate the use of multiple ADTs together to solve a problem, and in part to motivate taking
a course on algorithm design, such as CS 231.
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Chapter 6

ADTs

6.1 Introduction to ADTs

Throughout the course, various ADTs will be introduced and discussed. Perhaps even more
than the ADTs themselves, it is crucial to understand the following underlying principles:

• ADTs provide a way of separating manipulation of data from other steps in an algorithm.

• Identifying when an ADT can be used entails determining data types and operations.

• When selecting among ADTs, using the ADT with the most restrictive operations is likely
to result in one requiring the fewest resources.

• Understanding common ADTs allows one to make slight modifications for special situa-
tions.

Since the goal of the course is to enable students to both select and modify known ADTs,
many of the ADTs that are defined in this mini-textbook provide a starting point for a more
in-depth discussion of various options. In lectures, assignments, and exams, variants on ADTs
presented here may be considered.

In considering ADT operations, we consider the following rough categories:

Create A create operation may or may not include initialization.

Query Such operations do not modify the ADT, but instead return information such as whether
or not the ADT is empty.

Search A search operation may determine whether or not a data item with a specified value is
stored in the ADT, or may return the value of a data item with a particular specification,
such as its position within the ADT.

Add Adding a value to an ADT may or may not require that the data item is not present, and
may or may not specify the position in which it should be added.

Modify A data item may be modified based on its value and its position (absolute or relative).
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Delete Deleting a value may or may not require that the data item is present, and may or may
not specify the value or position (absolute or relative).

Table 6.1 outlines conventions that we will use in our ADT defintions.

Name What it does Options

Create() produces a new empty ADT may specify capacity and/or initialize
Is Empty(A) produces True if A is empty,

else False
Is In(A, Data) produces True if data item

Data is in A, else False
Look Up(A, Info) produces a data item Info may include positional

corresponding to Info information or full or partial
information on a value

Add(A, Data) adds Data to A, perhaps may specify positional information
replacing another data item

Delete(A, Data) deletes Data from A may have the precondition that Data
is in A or may make no change if
Data is not present

Table 6.1: Conventions and options for ADT operations

Finally, we observe that certain operations will produce either a data item or, if it is not
present, the value False. In order to prevent ambiguity, we assume throughout that False is not
a data item. It would be easy to modify an implementation to allow False to be a data item by
choosing a different way of indicating the absence of a data item.

6.2 Groups of ADTs

The course is organized so that ADTs are presented roughly in order of increasing complexity,
based on the type of data items stored and the types of operations supported. To make the
progression clear, ADTs have been placed into groups. These group names are not used in other
sources, and are designed not as material to memorize but rather as a framework to help make
the relationships among the ADTs more coherent.

One way in which groups are characterized is by how data items can be accessed. In the
simplest ADTs, in group A, the only information that is used is the value of the data item itself.
In the remaining groups, each data item can be viewed as having a position. Although many of
the positions can be seen as describing a spatial relationship among data items, it is important
to remember that there is no obligation that data items stored in adjacent positions in the ADT
are also stored in adjacent positions in the data structure that implements the ADT. In order to
emphasize this distinction, we will consider various implementations that violate our intuition.

The ADTs in group B allow the access of data items by position rather than by value. In
some of the ADTs in the group, a position of a data item is determined by the operation that
adds the data item; in others, the position of a data item may depend on operations on other
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data items. In each ADT in the group, the items can be viewed as being arranged by a linear
ordering in one dimension, with (again) the caveat that the actual implementation may store
them in a different order entirely.

More complex relationships among data items are captured by the ADTs in group C, where
the positions of data items can be related in non-linear ways. In trees, data items are stored as
nodes that are connected by edges. Even more generality is possible in graphs, in which vertices
and edges may both be data items and in which the constraints on connections are fewer than
those for trees.

The ADTs in group D can be viewed as customizations of earlier ADTs in which data items
are now (key, element) pairs, where the element in turn can be customized to store multiple
values. The ADTs differ in options for the keys, where the constraints on the keys (e.g. to be
distinct or to be orderable) give rise to ADT operations and implementations that leverage that
information.

Finally, we use group E for other ADTs mentioned in the course, some only briefly.

6.3 Group A

In this group of ADTs, we first consider data items of any type. For each ADT in this group,
no positional information is provided. In the ADT Multiset (Table 6.2), more than one copy of
a value can be stored, whereas in the ADT Set (Table 6.3), each value can appear at most once.
The pseudocode interfaces presented here are the final ones presented in class; intermediate
interfaces may be discussed in the process of developing the ADTs.

Name Preconditions Produces Mutates

Create() a new empty multiset
Is In(M, Data) M is a multiset, True if present,

Data is a data item else False
Add(M, Data) M is a multiset, adds a copy of Data

Data is a data item to M
Delete(M, Data) M is a multiset, deletes one copy of Data

Data is a data item in M from M

Table 6.2: Pseudocode interface for ADT Multiset

6.4 Group B

The ADTs in group B differ from those in group A due to the specification of positional infor-
mation associated with each data item. For each of the ADTs in the group, the positions can be
viewed as forming a one-dimensional, linear arrangement. Depending on the ADT, the position
of a data item can depend on one or more operations, and access may be limited to data items
in specific positions.

In particular, in the ADT Stack, additions and deletions occur at the top of the stack. We
will use the conventions that appear in Table 6.4; slight variants appear in other sources, such
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as the Necaise textbook using the term peek instead of Top, and Pop being defined such that
either an error occurs if the stack is empty or nothing happens if the stack is empty. In contrast,
in the ADT Queue (Table 6.5), addition occurs at the back of the queue whereas deletion occurs
at the front of the queue.

In the ADT Indexed Sequence (Table 6.6), the position of a data item is associated with an
index. Note that for this ADT, the positions of data items depend on the sequence of operations
executed, not the values of the data items. In particular, data need not be orderable. There is
at most one value per position. In the ADT Ranking (Table 6.7), each position is a rank, where
at any time there is exactly one item of each rank from 0 up to the maximum rank. The ADT
Grid (Table 6.8) associates two pieces of positional information with each data item.

For all the ADTs, it is crucial to remember that the positions not need to be related in any
particular way to how data items are stored in an implementation.

6.5 Group C
In group C we consider more complex relationships among data items, structured as trees or
graphs. In a tree, each position is a node; in the operations, each node is identified by its unique
ID. We consider ADTs for the Binary Tree (Table 6.9), the Ordered Tree (Table 6.10), and the
Unordered Tree (Table 6.11). The ADT Unordered Tree differs from the ADT Ordered Tree in
several ways: Add Leaf does not require the specification of a sibling and Children returns
nodes in a specific order.

In an undirected graph (Tables 6.12 and 6.13), both vertices and edges can be seen as
positions (and in a directed graph, Tables 6.14 and 6.15, both vertices and arcs); here we opt to
restrict our attention to simple graphs (graphs in which there can be at most one edge joining a
pair of vertices) and hence identify each edge using the IDs of its endpoints. As is true for all of
the ADTs discussed in the course, there are other, equally valid, choices that could have been
made instead. We will assume that there is an ADT Pair that allows us extract the endpoints
in each pair.

In simple situations, it suffices to consider just a single value for a node or vertex ADT. For
our implementations, we may use an ID in place of an ADT, or we may assume that IDs of n
nodes or vertices are the integers 0 through n− 1.

6.6 Group D
Group D differs from the earlier groups in that data items are now (key, element) pairs. Different
ADTs in the group put different constraints on the keys. For the ADT Dictionary (Table 6.16),
the data items are (key, element) pairs, where keys are distinct but not necessarily orderable, and
elements are any data. The term dictionary is inspired by, but not identical to, a dictionary for
a language, where keys are words and elements are etymology, pronunciation, and definitions.
It is similar, but not identical, to the Python data type dictionary, as well as similar to the
Necaise textbook’s ADT Map (which is restricted to the case where keys are orderable).

In contrast, for the ADT Priority Queue (Table 6.17), the data items are (key, element)
pairs, where keys are orderable but not necessarily distinct, and elements are any data. Instead
of looking up items by their keys, the ADT supports access to an item with the minimum key
value.
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Name Preconditions Produces Mutates

Create() a new empty set
Is In(S, Data) S is a set, Data is a True if present,

data item else False
Add(S, Data) S is a set, Data is a adds Data to S

data item not in S
Delete(S, Data) S is a set, Data is a deletes Data from S

data item in S

Table 6.3: Pseudocode interface for ADT Set

Name Preconditions Produces Mutates

Create() a new empty stack
Is Empty(S) S is a stack True if empty, else False
Top(S) S is a stack data item that is on top

that is not empty
Push(S, Data) S is a stack adds Data

Data is a data item to top of S
Pop(S) S is a stack data item that was on top deletes data item

that is not empty from top of S

Table 6.4: Pseudocode interface for ADT Stack

Name Preconditions Produces Mutates

Create() a new empty queue
Is Empty(Q) Q is a queue True if empty, else False
First(Q) Q is a queue data item that is first

that is not empty
Enqueue(Q, Data) Q is a queue adds Data

Data is a data item to back of Q
Dequeue(Q) Q is a queue data item that was first deletes data item

that is not empty from front of Q

Table 6.5: Pseudocode interface for ADT Queue

36



Name Preconditions Produces Mutates

Create(Cap) Cap is a positive a new empty indexed
integer sequence of capacity

Cap, with all entries
initialized to empty

Cap(I) I is an indexed sequence the capacity of I
Is Empty(I) I is an indexed sequence True if empty,

else False
Look Up(I, Index) I is an indexed sequence, data item at

Index is a nonnegative index Index, if any,
integer less than the else False
capacity of I

Add(I, Index, Data) I is an indexed sequence, stores data item Data
Index is a nonnegative at index Index,
integer less than the replacing any
capacity of I, previous data item
Data is a data item at index Index

Delete(I, Index) I is an indexed sequence, data item that was deletes data item
Index is a nonnegative at index Index, at index Index,
integer less than the if any, else False if any
capacity of I

Table 6.6: Pseudocode interface for ADT Indexed Sequence

Name Preconditions Produces Mutates

Create() a new empty ranking
Is Empty(R) R is a ranking True if empty,

else False
Max Ranking(R) R is a ranking maximum rank used

(−1 if empty)
Look Up(R, Rank) R is a ranking, data item that has

Rank is less than rank Rank
or equal to the
maximum rank of R

Add(R, Rank, Data) R is a ranking, adds Data with rank Rank
Data is a data item, and other all items with ranks
Rank is at most Rank or greater have ranks
one more than the increased by one
maximum rank of R

Delete(R, Rank) R is a ranking, data item that had deletes item with rank Rank
Rank is less than rank Rank and all items with ranks
or equal to the Rank +1 or greater have ranks
maximum rank of R decreased by one

Table 6.7: Pseudocode interface for ADT Ranking
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Name Preconditions Produces Mutates

Create(Num Rows, Num Rows and a new grid
Num Cols) Num Cols are with Num Rows

positive integers rows and
Num Cols columns,
with all entries
initialized to empty

Rows(G) G is an grid number of rows
Columns(G) G is an grid number of columns
Is Empty(G) True if empty,

else False
Look Up(G, Row, Col) G is an grid, data item in

Row and Col are row Row and
nonnegative integers, column Col,
0 ≤ Row < Num Rows, if any,
0 ≤ Col < Num Cols else False

Add(G, Row, Col, Data) G is an grid, stores data
Row and Col are item Data
nonnegative integers, in row Row
0 ≤ Row < Num Rows, and column Col,
0 ≤ Col < Num Cols, replacing any
Data is any data item previous data item

in row Row
and column Col

Delete(G, Row, Col) G is an grid, data item that was deletes data item
Row and Col are in row Row and in row Row and
nonnegative integers, column Col, column Col,
0 ≤ Row < Num Rows, if any, if any
0 ≤ Col < Num Cols else False

Table 6.8: Pseudocode interface for ADT Grid
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Name Preconditions Produces Mutates

Create() a new empty
binary tree

Is Empty(B) B is a binary tree True if empty,
else False

Root(B) B is a binary tree root of B
that is not empty

Value(B, Node) B is a binary tree, value stored
Node is a node in B in Node

Parent(B, Node) B is a binary tree, parent of Node
Node is a node in B if any, else False

Left Child(B, Node) B is a binary tree, left child of Node
Node is a node in B if any, else False

Right Child(B, Node) B is a binary tree, right child of Node
Node is a node in B if any, else False

Set Value(B, Node, Data) B is a binary tree, sets value stored
Node is a node in B, in Node to Data
Data is a data item

Add Leaf(B, Par, Side, Data) B is a binary tree, new node creates a new node
Par and Side are both storing Data to
empty or Par is a node replace/add the root
in B and Side is if Par is empty and
either Left or Right, replace/add the Side
Data is a data item subtree of Par

otherwise
Delete Leaf(B, Node) B is a binary tree, deletes Node

Node is a leaf in B

Table 6.9: Pseudocode interface for ADT Binary Tree
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Name Preconditions Produces Mutates

Create() a new empty
ordered tree

Is Empty(O) O is an ordered tree True if empty,
else False

Root(O) O is an ordered tree root of O
that is not empty

Value(O, Node) O is an ordered tree, value stored
Node is a node in O in Node

Parent(O, Node) O is an ordered tree, parent of Node
Node is a node in O if any, else False

Children(O, Node) O is an ordered tree, all children of
Node is a node in O Node (Group

B ADT)
One Child O is an ordered tree, child Index of
(O, Node, Index) Node is a node in O, Node

Index is a nonnegative
integer at most one less
than the number of
children of Node

Set Value O is an ordered tree, sets value stored
(O, Node, Data) Node is a node in O, in Node to Data

Data is a data item
Add Leaf O is an ordered tree, new node creates a new node
(O, Par, Sib, Data) Par is a node in O storing Data to

or empty, Sib is a child replace/add the root
of node Par or empty, if Par is empty,
Data is a data item become the first child

of Par if Sib is empty,
and otherwise become
the next sibling of Sib

Delete Leaf O is an ordered tree, deletes Node
(O, Node) Node is a leaf in O

Table 6.10: Pseudocode interface for ADT Ordered Tree
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Name Preconditions Produces Mutates

Create() a new empty
unordered tree

Is Empty(U) U is an unordered tree True if empty,
else False

Root(U) U is an unordered tree root of U
that is not empty

Value(U, Node) U is an unordered tree, value stored
Node is a node in U in Node

Parent(U, Node) U is an unordered tree, parent of Node
Node is a node in U if any, else False

Children(U, Node) U is an unordered tree, all children of
Node is a node in U Node (Group

B ADT)
Set Value U is an unordered tree, sets value stored
(U, Node, Data) Node is a node in U, in Node to Data

Data is a data item
Add Leaf U is an unordered tree, new node creates a new node
(U, Par, Data) Par is a node in U storing Data to

or empty, Data is a replace/add the root
data item if Par is empty, and

otherwise become a
child of Par

Delete Leaf U is an unordered tree, deletes Node
(U, Node) Node is a leaf in U

Table 6.11: Pseudocode interface for ADT Unordered Tree
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Name Preconditions Produces Mutates

Create() a new empty
undirected graph

Vertices(G) G is an undirected graph IDs of vertices
(Group B ADT)

Edges(G) G is an undirected graph unordered pairs of IDs
for endpoints of edges
(Group B ADT)

Vertex Value(G, One) G is an undirected graph, value of vertex
One is the ID of a vertex in G with ID One

Edge Value(G, One, Two) G is an undirected graph, value of edge
One and Two are IDs of with endpoints
vertices in G that with IDs
are endpoints of an edge One and Two

Neighbours(G, One) G is an undirected graph, IDs of all neighbours
One is the ID of a vertex in G of vertex with ID One

(Group B ADT)
Are Adjacent G is an undirected graph, True if there is
(G, One, Two) One and Two are an edge with endpoints

IDs of vertices in G vertices with IDs
One and Two,
else False

Table 6.12: Pseudocode interface for ADT Undirected Graph, part 1
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Name Preconditions Produces Mutates

Set Vertex Value G is an undirected graph, sets value of vertex
(G, One, Data) One is the ID of a with ID One to Data

vertex in G, Data
is a data item

Set Edge Value G is an undirected graph, sets value of edge
(G, One, Two, Data) One and Two are with endpoints

IDs of vertices in G that with IDs One and
are endpoints of an edge, Two to Data
Data is a data item

Add Vertex G is an undirected graph adds a new vertex
(G, One) without a vertex with ID One

with ID One
Add Edge G is an undirected graph, adds a new edge
(G, One, Two) One and Two are IDs of with endpoints

vertices in G that are with IDs One
not endpoints of an edge and Two

Delete Vertex G is an undirected graph, deletes vertex with
(G, One) One is the ID ID One and all edges

of a vertex in G incident on One
Delete Edge G is an undirected graph, deletes edge
(G, One, Two) One and Two are with endpoints

IDs of vertices in G that vertices with IDs
are endpoints of an edge One and Two

Table 6.13: Pseudocode interface for ADT Undirected Graph, part 2
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Name Preconditions Produces Mutates

Create() a new empty
directed graph

Vertices(G) G is a directed graph IDs of vertices
(Group B ADT)

Arcs(G) G is a directed graph ordered pairs of IDs
for tails and heads
of arcs (Group B ADT)

Vertex Value(G, One) G is a directed graph, value of vertex
One is the ID of a vertex in G with ID One

Arc Value(G, One, Two) G is a directed graph, value of arc
One and Two are IDs with tail One
of vertices of G that and head Two
are tail and head of an arc

In Neighbours(G, One) G is a directed graph, IDs of all in-
One is the ID of a vertex in G neighbours of One

(Group B ADT)
Out Neighbours(G, One) G is a directed graph, IDs of all out-

One is the ID of a vertex in G neighbours of One
(Group B ADT)

Is Arc(G, One, Two) G is a directed graph, True if there is
One and Two are an arc from tail
IDs of vertices in G One to head Two,

else False

Table 6.14: Pseudocode interface for ADT Directed Graph, part 1
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Name Preconditions Produces Mutates

Set Vertex Value G is a directed graph, sets value of vertex
(G, One, Data) One is the ID of a with ID One to Data

a vertex in G, Data
is a data item

Set Arc Value G is a directed graph, sets value of arc
(G, One, Two, Data) One and Two are with tail One

IDs of vertices in G that and head Two
are tail and head of an arc, to Data
Data is a data item

Add Vertex(G, One) G is a directed graph adds a new vertex
without a vertex with ID One
with ID One

Add Arc(G, One, Two) G is a directed graph, adds a new arc
One and Two are IDs of from head One
vertices in G with to tail Two
no arc with tail One
and head Two

Delete Vertex(G, One) G is a directed graph, deletes vertex with
One is the ID ID One and all arcs
of a vertex in G with One as tail or head

Delete Arc(G, One, Two) G is a directed graph, deletes arc
One and Two are with tail One
IDs of vertices in G that and head Two
are tail and head of an arc

Table 6.15: Pseudocode interface for ADT Directed Graph, part 2

Name Preconditions Produces Mutates

Create() a new empty
dictionary

Is Empty(D) D is a dictionary True if empty,
else False

Look Up(D, Key) D is a dictionary element stored
Key is a key with Key if any,

else False
Add(D, Key, Element) D is a dictionary, stores pair (Key, Element),

Key is a key, replacing pair (Key, Other)
Element is an element if any exists

Delete(D, Key) D is a dictionary, deletes pair (Key, Element)
Key is a key of a
pair in D

Table 6.16: Pseudocode interface for ADT Dictionary
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6.7 Group E

This section contains ADTs discussed briefly at the end of the course, namely ADT Disjoint
Set (Table 6.18) and ADT Range (Table 6.19).

6.8 Code interfaces for ADTs

Code interfaces can be found on the course website for selected ADTs used in lectures or
assignments. Examples given may be variants from those presented in lecture.

In the translation of ADT operations from the pseudocode interface to the code interface,
the following ideas will be used:

• When an ADT is implemented as a object with the same name as the ADT, the pseudocode
operation Create will be implemented using the method init . Accordingly, to use the
method for the Create operation, use the name of the object, such as Multiset().

• The operation Is In will be implemented as in. For example, for the function application
Is In(L, Item), we will use item in L.

• For most other operations, the name will appear in lower case using dot notation, with
names of variables being put in lower case as well. For example, the pseudocode operation
Add(S, Data) will be implemented as the method add and applies as s.add(data).
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Name Preconditions Produces Mutates

Create() a new empty priority queue
Is Empty(P) P is a priority queue True if empty, else False
Look Up Min(P) P is a priority queue pair such that key

that is not empty has minimum value
Add(P, Key, Element) P is a priority queue, adds pair

Key is a key, (Key, Element)
Element is an element

Delete Min(P) P is a priority queue pair such that key deletes pair
that is not empty has minimum value

Table 6.17: Pseudocode interface for ADT Priority Queue

Name Preconditions Produces Mutates

Create() a new empty set of
disjoint sets

Find Rep(D, Data) D is a disjoint set, data item that serves as
Data is a data item representative of set
in D containing Data

Add Set(D, Data) D is a disjoint set, creates a new set
Data is a data item containing only Data
not in D

Union(D, One, Two) D is a disjoint set, combines the
One and Two are sets containing
data items in D One and Two

Table 6.18: Pseudocode interface for ADT Disjoint Set

Name Preconditions Produces Mutates

Create() a new empty range
Range(R, Low, High) R is a range, all data items in R

Low and High with values in the
are values range from Low to High

Add(R, Data) R is a range, adds Data to R
Data is a data item
not in R

Delete(R, Data) R is a range, deletes Data from R
Data is a data item in R

Table 6.19: Pseudocode interface for ADT Range
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Chapter 7

Data types and structures

7.1 Introducing data structures

The data structures considered in the course range from multipurpose data structures that
can be used for various ADTs (e.g. the array) to more specialized data structures that are
optimized for a particular ADT (e.g. the adjacency matrix). For a single data structure, there
can be different algorithms used to implement the same operation. For example, linear probing
and double hashing can use the same data structure. The design of a data structure can be
optimized for special situations, where there is additional information known about operations
to be executed or the type of data to be stored, as discussed in Section 7.2.

In each case we will specify whether the data structure makes use of contiguous memory,
linked memory, or both. Data structures are sometimes used in combination; in addition, at
times we make use of auxilliary variables storing such information as indices and pointers.
Most of the data structures we consider will be internal, meaning that we assume that all of
the information is stored in main memory. We will also briefly discuss implications of using a
memory model in which data is stored in external memory, resulting in external data structures.
Further discussion of memory models can be found in Chapter 3, and further discussion of
memory in Appendix C.

We introduce basic data structures in Section 7.3, extending the ideas to variants in Sec-
tion 7.4. Data structures for specific ADTs follow in Sections 7.5 (trees), 7.6 (graphs), 7.7
(dictionaries), and 7.8 (priority queues). The chapter ends with a brief discussion of other data
structures considered towards the end of the course (Sections 7.9 and 7.10) as well as new criteria
for data structures and a new way of analyzing operations (Section 7.11).

7.2 Types of data

Although in many cases we will be able to store any type of data in our data structures, at times
we will take advantage of special properties of the data. When we are storing general data, the
only operation that we can execute on data items is comparison for equality. If instead we have
orderable data, we can compare data items either for equality or for ordering, with operations
such as <, >, ≤, and ≥. The most general type of data we consider is digital data, which
supports additional types of operations as computations, such as decomposing a data item into
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smaller values (such as a string into characters or a number into digits), or applying arithmetic
operations to a number. As discussed in Section 7.3, we can also handle compound data, where
we may focus on individual fields and their properties.

When the data that is being stored does not change, the ADT can be restricted to remove
the addition and deletion operations; alternatively, the original ADT is retained with the un-
derstanding that the data is unchanging, or static. Here we will make a distinction between
static data (no additions, deletions, or modifications occur) and a static data structure (no
rearrangements of the data items are made). Be careful when encountering the term in other
sources, as the term static data structure is used for both definitions, as well as to describe
a data structure of fixed size but potentially changing data.

7.3 Basic data structures

Here we introduce two basic data structures, one using contiguous memory and the other using
linked memory. An array (not equivalent to the Python array) is a data structure used to
store a sequence of data items or elements in contiguous memory (Figure 7.1). If an array has
enough space for k elements, each of which is allocated b bits, then the total number of bits
in the chunk allocated to the array is kb bits. Each subchunk can be viewed as a slot in the
array which either stores a data item or is empty. The size of an array is the number of slots
it contains. Each slot is assigned a non-negative integer index, starting at 0, that indicates its
position in the array. In the example of k slots of b bits each, the address of the slot with index
i can be found by adding bi to the address of the first bit in the array. The ability to read or
modify any of the slots in time that is independent of the size of the array is called random
access.

0 1 2 3 4 5 6 7

Figure 7.1: An array data structure

One special type of array is a bit vector, in which each slot consists of a single bit. A
typical use of a bit vector would be to mark each integer i from 0 to the size of the array minus
1 as being either present (setting the bit at index i to 1) or absent (setting the bit at index i to
0).

A sequence of data items can be stored in linked memory using a linked list (Figure 7.2).
In a linked list, there is a chunk of memory, or node, allocated to each element of the list as
well as a pointer to the node corresponding to the first data item in the sequence. Each node
is big enough to store not only a data item but also a pointer to the chunk containing the next
data item in the sequence. For clarity, at times we will use the term linked node to distinguish
the term from the term node used in the description of a tree (Section 5.1).

Natural extensions of contiguous and linked implementations allow enough space for a com-
pound data item (defined in Section 7.2) in each array slot or linked node. Access to individual
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fields can be achieved by viewing each data item as an ADT (including operations for modifica-
tion and access to individual values) or by viewing each array slot or linked node as containing
specified space for each field.

7.4 Variants on arrays and data structures

The data structures in this section include modifications that allow more flexible navigation in
or modification to a sequence of data items. In the circular array and circular linked list, the
data items can be viewed as connected in a circular fashion. In the doubly-linked list, the idea
of pointers forwards and backwards in the sequence is introduced. Finally, the doubly-linked
circular list makes use of both circular connections and pointers forwards and backwards in each
linked node.

In a circular array (Figure 7.3), it is possible to store a sequence of data items starting at
any slot; such a structure works well for additions and removals at the beginning and end of the
sequence. A circular array consists of an array as well as two variables Head and Tail, where
Head stores the index of the slot containing the first data item in the sequence and Tail stores
the index of the slot containing the last data item in the sequence. When Head is smaller than
Tail, the remaining data items are placed in the slots between Head and Tail. If instead, as in
Figure 7.3, Tail is smaller than Head, then the sequence of items can be found in the slots from
Head to the last slot in the array, followed by the slots from the first slot in the array through
Tail. In the example in the figure, the data structure stores the sequence a, b, c, d, e, f.

In a circular linked list, the idea of joining the last data item to the first item is used to
make it easy to find both the first and the last items. As shown in Figure 7.4, there is a pointer
to the tail of the list (from which the head of the list can easily be found).

The doubly-linked list (Figure 7.5) and doubly-linked circular list (Figure 7.6) are
both linked data structures that make use of nodes containing not only a data item and a
pointer to the next node in the data structure, but also a pointer to the previous node in the
data structure. Either can have a Head pointer, a Tail pointer, or both, though since the head
and tail can be easily found from each other in the doubly-linked circular list, the advantage of
including both pointers is small.

7.5 Data structures for trees

In the course we will consider data structures for ordered trees (including binary trees) as well
as unordered trees; we will also consider modifications and enhancements of these ADTs to
support the use of various types of trees as implementations of other ADTs, most notably the
ADT Dictionary.

In linked implementations of trees, each node in the tree is implemented as a node in a
linked structure. (To prevent confusion, in the remainder of this section the term “tree node”
will be used for a node in the tree and the term “linked node” will be used for a node in a
data structure.) Depending on the application, a linked node may contain various types of
data (such as a value, colour, and/or weight) and various links (such as links to the parent
and children). In such implementations, the search for a tree node consists of starting at the
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Figure 7.2: A linked list data structure
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Figure 7.3: A circular array data structure
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Figure 7.4: A circular linked list
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Figure 7.5: A doubly-linked list data structure
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Figure 7.6: A doubly-linked circular list data structure
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linked node corresponding to the root and traversing links until the target tree node is found.
Modifying a tree, such as by adding or deleting a tree node, can be achieved by changing various
pointers. In more sophisticated structures, additional operations may be supported, entailing
the modification of various parts of a tree. One such example is a threaded tree, in which there
is a link from the linked node for a tree node u to the linked node for u’s successor in a traversal
order, such as an inorder traversal for a binary tree. (Information on tree traversals can be
found in Section 5.2.)

If a tree node can have any number of children, using a linked implementation provides a
challenge, since storing one pointer for each child may result in a linked node of size linear in
the number of tree nodes. In an implementation studied in class, we handle this situation by
using a linked structure in which again each linked node represents a tree node Node, but in
this case contains pointers to the linked nodes representing the following tree nodes:

• the parent of Node, if Node is the first child of its parent, or otherwise the previous sibling
of Node;

• the first child of Node, if any; and

• the next sibling of Node, if any.

For an unordered tree, the order of siblings is arbitrary.
In contiguous implementations of trees, the biggest challenge is to ensure that it is possible to

navigate in the tree by figuring the relationships among tree nodes stored at different slots in an
array. When there are few constraints on how a tree might be structured, any implementation
that correlates a fixed slot with a particular position in the tree is likely to waste a lot of space,
as slots need to be allocated for nonexistent tree nodes. An example given in class makes use
of a level-order traversal of a tree.

We observe that the contiguous implementation is a viable option when the tree is either a
perfect or a complete binary tree (defined in Section 5.1), as in a heap (discussed in Section 7.8).

7.6 Data structures for graphs

Due to the amount of information that can be stored in a graph, we present simplified versions of
each data structure and then mention how they can be modified to accommodate other features.
We may initially restrict vertices to integers in the range from 0 to the number of vertices minus
one, and we may initially restrict edges to be pairs of such integers. In modifications, we make
changes for directed graphs, weighted graphs, and a richer set of information for vertices and
edges, potentially viewing each vertex and each edge as its own ADT.

7.6.1 Edge list

In its simplest form, an edge list is a data structure that stores all the edges in the graph in no
particular order. For the purposes of this course, we assume that the edge list is implemented
as a linked list, where each linked node contains the endpoints of the edge being stored. For
a directed graph, we could differentiate between the head and the tail of an arc, and for a
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weighted graph, we could store edge weights (or other information about edges) along with the
endpoints. Here vertices need not be limited to the integers in the range from 0 to the number
of vertices minus one.

More challenging is the storing of information about vertices, which may be required if there
is a vertex without any neighbours (and hence not represented by any edge). We may choose
to add one or more auxiliary data structures to store various types of data, either as individual
structures for each type of information, or as a single structure containing all information.

7.6.2 Adjacency matrix

In an adjacency matrix, there is a slot for each ordered pair of vertices, where a 1 can be used
to designate the existence of an edge (or arc) and a 0 otherwise. Typically a slot is accessed
using two integer indices, corresponding to the two endpoints of the edge or arc.

For a directed graph, the order of the vertices in the pair corresponds to which vertex is
the head and which the tail of the arc. Additional information about edges, such as weights,
can be stored instead of 1’s and 0’s. For additional information about vertices, additional data
structures can be used.

7.6.3 Adjacency list

An adjacency list is typically implemented as an array of pointers to linked lists, where there
is one slot in the array (and hence one linked list) for each vertex. The linked list associated
with a particular vertex corresponds to the neighbours of that vertex or, alternatively, to the
edges incident on that vertex.

For a directed graph, each slot in the array can contain two pointers, one to a linked list
of in-neighbours and the other to a linked list of out-neighbours. Additional information about
vertices can also be stored in the slots of the array, and additional information about edges can
be stored in linked nodes in the linked lists. Alternatively, array entries or linked nodes can
provide pointers to vertex or edge ADTs, respectively.

7.7 Data structures for dictionaries

For economy of space, in the data structures described below, many descriptions are presented
in terms of the position of a key, without mention of the element. You can assume that each data
structure stores (key, element) pairs, using one of the techniques for compound data discussed
in the last paragraph of Section 7.3.

7.7.1 Binary search trees

Many data structures are built on the concept of a binary search tree, which is a binary tree
that satisfies the binary search tree property: for every node Node in the tree, the key Key
stored in Node is greater than the values of keys stored in the left subtree of Node and less
than the values of keys stored in the right subtree of Node. At times a more general definition
is given, for situations in which keys are not distinct; in that case, we can replace “greater
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than” by “greater than or equal to” and “less than” by “less than or equal to” in the property
above. As a consequence of the binary search tree property, one can use an inorder traversal
(Section 5.2) to extract the values stored in the nodes in nondecreasing order.

The binary search tree property plays a crucial role in the search operation, which relies on
the fact that comparing a sought value to the value in a node identifies whether the value can
be found in the node itself (if it is equal), in the left subtree (if it is smaller), or in the right
subtree (if it is larger). In this sense, a binary search tree mimics the behaviour of binary search
(Section 8.2.1), where we can view the current node being examined as playing the role of the
middle element and the left and right subtrees as the resulting smaller sequences of values to be
searched. Eventually, in the case of successful search, the sought value is found. An unsuccessful
search will terminate by the discovery of a node that either contains a key larger than the sought
key but no left child or a key smaller than the sought key but no right child.

As both Add and Delete rely on a search (for a place to add a node or a node to delete,
respectively), we can describe implementations of the operations in terms of the above algorithm.
The Add operation can be viewed as the search for a location to add the new data item followed
by a modification to the binary search tree. More specifically, the operation starts with an
unsuccessful search for the value to add. The node at which the search terminates can be made
into the parent of a new node containing the added value (a left child if the sought value is
smaller than the key and a right child if the sought value is larger than the key). Consequently,
the node containing a new value is a leaf.

For the operation Delete, once the node containing the value has been found, the goal is
to remove the node in such a way that what remains is still a binary search tree. In the easiest
case, if the data item is in a leaf, the leaf can easily be removed. If instead the data item is
not in a leaf, but instead is in a node Node with a single child Child, then Child can be made
into a child of the parent of Node (the left child, if Node is the left child of its parent, and the
right child, if Node is the right child of its parent). Because all the values in the subtree rooted
at Child are smaller (respectively, larger) than the value in the parent of Node when Node is a
left child (respectively, right child) of its parent, the resulting tree is still a binary tree and still
satisfies the binary search tree property.

For the most complicated scenario, we consider the deletion of a node Node that has two
children. In this case, we determine the node Succ that stores the inorder successor of Node.
Because an inorder traversal generates the values in the tree in order, we know that there cannot
exist a value that is greater than the value stored in Node and also smaller than the value stored
in Succ. We also know that since the value stored in Succ is greater than the value stored in
Node, Succ must be a node in the right subtree of Node. Putting these two facts together leads to
the conclusion that Succ cannot have a left child, as otherwise we would obtain a contradiction
(the left child contains a value greater than the value stored in Node, as it is in the right subtree
of Node, and smaller than the value stored in Succ, as it is in the left subtree of Succ).

We now observe that we can swap the values in Node and Succ and then delete Succ. Because
Succ does not have a left child, it can be deleted using one of the two easier cases described
above (where the node being deleted either is a leaf or has only a single child).

To determine the worst-case running times of the operations, we observe that the cost of
searching depends on the number of nodes traversed, which in the worst case is one greater than
the height of the tree. For the operation Add, the only additional cost is the constant-time
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cost of modification of the tree to insert the new value. For the operation Delete, there may
be both a constant-time cost for modification as well as the cost of finding an inorder successor,
which is in O(h) for h the height of the tree. In the following sections, we consider variants on
binary search trees that ensure bounds on the height, and hence on the cost of searching.

7.7.2 AVL trees

Because the cost of searching for a node is proportional to its depth in the tree, various data
structures have been designed to limit the overall height of the tree (and hence the depth of
each node). We define a node in a binary tree to be balanced if the heights of its left and right
subtrees differ by at most 1 and imbalanced otherwise; for the purposes of calculations, an
absent subtree has height −1. A binary tree satisfies the height balance property if every
node in the tree is balanced. An AVL tree is a binary search tree that satisfies the height
balance property.

As a consequence of the property, any AVL tree with n nodes has height in Θ(log n); the
details of the proof are outside the scope of the course. In order to maintain the height balance
property, at times the addition or deletion of a node will require a restructuring of the tree. We
need to ensure that with each restructuring, the tree that is formed is an AVL tree; we need
to check that it is a binary search tree and that it satisfies the height balance property. We
implement an AVL as a binary search tree in which each node stores its height. We observe that
by doing so, we are now further required to ensure that each restructuring results in correct
heights to be stored in nodes.

The operation used to rebalance a tree is called a rotation at a node, where the rotation
at a node entails replacing the subtree rooted at the node by another subtree that contains the
same values but has a different root. Each rotation involves the changing of a constant number
of pointers in a linked implementation of a binary tree. After an addition or a deletion (as in
a binary search tree), we define the pivot node to be the imbalanced node of greatest depth
in the resulting tree; the pivot node will be found on the path from the position of the added
or deleted node to the root. Determining the pivot node can be achieved by tracing the path
from the position of the added or deleted node to the root, updating heights and checking the
balance of each node as it is processed. How the tree is rotated depends on the relative heights
of the subtrees rooted at the children and grandchildren of the pivot node.

Depending on whether the operation was an addition or a deletion, a rotation may or may
not result in all the nodes in the tree becoming balanced. In particular, we need to examine not
only the balance of all the nodes in the new subtree, but also how the height of the subtree before
the operation compares with the height of the subtree after the operation. In our arguments,
we observe that we need only consider the balance of nodes on the path from the pivot node to
the root, as for any other node, there are no changes in balance.

We first consider all the possible cases that might result in a node u becoming a pivot node.
In the explanation, we use the following notation for any node v and subtree T : L(v) is the
left child of v in the tree before rotation; R(v) is the right child of v in the tree before rotation,
Tv is the subtree rooted at node v before rotation; and height(T ) is the height of tree T . By
the definition of a pivot node, we know that L(u) and R(u) are both balanced, but that u is
imbalanced. Moreover, we know that u was balanced before the addition or deletion; since the
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addition or deletion of a single node can only change the height of a subtree by 1, the difference
in heights between the subtrees of u (that is, TL(u) and TR(u))) must be 2.

As a consequence, one of the following cases must apply:

1. height(TL(u)) = height(TR(u)) + 2, and height(TL(L(u))) > height(TR(L(u))).

2. height(TL(u)) = height(TR(u)) + 2, and height(TL(L(u))) < height(TR(L(u))).

3. height(TL(u)) = height(TR(u)) + 2, and height(TL(L(u))) = height(TR(L(u))).

4. height(TR(u)) = height(TL(u)) + 2, and height(TR(R(u))) > height(TL(R(u))).

5. height(TR(u)) = height(TL(u)) + 2, and height(TR(R(u))) < height(TL(R(u))).

6. height(TR(u)) = height(TL(u)) + 2, and height(TR(R(u))) = height(TL(R(u))).

As we will discuss further as we consider each case, not all of the cases can occur for both
additions and deletions.

Case 1

For convenience, we use h to denote height(TR(u)), and hence height(TL(u)) = h + 2. We now
consider the subtrees of L(u), and since the height of a tree is one greater than the maximum
height of its subtrees, height(TL(L(u))) = h+1. Finally, since L(u) is balanced, height(TR(L(u))) =
h.

h

h+1

h

h+1

h h

TL(L(u))
<latexit sha1_base64="OI1q0vaggUbKRLuRr7VBh2DvF8s=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWKSLkImyWMDuZTYbMziwzs0JY8hg2ForY+io2dj6IvZNLoYk/DHz85xzmnD9MONPGdb+c3Mbm1vZOfrewt39weFQ8PulomSpC20Ryqe5DrClngrYNM5zeJ4riOOS0G45vZvXuA1WaSdEyk4QGMR4KFjGCjbX8Vj9rlBvltFKZ9oslt+rOhdbBW0Kpfvb9gQCg2S9+9gaSpDEVhnCste+5iQkyrAwjnE4LvVTTBJMxHlLfosAx1UE2X3mKLq0zQJFU9gmD5u7viQzHWk/i0HbG2Iz0am1m/lfzUxNdBxkTSWqoIIuPopQjI9HsfjRgihLDJxYwUczuisgIK0yMTalgQ/BWT16HTq3qWb6zadRgoTycwwWUwYMrqMMtNKENBCQ8wjO8OMZ5cl6dt0VrzlnOnMIfOe8/xTeSaQ==</latexit><latexit sha1_base64="6whrbKCJA4VnjwVXijWk4JNiVu8=">AAAB8nicbZC7SgNBFIbPxltMvEStxGYxCEkTdtNoGbCxSBEhN9gsYXYymwyZnVlmZoWw5DFsLBSxtfYtbOx8CEt7J5dCE38Y+PjPOcw5fxAzqrTjfFqZjc2t7Z3sbi6/t39wWDg6biuRSExaWDAhuwFShFFOWppqRrqxJCgKGOkE4+tZvXNHpKKCN/UkJn6EhpyGFCNtLK/ZT+uleikpl6f9QtGpOHPZ6+AuoVg7/X7Pv30NG/3CR28gcBIRrjFDSnmuE2s/RVJTzMg010sUiREeoyHxDHIUEeWn85Wn9oVxBnYopHlc23P390SKIqUmUWA6I6RHarU2M/+reYkOr/yU8jjRhOPFR2HCbC3s2f32gEqCNZsYQFhSs6uNR0girE1KOROCu3ryOrSrFdfwrUmjCgtl4QzOoQQuXEINbqABLcAg4B4e4cnS1oP1bL0sWjPWcuYE/sh6/QFi15Re</latexit><latexit sha1_base64="6whrbKCJA4VnjwVXijWk4JNiVu8=">AAAB8nicbZC7SgNBFIbPxltMvEStxGYxCEkTdtNoGbCxSBEhN9gsYXYymwyZnVlmZoWw5DFsLBSxtfYtbOx8CEt7J5dCE38Y+PjPOcw5fxAzqrTjfFqZjc2t7Z3sbi6/t39wWDg6biuRSExaWDAhuwFShFFOWppqRrqxJCgKGOkE4+tZvXNHpKKCN/UkJn6EhpyGFCNtLK/ZT+uleikpl6f9QtGpOHPZ6+AuoVg7/X7Pv30NG/3CR28gcBIRrjFDSnmuE2s/RVJTzMg010sUiREeoyHxDHIUEeWn85Wn9oVxBnYopHlc23P390SKIqUmUWA6I6RHarU2M/+reYkOr/yU8jjRhOPFR2HCbC3s2f32gEqCNZsYQFhSs6uNR0girE1KOROCu3ryOrSrFdfwrUmjCgtl4QzOoQQuXEINbqABLcAg4B4e4cnS1oP1bL0sWjPWcuYE/sh6/QFi15Re</latexit><latexit sha1_base64="q4Uh2CFN4isJNbeSXs2xPXEYQIA=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cdFGhN5gOJZNm2tBMMiQZoQx9DDcuFHHr07jzbUzbWWjrD4GP/5xDzvnDhDNtXPfbKezs7u0fFA9LR8cnp2fl84uelqkitEskl2oQYk05E7RrmOF0kCiK45DTfji7X9b7T1RpJkXHzBMaxHgiWMQINtbyO6OsVW1V01ptMSpX3Lq7EtoGL4cK5GqPyl/DsSRpTIUhHGvte25iggwrwwini9Iw1TTBZIYn1LcocEx1kK1WXqAb64xRJJV9wqCV+3siw7HW8zi0nTE2U71ZW5r/1fzURHdBxkSSGirI+qMo5chItLwfjZmixPC5BUwUs7siMsUKE2NTKtkQvM2Tt6HXqHuWH91Ks5HHUYQruIYqeHALTXiANnSBgIRneIU3xzgvzrvzsW4tOPnMJfyR8/kDwcCQLg==</latexit>

TL(L(u))
<latexit sha1_base64="OI1q0vaggUbKRLuRr7VBh2DvF8s=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWKSLkImyWMDuZTYbMziwzs0JY8hg2ForY+io2dj6IvZNLoYk/DHz85xzmnD9MONPGdb+c3Mbm1vZOfrewt39weFQ8PulomSpC20Ryqe5DrClngrYNM5zeJ4riOOS0G45vZvXuA1WaSdEyk4QGMR4KFjGCjbX8Vj9rlBvltFKZ9oslt+rOhdbBW0Kpfvb9gQCg2S9+9gaSpDEVhnCste+5iQkyrAwjnE4LvVTTBJMxHlLfosAx1UE2X3mKLq0zQJFU9gmD5u7viQzHWk/i0HbG2Iz0am1m/lfzUxNdBxkTSWqoIIuPopQjI9HsfjRgihLDJxYwUczuisgIK0yMTalgQ/BWT16HTq3qWb6zadRgoTycwwWUwYMrqMMtNKENBCQ8wjO8OMZ5cl6dt0VrzlnOnMIfOe8/xTeSaQ==</latexit><latexit sha1_base64="6whrbKCJA4VnjwVXijWk4JNiVu8=">AAAB8nicbZC7SgNBFIbPxltMvEStxGYxCEkTdtNoGbCxSBEhN9gsYXYymwyZnVlmZoWw5DFsLBSxtfYtbOx8CEt7J5dCE38Y+PjPOcw5fxAzqrTjfFqZjc2t7Z3sbi6/t39wWDg6biuRSExaWDAhuwFShFFOWppqRrqxJCgKGOkE4+tZvXNHpKKCN/UkJn6EhpyGFCNtLK/ZT+uleikpl6f9QtGpOHPZ6+AuoVg7/X7Pv30NG/3CR28gcBIRrjFDSnmuE2s/RVJTzMg010sUiREeoyHxDHIUEeWn85Wn9oVxBnYopHlc23P390SKIqUmUWA6I6RHarU2M/+reYkOr/yU8jjRhOPFR2HCbC3s2f32gEqCNZsYQFhSs6uNR0girE1KOROCu3ryOrSrFdfwrUmjCgtl4QzOoQQuXEINbqABLcAg4B4e4cnS1oP1bL0sWjPWcuYE/sh6/QFi15Re</latexit><latexit sha1_base64="6whrbKCJA4VnjwVXijWk4JNiVu8=">AAAB8nicbZC7SgNBFIbPxltMvEStxGYxCEkTdtNoGbCxSBEhN9gsYXYymwyZnVlmZoWw5DFsLBSxtfYtbOx8CEt7J5dCE38Y+PjPOcw5fxAzqrTjfFqZjc2t7Z3sbi6/t39wWDg6biuRSExaWDAhuwFShFFOWppqRrqxJCgKGOkE4+tZvXNHpKKCN/UkJn6EhpyGFCNtLK/ZT+uleikpl6f9QtGpOHPZ6+AuoVg7/X7Pv30NG/3CR28gcBIRrjFDSnmuE2s/RVJTzMg010sUiREeoyHxDHIUEeWn85Wn9oVxBnYopHlc23P390SKIqUmUWA6I6RHarU2M/+reYkOr/yU8jjRhOPFR2HCbC3s2f32gEqCNZsYQFhSs6uNR0girE1KOROCu3ryOrSrFdfwrUmjCgtl4QzOoQQuXEINbqABLcAg4B4e4cnS1oP1bL0sWjPWcuYE/sh6/QFi15Re</latexit><latexit sha1_base64="q4Uh2CFN4isJNbeSXs2xPXEYQIA=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cdFGhN5gOJZNm2tBMMiQZoQx9DDcuFHHr07jzbUzbWWjrD4GP/5xDzvnDhDNtXPfbKezs7u0fFA9LR8cnp2fl84uelqkitEskl2oQYk05E7RrmOF0kCiK45DTfji7X9b7T1RpJkXHzBMaxHgiWMQINtbyO6OsVW1V01ptMSpX3Lq7EtoGL4cK5GqPyl/DsSRpTIUhHGvte25iggwrwwini9Iw1TTBZIYn1LcocEx1kK1WXqAb64xRJJV9wqCV+3siw7HW8zi0nTE2U71ZW5r/1fzURHdBxkSSGirI+qMo5chItLwfjZmixPC5BUwUs7siMsUKE2NTKtkQvM2Tt6HXqHuWH91Ks5HHUYQruIYqeHALTXiANnSBgIRneIU3xzgvzrvzsW4tOPnMJfyR8/kDwcCQLg==</latexit>

TR(L(u))
<latexit sha1_base64="hK8xDQ/FBN/AjeceLpbeoGVRrd8=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWFlFyETZLmJ3MJkNmZ5aZWSEseQwbC0VsfRUbOx/E3sml0MQfBj7+cw5zzh8mnGnjul9Obm19Y3Mrv13Y2d3bPygeHrW1TBWhLSK5VPch1pQzQVuGGU7vE0VxHHLaCUdX03rngSrNpGiacUKDGA8EixjBxlp+s5fdlW/KaaUy6RVLbtWdCa2Ct4BS/eT7AwFAo1f87PYlSWMqDOFYa99zExNkWBlGOJ0UuqmmCSYjPKC+RYFjqoNstvIEnVunjyKp7BMGzdzfExmOtR7Hoe2MsRnq5drU/K/mpya6DDImktRQQeYfRSlHRqLp/ajPFCWGjy1gopjdFZEhVpgYm1LBhuAtn7wK7VrVs3xr06jBXHk4hTMogwcXUIdraEALCEh4hGd4cYzz5Lw6b/PWnLOYOYY/ct5/AM55km8=</latexit><latexit sha1_base64="NJ/uukwHkzm7YmqKOZzGfaBVZ7g=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS1dl5JyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsGZRk</latexit><latexit sha1_base64="NJ/uukwHkzm7YmqKOZzGfaBVZ7g=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS1dl5JyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsGZRk</latexit><latexit sha1_base64="msFolptmfnYcjzsWh19VTWavxsc=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cuKjSG0yHkkkzbWgmGZKMUIY+hhsXirj1adz5NqbtLLT1h8DHf84h5/xhwpk2rvvtFLa2d3b3ivulg8Oj45Py6VlXy1QR2iGSS9UPsaacCdoxzHDaTxTFcchpL5zeLuq9J6o0k6JtZgkNYjwWLGIEG2v57WH2WL2vprXafFiuuHV3KbQJXg4VyNUalr8GI0nSmApDONba99zEBBlWhhFO56VBqmmCyRSPqW9R4JjqIFuuPEdX1hmhSCr7hEFL9/dEhmOtZ3FoO2NsJnq9tjD/q/mpiW6CjIkkNVSQ1UdRypGRaHE/GjFFieEzC5goZndFZIIVJsamVLIheOsnb0K3UfcsP7iVZiOPowgXcAlV8OAamnAHLegAAQnP8ApvjnFenHfnY9VacPKZc/gj5/MHywKQNA==</latexit>

TR(L(u))
<latexit sha1_base64="hK8xDQ/FBN/AjeceLpbeoGVRrd8=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWFlFyETZLmJ3MJkNmZ5aZWSEseQwbC0VsfRUbOx/E3sml0MQfBj7+cw5zzh8mnGnjul9Obm19Y3Mrv13Y2d3bPygeHrW1TBWhLSK5VPch1pQzQVuGGU7vE0VxHHLaCUdX03rngSrNpGiacUKDGA8EixjBxlp+s5fdlW/KaaUy6RVLbtWdCa2Ct4BS/eT7AwFAo1f87PYlSWMqDOFYa99zExNkWBlGOJ0UuqmmCSYjPKC+RYFjqoNstvIEnVunjyKp7BMGzdzfExmOtR7Hoe2MsRnq5drU/K/mpya6DDImktRQQeYfRSlHRqLp/ajPFCWGjy1gopjdFZEhVpgYm1LBhuAtn7wK7VrVs3xr06jBXHk4hTMogwcXUIdraEALCEh4hGd4cYzz5Lw6b/PWnLOYOYY/ct5/AM55km8=</latexit><latexit sha1_base64="NJ/uukwHkzm7YmqKOZzGfaBVZ7g=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS1dl5JyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsGZRk</latexit><latexit sha1_base64="NJ/uukwHkzm7YmqKOZzGfaBVZ7g=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS1dl5JyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsGZRk</latexit><latexit sha1_base64="msFolptmfnYcjzsWh19VTWavxsc=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cuKjSG0yHkkkzbWgmGZKMUIY+hhsXirj1adz5NqbtLLT1h8DHf84h5/xhwpk2rvvtFLa2d3b3ivulg8Oj45Py6VlXy1QR2iGSS9UPsaacCdoxzHDaTxTFcchpL5zeLuq9J6o0k6JtZgkNYjwWLGIEG2v57WH2WL2vprXafFiuuHV3KbQJXg4VyNUalr8GI0nSmApDONba99zEBBlWhhFO56VBqmmCyRSPqW9R4JjqIFuuPEdX1hmhSCr7hEFL9/dEhmOtZ3FoO2NsJnq9tjD/q/mpiW6CjIkkNVSQ1UdRypGRaHE/GjFFieEzC5goZndFZIIVJsamVLIheOsnb0K3UfcsP7iVZiOPowgXcAlV8OAamnAHLegAAQnP8ApvjnFenHfnY9VacPKZc/gj5/MHywKQNA==</latexit>

TR(u)
<latexit sha1_base64="jKXwXTofO1/WsRBxB5lNiuD5/Ks=">AAAB73icbZC7SgNBFIbPxluMt6iV2AwGITZhN42WARvLKLlBsoTZySQZMju7zpwVwpKXsLFQxNaHsbHzQeydXApN/GHg4z/nMOf8QSyFQdf9cjJr6xubW9nt3M7u3v5B/vCoYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/rzQeujYhUDccx90M6UKIvGEVrtWrd9K6YXEy6+YJbcmciq+AtoFA5+f4gAFDt5j87vYglIVfIJDWm7bkx+inVKJjkk1wnMTymbEQHvG1R0ZAbP53tOyHn1umRfqTtU0hm7u+JlIbGjMPAdoYUh2a5NjX/q7UT7F/5qVBxglyx+Uf9RBKMyPR40hOaM5RjC5RpYXclbEg1ZWgjytkQvOWTV6FRLnmWb20aZZgrC6dwBkXw4BIqcANVqAMDCY/wDC/OvfPkvDpv89aMs5g5hj9y3n8Aab+RtA==</latexit><latexit sha1_base64="K+kkCQTeYWH/jPwW1ldipoCQhLw=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARvLKLlBsoTZyWwyZHZmnZkVwpKXsLFQxNYX8C1s7HwIS3snl0ITfxj4+M85zDl/EHOmjet+Oiura+sbm5mtbG57Z3cvv3/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGl5N6844qzaSomVFM/Qj3BQsZwcZarVo3vSkmZ+NuvuCW3KnQMnhzKFSOvt9zb1/9ajf/0elJkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LQocUe2n033H6NQ6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCCz9lIk4MFWT2UZhwZCSaHI96TFFi+MgCJorZXREZYIWJsRFlbQje4snL0CiXPMvXNo0yzJSBYziBInhwDhW4girUgQCHe3iEJ+fWeXCenZdZ64oznzmEP3JefwAHX5Op</latexit><latexit sha1_base64="K+kkCQTeYWH/jPwW1ldipoCQhLw=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARvLKLlBsoTZyWwyZHZmnZkVwpKXsLFQxNYX8C1s7HwIS3snl0ITfxj4+M85zDl/EHOmjet+Oiura+sbm5mtbG57Z3cvv3/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGl5N6844qzaSomVFM/Qj3BQsZwcZarVo3vSkmZ+NuvuCW3KnQMnhzKFSOvt9zb1/9ajf/0elJkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LQocUe2n033H6NQ6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCCz9lIk4MFWT2UZhwZCSaHI96TFFi+MgCJorZXREZYIWJsRFlbQje4snL0CiXPMvXNo0yzJSBYziBInhwDhW4girUgQCHe3iEJ+fWeXCenZdZ64oznzmEP3JefwAHX5Op</latexit><latexit sha1_base64="nr7mRuavxZ5zJ+BI0zbzQiXoDyc=">AAAB73icbZA9SwNBEIbn/IzxK2ppsxiE2IS7NFoGbCyj5AuSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvjCwsM7M+zMGySCa+O6387G5tb2zm5hr7h/cHh0XDo5bes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjuvd55QaR7Lppkm6Ed0JHnIGTXW6jYH2UMlvZoNSmW36i5E1sHLoQy5GoPSV38YszRCaZigWvc8NzF+RpXhTOCs2E81JpRN6Ah7FiWNUPvZYt8ZubTOkISxsk8asnB/T2Q00noaBbYzomasV2tz879aLzXhjZ9xmaQGJVt+FKaCmJjMjydDrpAZMbVAmeJ2V8LGVFFmbERFG4K3evI6tGtVz/K9W67X8jgKcA4XUAEPrqEOd9CAFjAQ8Ayv8OY8Oi/Ou/OxbN1w8pkz+CPn8wdmSI95</latexit>

TR(u)
<latexit sha1_base64="jKXwXTofO1/WsRBxB5lNiuD5/Ks=">AAAB73icbZC7SgNBFIbPxluMt6iV2AwGITZhN42WARvLKLlBsoTZySQZMju7zpwVwpKXsLFQxNaHsbHzQeydXApN/GHg4z/nMOf8QSyFQdf9cjJr6xubW9nt3M7u3v5B/vCoYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/rzQeujYhUDccx90M6UKIvGEVrtWrd9K6YXEy6+YJbcmciq+AtoFA5+f4gAFDt5j87vYglIVfIJDWm7bkx+inVKJjkk1wnMTymbEQHvG1R0ZAbP53tOyHn1umRfqTtU0hm7u+JlIbGjMPAdoYUh2a5NjX/q7UT7F/5qVBxglyx+Uf9RBKMyPR40hOaM5RjC5RpYXclbEg1ZWgjytkQvOWTV6FRLnmWb20aZZgrC6dwBkXw4BIqcANVqAMDCY/wDC/OvfPkvDpv89aMs5g5hj9y3n8Aab+RtA==</latexit><latexit sha1_base64="K+kkCQTeYWH/jPwW1ldipoCQhLw=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARvLKLlBsoTZyWwyZHZmnZkVwpKXsLFQxNYX8C1s7HwIS3snl0ITfxj4+M85zDl/EHOmjet+Oiura+sbm5mtbG57Z3cvv3/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGl5N6844qzaSomVFM/Qj3BQsZwcZarVo3vSkmZ+NuvuCW3KnQMnhzKFSOvt9zb1/9ajf/0elJkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LQocUe2n033H6NQ6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCCz9lIk4MFWT2UZhwZCSaHI96TFFi+MgCJorZXREZYIWJsRFlbQje4snL0CiXPMvXNo0yzJSBYziBInhwDhW4girUgQCHe3iEJ+fWeXCenZdZ64oznzmEP3JefwAHX5Op</latexit><latexit sha1_base64="K+kkCQTeYWH/jPwW1ldipoCQhLw=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARvLKLlBsoTZyWwyZHZmnZkVwpKXsLFQxNYX8C1s7HwIS3snl0ITfxj4+M85zDl/EHOmjet+Oiura+sbm5mtbG57Z3cvv3/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGl5N6844qzaSomVFM/Qj3BQsZwcZarVo3vSkmZ+NuvuCW3KnQMnhzKFSOvt9zb1/9ajf/0elJkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LQocUe2n033H6NQ6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCCz9lIk4MFWT2UZhwZCSaHI96TFFi+MgCJorZXREZYIWJsRFlbQje4snL0CiXPMvXNo0yzJSBYziBInhwDhW4girUgQCHe3iEJ+fWeXCenZdZ64oznzmEP3JefwAHX5Op</latexit><latexit sha1_base64="nr7mRuavxZ5zJ+BI0zbzQiXoDyc=">AAAB73icbZA9SwNBEIbn/IzxK2ppsxiE2IS7NFoGbCyj5AuSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvjCwsM7M+zMGySCa+O6387G5tb2zm5hr7h/cHh0XDo5bes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjuvd55QaR7Lppkm6Ed0JHnIGTXW6jYH2UMlvZoNSmW36i5E1sHLoQy5GoPSV38YszRCaZigWvc8NzF+RpXhTOCs2E81JpRN6Ah7FiWNUPvZYt8ZubTOkISxsk8asnB/T2Q00noaBbYzomasV2tz879aLzXhjZ9xmaQGJVt+FKaCmJjMjydDrpAZMbVAmeJ2V8LGVFFmbERFG4K3evI6tGtVz/K9W67X8jgKcA4XUAEPrqEOd9CAFjAQ8Ayv8OY8Oi/Ou/OxbN1w8pkz+CPn8wdmSI95</latexit>

u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit> L(u)

<latexit sha1_base64="jux/NbGpfhk7PZyzKkM9Xq1SafE=">AAAB63icbZDLSgMxFIZPvNZ6q3XpJliEdlNmutFlwY0LFxXsBdqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZm2C239IfDxn3PIOX+YCG6s532jre2d3b39wkHx8Oj45LR0Vu6YONWUtWksYt0LiWGCK9a23ArWSzQjMhSsG05v83r3iWnDY/VoZwkLJBkrHnFKbG7dV9PasFTx6t5CeBP8FVSa5UENnFrD0tdgFNNUMmWpIMb0fS+xQUa05VSweXGQGpYQOiVj1neoiGQmyBa7zvGVc0Y4irV7yuKF+3siI9KYmQxdpyR2YtZruflfrZ/a6CbIuEpSyxRdfhSlAtsY54fjEdeMWjFzQKjmbldMJ0QTal08RReCv37yJnQadd/xg0ujAUsV4AIuoQo+XEMT7qAFbaAwgWd4hTck0Qt6Rx/L1i20mjmHP0KfP10ajnc=</latexit><latexit sha1_base64="4hdoN2gOow3GBvi2I5MsNk7czG4=">AAAB63icbZC7SgNBFIbPeo3xFmNpMxiE2ITdNFoGbCwsIpgLZJcwO5lNhszMLjOzQljyClpYKGLri/gIdj6IvbNJCk38YeDjP+cw5/xhwpk2rvvlrK1vbG5tF3aKu3v7B4elo3Jbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8ldc791RpFss7M0loIPBQsogRbHLrppqe90sVt+bOhFbBW0ClUfar3x+PfrNf+vQHMUkFlYZwrHXPcxMTZFgZRjidFv1U0wSTMR7SnkWJBdVBNtt1is6sM0BRrOyTBs3c3xMZFlpPRGg7BTYjvVzLzf9qvdREl0HGZJIaKsn8oyjlyMQoPxwNmKLE8IkFTBSzuyIywgoTY+Mp2hC85ZNXoV2veZZvbRp1mKsAJ3AKVfDgAhpwDU1oAYERPMAzvDjCeXJenbd565qzmDmGP3LefwDiqpEY</latexit><latexit sha1_base64="4hdoN2gOow3GBvi2I5MsNk7czG4=">AAAB63icbZC7SgNBFIbPeo3xFmNpMxiE2ITdNFoGbCwsIpgLZJcwO5lNhszMLjOzQljyClpYKGLri/gIdj6IvbNJCk38YeDjP+cw5/xhwpk2rvvlrK1vbG5tF3aKu3v7B4elo3Jbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8ldc791RpFss7M0loIPBQsogRbHLrppqe90sVt+bOhFbBW0ClUfar3x+PfrNf+vQHMUkFlYZwrHXPcxMTZFgZRjidFv1U0wSTMR7SnkWJBdVBNtt1is6sM0BRrOyTBs3c3xMZFlpPRGg7BTYjvVzLzf9qvdREl0HGZJIaKsn8oyjlyMQoPxwNmKLE8IkFTBSzuyIywgoTY+Mp2hC85ZNXoV2veZZvbRp1mKsAJ3AKVfDgAhpwDU1oAYERPMAzvDjCeXJenbd565qzmDmGP3LefwDiqpEY</latexit><latexit sha1_base64="11rfPjQTmfNcmx3Uu3B0FoakOxk=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN202gZsLGwiGASIVnC7GQ2GTKXZWZWCEtewcZCEVtfyM63cTbZQhN/GPj4zznMOX+UcGas7397pY3Nre2d8m5lb//g8Kh6fNI1KtWEdojiSj9G2FDOJO1YZjl9TDTFIuK0F01v8nrviWrDlHyws4SGAo8lixnBNrfu6unlsFrzG/5CaB2CAmpQqD2sfg1GiqSCSks4NqYf+IkNM6wtI5zOK4PU0ASTKR7TvkOJBTVhtth1ji6cM0Kx0u5Jixbu74kMC2NmInKdAtuJWa3l5n+1fmrj6zBjMkktlWT5UZxyZBXKD0cjpimxfOYAE83crohMsMbEungqLoRg9eR16DYbgeN7v9ZqFnGU4QzOoQ4BXEELbqENHSAwgWd4hTdPeC/eu/exbC15xcwp/JH3+QM6DI2g</latexit>

L(u)
<latexit sha1_base64="jux/NbGpfhk7PZyzKkM9Xq1SafE=">AAAB63icbZDLSgMxFIZPvNZ6q3XpJliEdlNmutFlwY0LFxXsBdqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZm2C239IfDxn3PIOX+YCG6s532jre2d3b39wkHx8Oj45LR0Vu6YONWUtWksYt0LiWGCK9a23ArWSzQjMhSsG05v83r3iWnDY/VoZwkLJBkrHnFKbG7dV9PasFTx6t5CeBP8FVSa5UENnFrD0tdgFNNUMmWpIMb0fS+xQUa05VSweXGQGpYQOiVj1neoiGQmyBa7zvGVc0Y4irV7yuKF+3siI9KYmQxdpyR2YtZruflfrZ/a6CbIuEpSyxRdfhSlAtsY54fjEdeMWjFzQKjmbldMJ0QTal08RReCv37yJnQadd/xg0ujAUsV4AIuoQo+XEMT7qAFbaAwgWd4hTck0Qt6Rx/L1i20mjmHP0KfP10ajnc=</latexit><latexit sha1_base64="4hdoN2gOow3GBvi2I5MsNk7czG4=">AAAB63icbZC7SgNBFIbPeo3xFmNpMxiE2ITdNFoGbCwsIpgLZJcwO5lNhszMLjOzQljyClpYKGLri/gIdj6IvbNJCk38YeDjP+cw5/xhwpk2rvvlrK1vbG5tF3aKu3v7B4elo3Jbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8ldc791RpFss7M0loIPBQsogRbHLrppqe90sVt+bOhFbBW0ClUfar3x+PfrNf+vQHMUkFlYZwrHXPcxMTZFgZRjidFv1U0wSTMR7SnkWJBdVBNtt1is6sM0BRrOyTBs3c3xMZFlpPRGg7BTYjvVzLzf9qvdREl0HGZJIaKsn8oyjlyMQoPxwNmKLE8IkFTBSzuyIywgoTY+Mp2hC85ZNXoV2veZZvbRp1mKsAJ3AKVfDgAhpwDU1oAYERPMAzvDjCeXJenbd565qzmDmGP3LefwDiqpEY</latexit><latexit sha1_base64="4hdoN2gOow3GBvi2I5MsNk7czG4=">AAAB63icbZC7SgNBFIbPeo3xFmNpMxiE2ITdNFoGbCwsIpgLZJcwO5lNhszMLjOzQljyClpYKGLri/gIdj6IvbNJCk38YeDjP+cw5/xhwpk2rvvlrK1vbG5tF3aKu3v7B4elo3Jbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8ldc791RpFss7M0loIPBQsogRbHLrppqe90sVt+bOhFbBW0ClUfar3x+PfrNf+vQHMUkFlYZwrHXPcxMTZFgZRjidFv1U0wSTMR7SnkWJBdVBNtt1is6sM0BRrOyTBs3c3xMZFlpPRGg7BTYjvVzLzf9qvdREl0HGZJIaKsn8oyjlyMQoPxwNmKLE8IkFTBSzuyIywgoTY+Mp2hC85ZNXoV2veZZvbRp1mKsAJ3AKVfDgAhpwDU1oAYERPMAzvDjCeXJenbd565qzmDmGP3LefwDiqpEY</latexit><latexit sha1_base64="11rfPjQTmfNcmx3Uu3B0FoakOxk=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN202gZsLGwiGASIVnC7GQ2GTKXZWZWCEtewcZCEVtfyM63cTbZQhN/GPj4zznMOX+UcGas7397pY3Nre2d8m5lb//g8Kh6fNI1KtWEdojiSj9G2FDOJO1YZjl9TDTFIuK0F01v8nrviWrDlHyws4SGAo8lixnBNrfu6unlsFrzG/5CaB2CAmpQqD2sfg1GiqSCSks4NqYf+IkNM6wtI5zOK4PU0ASTKR7TvkOJBTVhtth1ji6cM0Kx0u5Jixbu74kMC2NmInKdAtuJWa3l5n+1fmrj6zBjMkktlWT5UZxyZBXKD0cjpimxfOYAE83crohMsMbEungqLoRg9eR16DYbgeN7v9ZqFnGU4QzOoQ4BXEELbqENHSAwgWd4hTdPeC/eu/exbC15xcwp/JH3+QM6DI2g</latexit>

L(u) <
<latexit sha1_base64="IA60oCqXkfkf4cjqGvIhKrz1Nak=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGwiKCuUCyhNnJ2WTI7OwyMyuEJQ9hY6GIrc9j59s4uRSa+MPAx3/OYc75g0RwbVz328ltbe/s7uX3CweHR8cnxdNSW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST23m984RK81g+mmmCfkRHkoecUWOtzn0lrZIbMiiW3Zq7ENkEbwXlRqlfBavmoPjVH8YsjVAaJqjWPc9NjJ9RZTgTOCv0U40JZRM6wp5FSSPUfrZYd0YurTMkYazsk4Ys3N8TGY20nkaB7YyoGev12tz8r9ZLTXjtZ1wmqUHJlh+FqSAmJvPbyZArZEZMLVCmuN2VsDFVlBmbUMGG4K2fvAntes2z/GDTqMNSeTiHC6iAB1fQgDtoQgsYTOAZXuHNSZwX5935WLbmnNXMGfyR8/kDi4+PEQ==</latexit><latexit sha1_base64="bq9wdCZONQa+zzuq8OOwvWvOjMI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq31TSc/QJeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HES6Rsg==</latexit><latexit sha1_base64="bq9wdCZONQa+zzuq8OOwvWvOjMI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq31TSc/QJeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HES6Rsg==</latexit><latexit sha1_base64="aq35MGjufWFScsADrJ6XvCg+TFY=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjYRHBfEByhL3NXLJkb+/Y3RPCkR9hY6GIrb/Hzn/jJrlCE19YeHhnhp15g0RwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt/N65wmV5rF8NNME/YiOJA85o8ZanftqekluyKBccWvuQmQdvBwqkKs5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny3WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE177GZdJalCy5UdhKoiJyfx2MuQKmRFTC5QpbnclbEwVZcYmVLIheKsnr0O7XvMsP7iVRj2PowhncA5V8OAKGnAHTWgBgwk8wyu8OYnz4rw7H8vWgpPPnMIfOZ8/aIGOOg==</latexit>

< L(u)
<latexit sha1_base64="mCUZTmVEedrWsVLbP3TQMSTH6dc=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGwiKCuUCyhNnJ2WTI7OwyMyuEJQ9hY6GIrc9j59s4uRSa+MPAx3/OYc75g0RwbVz328ltbe/s7uX3CweHR8cnxdNSW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST23m984RK81g+mmmCfkRHkoecUWOtzg25r6RVMiiW3Zq7ENkEbwXlRqlfBavmoPjVH8YsjVAaJqjWPc9NjJ9RZTgTOCv0U40JZRM6wp5FSSPUfrZYd0YurTMkYazsk4Ys3N8TGY20nkaB7YyoGev12tz8r9ZLTXjtZ1wmqUHJlh+FqSAmJvPbyZArZEZMLVCmuN2VsDFVlBmbUMGG4K2fvAntes2z/GDTqMNSeTiHC6iAB1fQgDtoQgsYTOAZXuHNSZwX5935WLbmnNXMGfyR8/kDivePEQ==</latexit><latexit sha1_base64="eLW1OiihfXy++NF8Eww/EW6uuKI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq32JbirpGeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HEJaRsg==</latexit><latexit sha1_base64="eLW1OiihfXy++NF8Eww/EW6uuKI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq32JbirpGeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HEJaRsg==</latexit><latexit sha1_base64="0jBUSMd/B592WEagWvQycPPTJ4s=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjYRHBfEByhL3NXLJkb+/Y3RPCkR9hY6GIrb/Hzn/jJrlCE19YeHhnhp15g0RwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt/N65wmV5rF8NNME/YiOJA85o8ZanRtyX00vyaBccWvuQmQdvBwqkKs5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny3WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE177GZdJalCy5UdhKoiJyfx2MuQKmRFTC5QpbnclbEwVZcYmVLIheKsnr0O7XvMsP7iVRj2PowhncA5V8OAKGnAHTWgBgwk8wyu8OYnz4rw7H8vWgpPPnMIfOZ8/Z+mOOg==</latexit>

< L(u)
<latexit sha1_base64="mCUZTmVEedrWsVLbP3TQMSTH6dc=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGwiKCuUCyhNnJ2WTI7OwyMyuEJQ9hY6GIrc9j59s4uRSa+MPAx3/OYc75g0RwbVz328ltbe/s7uX3CweHR8cnxdNSW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST23m984RK81g+mmmCfkRHkoecUWOtzg25r6RVMiiW3Zq7ENkEbwXlRqlfBavmoPjVH8YsjVAaJqjWPc9NjJ9RZTgTOCv0U40JZRM6wp5FSSPUfrZYd0YurTMkYazsk4Ys3N8TGY20nkaB7YyoGev12tz8r9ZLTXjtZ1wmqUHJlh+FqSAmJvPbyZArZEZMLVCmuN2VsDFVlBmbUMGG4K2fvAntes2z/GDTqMNSeTiHC6iAB1fQgDtoQgsYTOAZXuHNSZwX5935WLbmnNXMGfyR8/kDivePEQ==</latexit><latexit sha1_base64="eLW1OiihfXy++NF8Eww/EW6uuKI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq32JbirpGeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HEJaRsg==</latexit><latexit sha1_base64="eLW1OiihfXy++NF8Eww/EW6uuKI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq32JbirpGeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HEJaRsg==</latexit><latexit sha1_base64="0jBUSMd/B592WEagWvQycPPTJ4s=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjYRHBfEByhL3NXLJkb+/Y3RPCkR9hY6GIrb/Hzn/jJrlCE19YeHhnhp15g0RwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt/N65wmV5rF8NNME/YiOJA85o8ZanRtyX00vyaBccWvuQmQdvBwqkKs5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny3WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE177GZdJalCy5UdhKoiJyfx2MuQKmRFTC5QpbnclbEwVZcYmVLIheKsnr0O7XvMsP7iVRj2PowhncA5V8OAKGnAHTWgBgwk8wyu8OYnz4rw7H8vWgpPPnMIfOZ8/Z+mOOg==</latexit>

L(u) <
<latexit sha1_base64="IA60oCqXkfkf4cjqGvIhKrz1Nak=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGwiKCuUCyhNnJ2WTI7OwyMyuEJQ9hY6GIrc9j59s4uRSa+MPAx3/OYc75g0RwbVz328ltbe/s7uX3CweHR8cnxdNSW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST23m984RK81g+mmmCfkRHkoecUWOtzn0lrZIbMiiW3Zq7ENkEbwXlRqlfBavmoPjVH8YsjVAaJqjWPc9NjJ9RZTgTOCv0U40JZRM6wp5FSSPUfrZYd0YurTMkYazsk4Ys3N8TGY20nkaB7YyoGev12tz8r9ZLTXjtZ1wmqUHJlh+FqSAmJvPbyZArZEZMLVCmuN2VsDFVlBmbUMGG4K2fvAntes2z/GDTqMNSeTiHC6iAB1fQgDtoQgsYTOAZXuHNSZwX5935WLbmnNXMGfyR8/kDi4+PEQ==</latexit><latexit sha1_base64="bq9wdCZONQa+zzuq8OOwvWvOjMI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq31TSc/QJeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HES6Rsg==</latexit><latexit sha1_base64="bq9wdCZONQa+zzuq8OOwvWvOjMI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq31TSc/QJeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HES6Rsg==</latexit><latexit sha1_base64="aq35MGjufWFScsADrJ6XvCg+TFY=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjYRHBfEByhL3NXLJkb+/Y3RPCkR9hY6GIrb/Hzn/jJrlCE19YeHhnhp15g0RwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt/N65wmV5rF8NNME/YiOJA85o8ZanftqekluyKBccWvuQmQdvBwqkKs5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny3WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE177GZdJalCy5UdhKoiJyfx2MuQKmRFTC5QpbnclbEwVZcYmVLIheKsnr0O7XvMsP7iVRj2PowhncA5V8OAKGnAHTWgBgwk8wyu8OYnz4rw7H8vWgpPPnMIfOZ8/aIGOOg==</latexit>

< u
<latexit sha1_base64="Du9s4WeM5ENWpQ7fmgrBvHy0y3Q=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdXdJ0l6x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9d2j6k=</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="ggX+PtJP5EJiepoxdOT+nlNVK8o=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPNyQbVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCxgI1V</latexit>

< u
<latexit sha1_base64="Du9s4WeM5ENWpQ7fmgrBvHy0y3Q=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdXdJ0l6x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9d2j6k=</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="ggX+PtJP5EJiepoxdOT+nlNVK8o=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPNyQbVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCxgI1V</latexit>

u <
<latexit sha1_base64="f9zW5BzsXiwrLYu0HLBv1RyiScw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdZeSy16x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9foj6k=</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="BN6ujg0O8blxQ7Ymatij/Sp8kXo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPGbkZVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCx8o1V</latexit>

u <
<latexit sha1_base64="f9zW5BzsXiwrLYu0HLBv1RyiScw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdZeSy16x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9foj6k=</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="BN6ujg0O8blxQ7Ymatij/Sp8kXo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPGbkZVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCx8o1V</latexit>

Figure 7.7: AVL case 1

We now rearrange the subtree rooted at u by making L(u) the root of the tree, u the right
child of L(u), and R(L(u)) the left child of u, while retaining R(u) as the right child of u and
L(L(u)) as the left child of L(u) (Figure 7.7). We make no changes to any of TL(L(u)), TR(L(u)),
or TR(u), so they still contain balanced nodes and retain their original heights.
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We now need to show that the resulting tree is a binary search tree and that all the nodes
are balanced; to do so, we only need to consider the nodes u and L(u), as no other nodes have
had changes to the contents of their subtrees. Due to their positions in the original tree, we
know that for each value x in TL(L(u)), x is less than the value in L(u). Similarly, we know that
for each value x in TR(L(u)), the value of x is between the values in L(u) and u, and for each
value x in TR(u), the value of x is greater than the value in u. Clearly, the binary search tree
property holds at both u and L(u).

To ensure that the all nodes are now balanced, we observe that u now has two subtrees of
height h (and hence is balanced) and as a consequence L(u) now has two subtrees of height
h + 1 (and hence is also balanced). Finally, we consider the parent of the new subtree. If the
modification was an addition, then the height of subtree before addition was h + 2 (as both
subtrees of L(u) would have had height h before the addition) and the height of the subtree
after rotation would have been restored to h + 2. If instead the modification was a deletion,
then it would have resulted from the deletion of a node in TR(u) reducing its height from h + 1
to h, and hence the height of the subtree before deletion was h+ 3 and the height after rotation
is h + 2.

Case 2

As in case 1, for convenience, we use h to denote height(TR(u)), and hence height(TL(u)) = h+ 2.
In this case, TR(L(u)) is the higher of the two subtrees of L(u), and hence height(TR(L(u))) = h+1.
Using the same reasoning, the higher (if any) of the two subtrees of R(L(u)) will have height h,
with the other subtree having height either h or h− 1 (because R(L(u)) is balanced). Finally,
since L(u) is balanced and height(TL(L(u))) < height(TR(L(u))) = h + 1; we can conclude that
height(TL(L(u))) = h.
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u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

L(u)
<latexit sha1_base64="7fz5VJyOb6k+8lTPhQ07g0g9wxY=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25cuGjBXqAdSibNtKFJZkgyQhn6Cm5cKOLW9/AZ3PkWPoKZtgtt/SHw8Z9zyDl/mHCmjed9OYWNza3tneJuaW//4PDIPT5p6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObvJ654EqzWJ5b6YJDQQeSRYxgk1u3VXSy4Fb9qreXGgd/CWU627z+wMAGgP3sz+MSSqoNIRjrXu+l5ggw8owwums1E81TTCZ4BHtWZRYUB1k811n6MI6QxTFyj5p0Nz9PZFhofVUhLZTYDPWq7Xc/K/WS010HWRMJqmhkiw+ilKOTIzyw9GQKUoMn1rARDG7KyJjrDAxNp6SDcFfPXkd2ldV33LTpuHBQkU4g3OogA81qMMtNKAFBMbwCM/w4gjnyXl13hatBWc5cwp/5Lz/AFk5j+8=</latexit><latexit sha1_base64="yFpLprbpqZlAy3XS00tN7DHqZGk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty46KIFe4F2KJk0bUOTzJBkhDL0CQQ3LhRx65P4Bu58Cx/BTNuFtv4Q+PjPOeScP4w508bzvpzc2vrG5lZ+u7Czu7d/4B4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzdZvXVPlWaRvDOTmAYCDyUbMIJNZlVLyUXPLXplbya0Cv4CihW3/v1RPXmo9dzPbj8iiaDSEI617vhebIIUK8MIp9NCN9E0xmSMh7RjUWJBdZDOdp2ic+v00SBS9kmDZu7viRQLrScitJ0Cm5FermXmf7VOYgbXQcpknBgqyfyjQcKRiVB2OOozRYnhEwuYKGZ3RWSEFSbGxlOwIfjLJ69C87LsW67bNDyYKw+ncAYl8OEKKnALNWgAgRE8wjO8OMJ5cl6dt3lrzlnMHMMfOe8/nweQ4w==</latexit><latexit sha1_base64="yFpLprbpqZlAy3XS00tN7DHqZGk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty46KIFe4F2KJk0bUOTzJBkhDL0CQQ3LhRx65P4Bu58Cx/BTNuFtv4Q+PjPOeScP4w508bzvpzc2vrG5lZ+u7Czu7d/4B4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzdZvXVPlWaRvDOTmAYCDyUbMIJNZlVLyUXPLXplbya0Cv4CihW3/v1RPXmo9dzPbj8iiaDSEI617vhebIIUK8MIp9NCN9E0xmSMh7RjUWJBdZDOdp2ic+v00SBS9kmDZu7viRQLrScitJ0Cm5FermXmf7VOYgbXQcpknBgqyfyjQcKRiVB2OOozRYnhEwuYKGZ3RWSEFSbGxlOwIfjLJ69C87LsW67bNDyYKw+ncAYl8OEKKnALNWgAgRE8wjO8OMJ5cl6dt3lrzlnMHMMfOe8/nweQ4w==</latexit><latexit sha1_base64="T6YGoPu92AI4oDMdAGz7drElCvk=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMuNFlwY0LFxXsBdqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZl2Ftr6Q+DjP+eQc/4wEdxYz/tGpY3Nre2d8m5lb//g8Kh6fNIxcaopa9NYxLoXEsMEV6xtuRWsl2hGZChYN5ze5vXuE9OGx+rRzhIWSDJWPOKU2Ny6r6eXw2rNa3gL4XXwC6hBodaw+jUYxTSVTFkqiDF930tskBFtORVsXhmkhiWETsmY9R0qIpkJssWuc3zhnBGOYu2esnjh/p7IiDRmJkPXKYmdmNVabv5X66c2ugkyrpLUMkWXH0WpwDbG+eF4xDWjVswcEKq52xXTCdGEWhdPxYXgr568Dp2rhu/4was1vSKOMpzBOdTBh2towh20oA0UJvAMr/CGJHpB7+hj2VpCxcwp/BH6/AE5co2e</latexit>

R(L(u))
<latexit sha1_base64="3vzu5fRl8p5SuzKn4RuvZ7QErfo=">AAAB7nicbZA9SwNBEIbnNGqMX1FLm8UoJE24s9EyYGNhEcV8QHLEvc1csmRv79jdE8KRH2FjoYitv8fOf+Pmo9DEFxYe3plhZ94gEVwb1/121tZzG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtH1tN56QqV5LB/MOEE/ogPJQ86osVbrvnxbTiuVXrHkVt2ZyCp4CyjVcmH4CAD1XvGr249ZGqE0TFCtO56bGD+jynAmcFLophoTykZ0gB2Lkkao/Wy27oScW6dPwljZJw2Zub8nMhppPY4C2xlRM9TLtan5X62TmvDKz7hMUoOSzT8KU0FMTKa3kz5XyIwYW6BMcbsrYUOqKDM2oYINwVs+eRWaF1XP8p1N4wzmysMJnEIZPLiEGtxAHRrAYATP8ApvTuK8OO/Ox7x1zVnMHMMfOZ8/kFePww==</latexit><latexit sha1_base64="AoF17GrQw7bPKw5vooMKccu0u2Q=">AAAB7nicbZA9TwJBEIbnEBXxC7W02Ygm0JA7Gy1JbCws0MhHAheyt+zBhr29y+6cCSH8CBsLjbH199j5b1wOCgXfZJMn78xkZ94gkcKg6347uY385tZ2Yae4u7d/cFg6Om6ZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsY383r7iWsjYvWIk4T7ER0qEQpG0Vrth8pdJa1W+6WyW3MzkXXwllCu58NMjX7pqzeIWRpxhUxSY7qem6A/pRoFk3xW7KWGJ5SN6ZB3LSoaceNPs3Vn5MI6AxLG2j6FJHN/T0xpZMwkCmxnRHFkVmtz879aN8Xw2p8KlaTIFVt8FKaSYEzmt5OB0JyhnFigTAu7K2EjqilDm1DRhuCtnrwOrcuaZ/nepnEOCxXgFM6gAh5cQR1uoQFNYDCGZ3iFNydxXpx352PRmnOWMyfwR87nDzFRkPs=</latexit><latexit sha1_base64="AoF17GrQw7bPKw5vooMKccu0u2Q=">AAAB7nicbZA9TwJBEIbnEBXxC7W02Ygm0JA7Gy1JbCws0MhHAheyt+zBhr29y+6cCSH8CBsLjbH199j5b1wOCgXfZJMn78xkZ94gkcKg6347uY385tZ2Yae4u7d/cFg6Om6ZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsY383r7iWsjYvWIk4T7ER0qEQpG0Vrth8pdJa1W+6WyW3MzkXXwllCu58NMjX7pqzeIWRpxhUxSY7qem6A/pRoFk3xW7KWGJ5SN6ZB3LSoaceNPs3Vn5MI6AxLG2j6FJHN/T0xpZMwkCmxnRHFkVmtz879aN8Xw2p8KlaTIFVt8FKaSYEzmt5OB0JyhnFigTAu7K2EjqilDm1DRhuCtnrwOrcuaZ/nepnEOCxXgFM6gAh5cQR1uoQFNYDCGZ3iFNydxXpx352PRmnOWMyfwR87nDzFRkPs=</latexit><latexit sha1_base64="yGXmw2LZCdVsvdfk+FRe+Ha+xq8=">AAAB7nicbZA9SwNBEIbn/IzxK2ppsxiFpAl3NloGbCwsopgPSI6wt5lLluztHbt7QjjyI2wsFLH199j5b9wkV2jiCwsP78ywM2+QCK6N6347a+sbm1vbhZ3i7t7+wWHp6Lil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osVb7oXJXSavVfqns1ty5yCp4OZQhV6Nf+uoNYpZGKA0TVOuu5ybGz6gynAmcFnupxoSyMR1i16KkEWo/m687JRfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2e1kwBUyIyYWKFPc7krYiCrKjE2oaEPwlk9ehdZlzbN875br53kcBTiFM6iAB1dQh1toQBMYjOEZXuHNSZwX5935WLSuOfnMCfyR8/kDn3uOUw==</latexit>

R(L(u))
<latexit sha1_base64="3vzu5fRl8p5SuzKn4RuvZ7QErfo=">AAAB7nicbZA9SwNBEIbnNGqMX1FLm8UoJE24s9EyYGNhEcV8QHLEvc1csmRv79jdE8KRH2FjoYitv8fOf+Pmo9DEFxYe3plhZ94gEVwb1/121tZzG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtH1tN56QqV5LB/MOEE/ogPJQ86osVbrvnxbTiuVXrHkVt2ZyCp4CyjVcmH4CAD1XvGr249ZGqE0TFCtO56bGD+jynAmcFLophoTykZ0gB2Lkkao/Wy27oScW6dPwljZJw2Zub8nMhppPY4C2xlRM9TLtan5X62TmvDKz7hMUoOSzT8KU0FMTKa3kz5XyIwYW6BMcbsrYUOqKDM2oYINwVs+eRWaF1XP8p1N4wzmysMJnEIZPLiEGtxAHRrAYATP8ApvTuK8OO/Ox7x1zVnMHMMfOZ8/kFePww==</latexit><latexit sha1_base64="AoF17GrQw7bPKw5vooMKccu0u2Q=">AAAB7nicbZA9TwJBEIbnEBXxC7W02Ygm0JA7Gy1JbCws0MhHAheyt+zBhr29y+6cCSH8CBsLjbH199j5b1wOCgXfZJMn78xkZ94gkcKg6347uY385tZ2Yae4u7d/cFg6Om6ZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsY383r7iWsjYvWIk4T7ER0qEQpG0Vrth8pdJa1W+6WyW3MzkXXwllCu58NMjX7pqzeIWRpxhUxSY7qem6A/pRoFk3xW7KWGJ5SN6ZB3LSoaceNPs3Vn5MI6AxLG2j6FJHN/T0xpZMwkCmxnRHFkVmtz879aN8Xw2p8KlaTIFVt8FKaSYEzmt5OB0JyhnFigTAu7K2EjqilDm1DRhuCtnrwOrcuaZ/nepnEOCxXgFM6gAh5cQR1uoQFNYDCGZ3iFNydxXpx352PRmnOWMyfwR87nDzFRkPs=</latexit><latexit sha1_base64="AoF17GrQw7bPKw5vooMKccu0u2Q=">AAAB7nicbZA9TwJBEIbnEBXxC7W02Ygm0JA7Gy1JbCws0MhHAheyt+zBhr29y+6cCSH8CBsLjbH199j5b1wOCgXfZJMn78xkZ94gkcKg6347uY385tZ2Yae4u7d/cFg6Om6ZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsY383r7iWsjYvWIk4T7ER0qEQpG0Vrth8pdJa1W+6WyW3MzkXXwllCu58NMjX7pqzeIWRpxhUxSY7qem6A/pRoFk3xW7KWGJ5SN6ZB3LSoaceNPs3Vn5MI6AxLG2j6FJHN/T0xpZMwkCmxnRHFkVmtz879aN8Xw2p8KlaTIFVt8FKaSYEzmt5OB0JyhnFigTAu7K2EjqilDm1DRhuCtnrwOrcuaZ/nepnEOCxXgFM6gAh5cQR1uoQFNYDCGZ3iFNydxXpx352PRmnOWMyfwR87nDzFRkPs=</latexit><latexit sha1_base64="yGXmw2LZCdVsvdfk+FRe+Ha+xq8=">AAAB7nicbZA9SwNBEIbn/IzxK2ppsxiFpAl3NloGbCwsopgPSI6wt5lLluztHbt7QjjyI2wsFLH199j5b9wkV2jiCwsP78ywM2+QCK6N6347a+sbm1vbhZ3i7t7+wWHp6Lil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osVb7oXJXSavVfqns1ty5yCp4OZQhV6Nf+uoNYpZGKA0TVOuu5ybGz6gynAmcFnupxoSyMR1i16KkEWo/m687JRfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2e1kwBUyIyYWKFPc7krYiCrKjE2oaEPwlk9ehdZlzbN875br53kcBTiFM6iAB1dQh1toQBMYjOEZXuHNSZwX5935WLSuOfnMCfyR8/kDn3uOUw==</latexit>

u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

L(u)
<latexit sha1_base64="7fz5VJyOb6k+8lTPhQ07g0g9wxY=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25cuGjBXqAdSibNtKFJZkgyQhn6Cm5cKOLW9/AZ3PkWPoKZtgtt/SHw8Z9zyDl/mHCmjed9OYWNza3tneJuaW//4PDIPT5p6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObvJ654EqzWJ5b6YJDQQeSRYxgk1u3VXSy4Fb9qreXGgd/CWU627z+wMAGgP3sz+MSSqoNIRjrXu+l5ggw8owwums1E81TTCZ4BHtWZRYUB1k811n6MI6QxTFyj5p0Nz9PZFhofVUhLZTYDPWq7Xc/K/WS010HWRMJqmhkiw+ilKOTIzyw9GQKUoMn1rARDG7KyJjrDAxNp6SDcFfPXkd2ldV33LTpuHBQkU4g3OogA81qMMtNKAFBMbwCM/w4gjnyXl13hatBWc5cwp/5Lz/AFk5j+8=</latexit><latexit sha1_base64="yFpLprbpqZlAy3XS00tN7DHqZGk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty46KIFe4F2KJk0bUOTzJBkhDL0CQQ3LhRx65P4Bu58Cx/BTNuFtv4Q+PjPOeScP4w508bzvpzc2vrG5lZ+u7Czu7d/4B4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzdZvXVPlWaRvDOTmAYCDyUbMIJNZlVLyUXPLXplbya0Cv4CihW3/v1RPXmo9dzPbj8iiaDSEI617vhebIIUK8MIp9NCN9E0xmSMh7RjUWJBdZDOdp2ic+v00SBS9kmDZu7viRQLrScitJ0Cm5FermXmf7VOYgbXQcpknBgqyfyjQcKRiVB2OOozRYnhEwuYKGZ3RWSEFSbGxlOwIfjLJ69C87LsW67bNDyYKw+ncAYl8OEKKnALNWgAgRE8wjO8OMJ5cl6dt3lrzlnMHMMfOe8/nweQ4w==</latexit><latexit sha1_base64="yFpLprbpqZlAy3XS00tN7DHqZGk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty46KIFe4F2KJk0bUOTzJBkhDL0CQQ3LhRx65P4Bu58Cx/BTNuFtv4Q+PjPOeScP4w508bzvpzc2vrG5lZ+u7Czu7d/4B4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzdZvXVPlWaRvDOTmAYCDyUbMIJNZlVLyUXPLXplbya0Cv4CihW3/v1RPXmo9dzPbj8iiaDSEI617vhebIIUK8MIp9NCN9E0xmSMh7RjUWJBdZDOdp2ic+v00SBS9kmDZu7viRQLrScitJ0Cm5FermXmf7VOYgbXQcpknBgqyfyjQcKRiVB2OOozRYnhEwuYKGZ3RWSEFSbGxlOwIfjLJ69C87LsW67bNDyYKw+ncAYl8OEKKnALNWgAgRE8wjO8OMJ5cl6dt3lrzlnMHMMfOe8/nweQ4w==</latexit><latexit sha1_base64="T6YGoPu92AI4oDMdAGz7drElCvk=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMuNFlwY0LFxXsBdqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZl2Ftr6Q+DjP+eQc/4wEdxYz/tGpY3Nre2d8m5lb//g8Kh6fNIxcaopa9NYxLoXEsMEV6xtuRWsl2hGZChYN5ze5vXuE9OGx+rRzhIWSDJWPOKU2Ny6r6eXw2rNa3gL4XXwC6hBodaw+jUYxTSVTFkqiDF930tskBFtORVsXhmkhiWETsmY9R0qIpkJssWuc3zhnBGOYu2esnjh/p7IiDRmJkPXKYmdmNVabv5X66c2ugkyrpLUMkWXH0WpwDbG+eF4xDWjVswcEKq52xXTCdGEWhdPxYXgr568Dp2rhu/4was1vSKOMpzBOdTBh2towh20oA0UJvAMr/CGJHpB7+hj2VpCxcwp/BH6/AE5co2e</latexit>

TR(u)
<latexit sha1_base64="ftbnoa3UoOHfHHJMLnghElKNVrw=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0DNlYSJTdIljA7OZsMmZ1dZ2aFsAR8BhsLRWx9HTvfxsml0MQfBj7+cw5zzh8kgmvjut/O2vrG5tZ2bie/u7d/cFgoHjV1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1luPqDSPZd2ME/QjOpA85Iwaa7Xrvey+nJ5PeoWSW3FnIqvgLaBULd4+gVWtV/jq9mOWRigNE1Trjucmxs+oMpwJnOS7qcaEshEdYMeipBFqP5vtOyFn1umTMFb2SUNm7u+JjEZaj6PAdkbUDPVybWr+V+ukJrzyMy6T1KBk84/CVBATk+nxpM8VMiPGFihT3O5K2JAqyoyNKG9D8JZPXoXmRcWzfGfTKMNcOTiBUyiDB5dQhRuoQQMYCHiGV3hzHpwX5935mLeuOYuZY/gj5/MH50yQjg==</latexit><latexit sha1_base64="Fly/dSeVL5BP6OUot/zuA2dVGJ4=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0sAjZWEiU3SJYwO5lNhszOrnMRwhIsfAMbC0VsLHwdOx/E3sml0MQfBj7+cw5zzh8knCntul/O0vLK6tp6ZiO7ubW9s5vL79VVbCShNRLzWDYDrChngtY005w2E0lxFHDaCAYX43rjjkrFYlHVw4T6Ee4JFjKCtbWa1U56UzTHo06u4JbcidAieDMolPNX998P7+eVTu6z3Y2JiajQhGOlWp6baD/FUjPC6SjbNoommAxwj7YsChxR5aeTfUfoyDpdFMbSPqHRxP09keJIqWEU2M4I676ar43N/2oto8MzP2UiMZoKMv0oNBzpGI2PR10mKdF8aAETyeyuiPSxxETbiLI2BG/+5EWon5Q8y9c2jSJMlYEDOIQieHAKZbiECtSAAIdHeIYX59Z5cl6dt2nrkjOb2Yc/cj5+AAtGkuY=</latexit><latexit sha1_base64="Fly/dSeVL5BP6OUot/zuA2dVGJ4=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0sAjZWEiU3SJYwO5lNhszOrnMRwhIsfAMbC0VsLHwdOx/E3sml0MQfBj7+cw5zzh8knCntul/O0vLK6tp6ZiO7ubW9s5vL79VVbCShNRLzWDYDrChngtY005w2E0lxFHDaCAYX43rjjkrFYlHVw4T6Ee4JFjKCtbWa1U56UzTHo06u4JbcidAieDMolPNX998P7+eVTu6z3Y2JiajQhGOlWp6baD/FUjPC6SjbNoommAxwj7YsChxR5aeTfUfoyDpdFMbSPqHRxP09keJIqWEU2M4I676ar43N/2oto8MzP2UiMZoKMv0oNBzpGI2PR10mKdF8aAETyeyuiPSxxETbiLI2BG/+5EWon5Q8y9c2jSJMlYEDOIQieHAKZbiECtSAAIdHeIYX59Z5cl6dt2nrkjOb2Yc/cj5+AAtGkuY=</latexit><latexit sha1_base64="vbpkWIhZEG5G0TW0BpSun0vwZEs=">AAAB73icbZA9SwNBEIbn4leMX1FLm8UgxCbc2WgZsLGMki9IjrC32UuW7O2du3NCOPInbCwUsfXv2Plv3CRXaOILCw/vzLAzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi1cRpwv2IjpQIBaNorW5zkD1U08vZoFxxa+5CZB28HCqQqzEof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z6KiETd+tth3Ri6sMyRhrO1TSBbu74mMRsZMo8B2RhTHZrU2N/+r9VIMb/xMqCRFrtjyozCVBGMyP54MheYM5dQCZVrYXQkbU00Z2ohKNgRv9eR1aF/VPMv3bqVezeMowhmcQxU8uIY63EEDWsBAwjO8wpvz6Lw4787HsrXg5DOn8EfO5w9jRo9v</latexit>

TR(u)
<latexit sha1_base64="ftbnoa3UoOHfHHJMLnghElKNVrw=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0DNlYSJTdIljA7OZsMmZ1dZ2aFsAR8BhsLRWx9HTvfxsml0MQfBj7+cw5zzh8kgmvjut/O2vrG5tZ2bie/u7d/cFgoHjV1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1luPqDSPZd2ME/QjOpA85Iwaa7Xrvey+nJ5PeoWSW3FnIqvgLaBULd4+gVWtV/jq9mOWRigNE1Trjucmxs+oMpwJnOS7qcaEshEdYMeipBFqP5vtOyFn1umTMFb2SUNm7u+JjEZaj6PAdkbUDPVybWr+V+ukJrzyMy6T1KBk84/CVBATk+nxpM8VMiPGFihT3O5K2JAqyoyNKG9D8JZPXoXmRcWzfGfTKMNcOTiBUyiDB5dQhRuoQQMYCHiGV3hzHpwX5935mLeuOYuZY/gj5/MH50yQjg==</latexit><latexit sha1_base64="Fly/dSeVL5BP6OUot/zuA2dVGJ4=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0sAjZWEiU3SJYwO5lNhszOrnMRwhIsfAMbC0VsLHwdOx/E3sml0MQfBj7+cw5zzh8knCntul/O0vLK6tp6ZiO7ubW9s5vL79VVbCShNRLzWDYDrChngtY005w2E0lxFHDaCAYX43rjjkrFYlHVw4T6Ee4JFjKCtbWa1U56UzTHo06u4JbcidAieDMolPNX998P7+eVTu6z3Y2JiajQhGOlWp6baD/FUjPC6SjbNoommAxwj7YsChxR5aeTfUfoyDpdFMbSPqHRxP09keJIqWEU2M4I676ar43N/2oto8MzP2UiMZoKMv0oNBzpGI2PR10mKdF8aAETyeyuiPSxxETbiLI2BG/+5EWon5Q8y9c2jSJMlYEDOIQieHAKZbiECtSAAIdHeIYX59Z5cl6dt2nrkjOb2Yc/cj5+AAtGkuY=</latexit><latexit sha1_base64="Fly/dSeVL5BP6OUot/zuA2dVGJ4=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0sAjZWEiU3SJYwO5lNhszOrnMRwhIsfAMbC0VsLHwdOx/E3sml0MQfBj7+cw5zzh8knCntul/O0vLK6tp6ZiO7ubW9s5vL79VVbCShNRLzWDYDrChngtY005w2E0lxFHDaCAYX43rjjkrFYlHVw4T6Ee4JFjKCtbWa1U56UzTHo06u4JbcidAieDMolPNX998P7+eVTu6z3Y2JiajQhGOlWp6baD/FUjPC6SjbNoommAxwj7YsChxR5aeTfUfoyDpdFMbSPqHRxP09keJIqWEU2M4I676ar43N/2oto8MzP2UiMZoKMv0oNBzpGI2PR10mKdF8aAETyeyuiPSxxETbiLI2BG/+5EWon5Q8y9c2jSJMlYEDOIQieHAKZbiECtSAAIdHeIYX59Z5cl6dt2nrkjOb2Yc/cj5+AAtGkuY=</latexit><latexit sha1_base64="vbpkWIhZEG5G0TW0BpSun0vwZEs=">AAAB73icbZA9SwNBEIbn4leMX1FLm8UgxCbc2WgZsLGMki9IjrC32UuW7O2du3NCOPInbCwUsfXv2Plv3CRXaOILCw/vzLAzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi1cRpwv2IjpQIBaNorW5zkD1U08vZoFxxa+5CZB28HCqQqzEof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z6KiETd+tth3Ri6sMyRhrO1TSBbu74mMRsZMo8B2RhTHZrU2N/+r9VIMb/xMqCRFrtjyozCVBGMyP54MheYM5dQCZVrYXQkbU00Z2ohKNgRv9eR1aF/VPMv3bqVezeMowhmcQxU8uIY63EEDWsBAwjO8wpvz6Lw4787HsrXg5DOn8EfO5w9jRo9v</latexit>

TL(L(u))
<latexit sha1_base64="FH8OmjvGTOXHMEvhkL0gov4oH7g=">AAAB8nicbZDLSgMxFIbP1Futt1aXboJFmG7KjBtdFty4KFKhN2iHkkkzbWgmGZKMUIaCL+HGhSJufRp3vo3pZaGtPwQ+/nMOOecPE8608bxvJ7e1vbO7l98vHBweHZ8US6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByO693HqnSTIqmmSY0iPFIsIgRbKzVaw6yult300plNiiWvaq3ENoEfwXlWun+Cawag+JXfyhJGlNhCMda93wvMUGGlWGE01mhn2qaYDLBI9qzKHBMdZAtVp6hS+sMUSSVfcKghft7IsOx1tM4tJ0xNmO9Xpub/9V6qYlugoyJJDVUkOVHUcqRkWh+PxoyRYnhUwuYKGZ3RWSMFSbGplSwIfjrJ29C+6rqW36wabiwVB7O4QJc8OEaanAHDWgBAQnP8ApvjnFenHfnY9mac1YzZ/BHzucPQtORQw==</latexit><latexit sha1_base64="+oUC50xZjq2ZjUKX1/Cmr3s929A=">AAAB8nicbZC7SgNBFIbPxluMt0RLm8EgbJqwa6OFRcDGIkiE3GCzhNnJJBkyO7vMzAphCRY+g42FImLn09j5IPZOLoUm/jDw8Z9zmHP+IOZMacf5sjJr6xubW9nt3M7u3v5BvnDYVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01YwuprWW3dUKhaJuh7H1A/xQLA+I1gby6t306pdtZNSadLNF52yMxNaBXcBxUrh5v774f2y1s1/dnoRSUIqNOFYKc91Yu2nWGpGOJ3kOomiMSYjPKCeQYFDqvx0tvIEnRqnh/qRNE9oNHN/T6Q4VGocBqYzxHqolmtT87+al+j+hZ8yESeaCjL/qJ9wpCM0vR/1mKRE87EBTCQzuyIyxBITbVLKmRDc5ZNXoXlWdg3fmjRsmCsLx3ACNrhwDhW4hho0gEAEj/AML5a2nqxX623emrEWM0fwR9bHD2a+k5s=</latexit><latexit sha1_base64="+oUC50xZjq2ZjUKX1/Cmr3s929A=">AAAB8nicbZC7SgNBFIbPxluMt0RLm8EgbJqwa6OFRcDGIkiE3GCzhNnJJBkyO7vMzAphCRY+g42FImLn09j5IPZOLoUm/jDw8Z9zmHP+IOZMacf5sjJr6xubW9nt3M7u3v5BvnDYVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01YwuprWW3dUKhaJuh7H1A/xQLA+I1gby6t306pdtZNSadLNF52yMxNaBXcBxUrh5v774f2y1s1/dnoRSUIqNOFYKc91Yu2nWGpGOJ3kOomiMSYjPKCeQYFDqvx0tvIEnRqnh/qRNE9oNHN/T6Q4VGocBqYzxHqolmtT87+al+j+hZ8yESeaCjL/qJ9wpCM0vR/1mKRE87EBTCQzuyIyxBITbVLKmRDc5ZNXoXlWdg3fmjRsmCsLx3ACNrhwDhW4hho0gEAEj/AML5a2nqxX623emrEWM0fwR9bHD2a+k5s=</latexit><latexit sha1_base64="u6uQdTAHUgFSL+MO18VpVRDZvzU=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiTDdlxo0uC25cdFGhF2E6lEyaaUMzyZBkhDL0Mdy4UMStT+POtzFtZ6GtPwQ+/nMOOeePUs608bxvp7S1vbO7V96vHBweHZ9UT896WmaK0C6RXKrHCGvKmaBdwwynj6miOIk47UfTu0W9/0SVZlJ0zCylYYLHgsWMYGOtoDPMW27Lzer1+bBa8xreUmgT/AJqUKg9rH4NRpJkCRWGcKx14HupCXOsDCOcziuDTNMUkyke08CiwAnVYb5ceY6urDNCsVT2CYOW7u+JHCdaz5LIdibYTPR6bWH+VwsyE9+GORNpZqggq4/ijCMj0eJ+NGKKEsNnFjBRzO6KyAQrTIxNqWJD8NdP3oTedcO3/ODVmm4RRxku4BJc8OEGmnAPbegCAQnP8ApvjnFenHfnY9VacoqZc/gj5/MHvr6QJA==</latexit>

TL(L(u))
<latexit sha1_base64="FH8OmjvGTOXHMEvhkL0gov4oH7g=">AAAB8nicbZDLSgMxFIbP1Futt1aXboJFmG7KjBtdFty4KFKhN2iHkkkzbWgmGZKMUIaCL+HGhSJufRp3vo3pZaGtPwQ+/nMOOecPE8608bxvJ7e1vbO7l98vHBweHZ8US6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByO693HqnSTIqmmSY0iPFIsIgRbKzVaw6yult300plNiiWvaq3ENoEfwXlWun+Cawag+JXfyhJGlNhCMda93wvMUGGlWGE01mhn2qaYDLBI9qzKHBMdZAtVp6hS+sMUSSVfcKghft7IsOx1tM4tJ0xNmO9Xpub/9V6qYlugoyJJDVUkOVHUcqRkWh+PxoyRYnhUwuYKGZ3RWSMFSbGplSwIfjrJ29C+6rqW36wabiwVB7O4QJc8OEaanAHDWgBAQnP8ApvjnFenHfnY9mac1YzZ/BHzucPQtORQw==</latexit><latexit sha1_base64="+oUC50xZjq2ZjUKX1/Cmr3s929A=">AAAB8nicbZC7SgNBFIbPxluMt0RLm8EgbJqwa6OFRcDGIkiE3GCzhNnJJBkyO7vMzAphCRY+g42FImLn09j5IPZOLoUm/jDw8Z9zmHP+IOZMacf5sjJr6xubW9nt3M7u3v5BvnDYVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01YwuprWW3dUKhaJuh7H1A/xQLA+I1gby6t306pdtZNSadLNF52yMxNaBXcBxUrh5v774f2y1s1/dnoRSUIqNOFYKc91Yu2nWGpGOJ3kOomiMSYjPKCeQYFDqvx0tvIEnRqnh/qRNE9oNHN/T6Q4VGocBqYzxHqolmtT87+al+j+hZ8yESeaCjL/qJ9wpCM0vR/1mKRE87EBTCQzuyIyxBITbVLKmRDc5ZNXoXlWdg3fmjRsmCsLx3ACNrhwDhW4hho0gEAEj/AML5a2nqxX623emrEWM0fwR9bHD2a+k5s=</latexit><latexit sha1_base64="+oUC50xZjq2ZjUKX1/Cmr3s929A=">AAAB8nicbZC7SgNBFIbPxluMt0RLm8EgbJqwa6OFRcDGIkiE3GCzhNnJJBkyO7vMzAphCRY+g42FImLn09j5IPZOLoUm/jDw8Z9zmHP+IOZMacf5sjJr6xubW9nt3M7u3v5BvnDYVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01YwuprWW3dUKhaJuh7H1A/xQLA+I1gby6t306pdtZNSadLNF52yMxNaBXcBxUrh5v774f2y1s1/dnoRSUIqNOFYKc91Yu2nWGpGOJ3kOomiMSYjPKCeQYFDqvx0tvIEnRqnh/qRNE9oNHN/T6Q4VGocBqYzxHqolmtT87+al+j+hZ8yESeaCjL/qJ9wpCM0vR/1mKRE87EBTCQzuyIyxBITbVLKmRDc5ZNXoXlWdg3fmjRsmCsLx3ACNrhwDhW4hho0gEAEj/AML5a2nqxX623emrEWM0fwR9bHD2a+k5s=</latexit><latexit sha1_base64="u6uQdTAHUgFSL+MO18VpVRDZvzU=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiTDdlxo0uC25cdFGhF2E6lEyaaUMzyZBkhDL0Mdy4UMStT+POtzFtZ6GtPwQ+/nMOOeePUs608bxvp7S1vbO7V96vHBweHZ9UT896WmaK0C6RXKrHCGvKmaBdwwynj6miOIk47UfTu0W9/0SVZlJ0zCylYYLHgsWMYGOtoDPMW27Lzer1+bBa8xreUmgT/AJqUKg9rH4NRpJkCRWGcKx14HupCXOsDCOcziuDTNMUkyke08CiwAnVYb5ceY6urDNCsVT2CYOW7u+JHCdaz5LIdibYTPR6bWH+VwsyE9+GORNpZqggq4/ijCMj0eJ+NGKKEsNnFjBRzO6KyAQrTIxNqWJD8NdP3oTedcO3/ODVmm4RRxku4BJc8OEGmnAPbegCAQnP8ApvjnFenHfnY9VacoqZc/gj5/MHvr6QJA==</latexit>

TL(R(L(u)))
<latexit sha1_base64="TTfI9XQvG/bGl63uvBLwgEE7EFY=">AAAB9XicbZDLSgMxFIbP1Futt1aXboJFmG7KjJu6LLhxUaRKb9COJZNm2tBMZkgyShkKPoYbF4q49V3c+Taml4W2/hD4+M85nJPfjzlT2nG+rczG5tb2TnY3t7d/cHiULxy3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr2b19gOVikWioScx9UI8FCxgBGtj3Tf6ac2+s2t2UiqVpv180Sk7c6F1cJdQrBZunsCo3s9/9QYRSUIqNOFYqa7rxNpLsdSMcDrN9RJFY0zGeEi7BgUOqfLS+dVTdG6cAQoiaZ7QaO7+nkhxqNQk9E1niPVIrdZm5n+1bqKDSy9lIk40FWSxKEg40hGaRYAGTFKi+cQAJpKZWxEZYYmJNkHlTAju6pfXoXVRdg3fmjRsWCgLp3AGNrhQgSpcQx2aQEDCM7zCm/VovVjv1seiNWMtZ07gj6zPH7LOkgQ=</latexit><latexit sha1_base64="r76BzbdeMwhSCNuIfgX+Vf6AQng=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYBImSGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlOxru2TH+Xx+1MnknIIzEVoEdwa5Yvby/vvh7azcyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/jKpGHDVCk4gEOwwYUTKMIFlKEKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA9a5lFw=</latexit><latexit sha1_base64="r76BzbdeMwhSCNuIfgX+Vf6AQng=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYBImSGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlOxru2TH+Xx+1MnknIIzEVoEdwa5Yvby/vvh7azcyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/jKpGHDVCk4gEOwwYUTKMIFlKEKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA9a5lFw=</latexit><latexit sha1_base64="m2bhF3olVL0z3N/TPe+TdzeFApw=">AAAB9XicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGxEgtDh4J6k9pQOa7TWnWcyHZAVdT3YGEAIVbehY23wU0zQMsvWfr0n3N0jn8/5kxpx/m2ChubW9s7xd3S3v7B4VH5+KSjokQS2iYRj2TPx4pyJmhbM81pL5YUhz6nXX96s6h3H6lULBItPYupF+KxYAEjWBvroTVMG/a93bCTarU6H5YrTs3JhNbBzaECuZrD8tdgFJEkpEITjpXqu06svRRLzQin89IgUTTGZIrHtG9Q4JAqL82unqML44xQEEnzhEaZ+3sixaFSs9A3nSHWE7VaW5j/1fqJDq69lIk40VSQ5aIg4UhHaBEBGjFJieYzA5hIZm5FZIIlJtoEVTIhuKtfXofOZc01fOdU6nYeRxHO4BxscOEK6nALTWgDAQnP8Apv1pP1Yr1bH8vWgpXPnMIfWZ8/LsiQ5Q==</latexit>

TL(R(L(u)))
<latexit sha1_base64="TTfI9XQvG/bGl63uvBLwgEE7EFY=">AAAB9XicbZDLSgMxFIbP1Futt1aXboJFmG7KjJu6LLhxUaRKb9COJZNm2tBMZkgyShkKPoYbF4q49V3c+Taml4W2/hD4+M85nJPfjzlT2nG+rczG5tb2TnY3t7d/cHiULxy3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr2b19gOVikWioScx9UI8FCxgBGtj3Tf6ac2+s2t2UiqVpv180Sk7c6F1cJdQrBZunsCo3s9/9QYRSUIqNOFYqa7rxNpLsdSMcDrN9RJFY0zGeEi7BgUOqfLS+dVTdG6cAQoiaZ7QaO7+nkhxqNQk9E1niPVIrdZm5n+1bqKDSy9lIk40FWSxKEg40hGaRYAGTFKi+cQAJpKZWxEZYYmJNkHlTAju6pfXoXVRdg3fmjRsWCgLp3AGNrhQgSpcQx2aQEDCM7zCm/VovVjv1seiNWMtZ07gj6zPH7LOkgQ=</latexit><latexit sha1_base64="r76BzbdeMwhSCNuIfgX+Vf6AQng=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYBImSGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlOxru2TH+Xx+1MnknIIzEVoEdwa5Yvby/vvh7azcyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/jKpGHDVCk4gEOwwYUTKMIFlKEKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA9a5lFw=</latexit><latexit sha1_base64="r76BzbdeMwhSCNuIfgX+Vf6AQng=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYBImSGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlOxru2TH+Xx+1MnknIIzEVoEdwa5Yvby/vvh7azcyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/jKpGHDVCk4gEOwwYUTKMIFlKEKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA9a5lFw=</latexit><latexit sha1_base64="m2bhF3olVL0z3N/TPe+TdzeFApw=">AAAB9XicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGxEgtDh4J6k9pQOa7TWnWcyHZAVdT3YGEAIVbehY23wU0zQMsvWfr0n3N0jn8/5kxpx/m2ChubW9s7xd3S3v7B4VH5+KSjokQS2iYRj2TPx4pyJmhbM81pL5YUhz6nXX96s6h3H6lULBItPYupF+KxYAEjWBvroTVMG/a93bCTarU6H5YrTs3JhNbBzaECuZrD8tdgFJEkpEITjpXqu06svRRLzQin89IgUTTGZIrHtG9Q4JAqL82unqML44xQEEnzhEaZ+3sixaFSs9A3nSHWE7VaW5j/1fqJDq69lIk40VSQ5aIg4UhHaBEBGjFJieYzA5hIZm5FZIIlJtoEVTIhuKtfXofOZc01fOdU6nYeRxHO4BxscOEK6nALTWgDAQnP8Apv1pP1Yr1bH8vWgpXPnMIfWZ8/LsiQ5Q==</latexit>

TR(R(L(u)))
<latexit sha1_base64="4YrUNvhR05nnPYqrxmTtwRQx508=">AAAB9XicbZDLSgMxFIbP1Futt1aXboJFmG7KjJu6LLhxIVJLb9COJZNm2tBMZkgyShkKPoYbF4q49V3c+Taml4W2/hD4+M85nJPfjzlT2nG+rczG5tb2TnY3t7d/cHiULxy3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr2b19gOVikWioScx9UI8FCxgBGtj3Tf6ad2u2zd2UiqVpv180Sk7c6F1cJdQrBZun8Co1s9/9QYRSUIqNOFYqa7rxNpLsdSMcDrN9RJFY0zGeEi7BgUOqfLS+dVTdG6cAQoiaZ7QaO7+nkhxqNQk9E1niPVIrdZm5n+1bqKDSy9lIk40FWSxKEg40hGaRYAGTFKi+cQAJpKZWxEZYYmJNkHlTAju6pfXoXVRdg3fmTRsWCgLp3AGNrhQgSpcQw2aQEDCM7zCm/VovVjv1seiNWMtZ07gj6zPH7wikgo=</latexit><latexit sha1_base64="1IuNFUMZ8K255XWf4jMC9tpiQ/I=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYiMSQGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlO2yfWnH+Xx+1MnknIIzEVoEdwa5Yvbq/vvh7azUyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/japGHDVCk4gEOwwYUTKMIFlKAKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA+ANlGI=</latexit><latexit sha1_base64="1IuNFUMZ8K255XWf4jMC9tpiQ/I=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYiMSQGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlO2yfWnH+Xx+1MnknIIzEVoEdwa5Yvbq/vvh7azUyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/japGHDVCk4gEOwwYUTKMIFlKAKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA+ANlGI=</latexit><latexit sha1_base64="QdmkXKfi0ZcBVw/5LRQqyY9CCOo=">AAAB9XicbZDNTsJAFIVv8Q/xD3XpZiIxKRvSutEliRsXLpBQIIFKpsMUJkynzcxUQxrew40LjXHru7jzbRygCwVPMsmXc+/NvXOChDOlHefbKmxsbm3vFHdLe/sHh0fl45O2ilNJqEdiHstugBXlTFBPM81pN5EURwGnnWByM693HqlULBYtPU2oH+GRYCEjWBvroTXImnbTvrPTarU6G5QrTs1ZCK2Dm0MFcjUG5a/+MCZpRIUmHCvVc51E+xmWmhFOZ6V+qmiCyQSPaM+gwBFVfra4eoYujDNEYSzNExot3N8TGY6UmkaB6YywHqvV2tz8r9ZLdXjtZ0wkqaaCLBeFKUc6RvMI0JBJSjSfGsBEMnMrImMsMdEmqJIJwV398jq0L2uu4XunUrfzOIpwBudggwtXUIdbaIAHBCQ8wyu8WU/Wi/VufSxbC1Y+cwp/ZH3+ADgckOs=</latexit>

TR(R(L(u)))
<latexit sha1_base64="4YrUNvhR05nnPYqrxmTtwRQx508=">AAAB9XicbZDLSgMxFIbP1Futt1aXboJFmG7KjJu6LLhxIVJLb9COJZNm2tBMZkgyShkKPoYbF4q49V3c+Taml4W2/hD4+M85nJPfjzlT2nG+rczG5tb2TnY3t7d/cHiULxy3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr2b19gOVikWioScx9UI8FCxgBGtj3Tf6ad2u2zd2UiqVpv180Sk7c6F1cJdQrBZun8Co1s9/9QYRSUIqNOFYqa7rxNpLsdSMcDrN9RJFY0zGeEi7BgUOqfLS+dVTdG6cAQoiaZ7QaO7+nkhxqNQk9E1niPVIrdZm5n+1bqKDSy9lIk40FWSxKEg40hGaRYAGTFKi+cQAJpKZWxEZYYmJNkHlTAju6pfXoXVRdg3fmTRsWCgLp3AGNrhQgSpcQw2aQEDCM7zCm/VovVjv1seiNWMtZ07gj6zPH7wikgo=</latexit><latexit sha1_base64="1IuNFUMZ8K255XWf4jMC9tpiQ/I=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYiMSQGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlO2yfWnH+Xx+1MnknIIzEVoEdwa5Yvbq/vvh7azUyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/japGHDVCk4gEOwwYUTKMIFlKAKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA+ANlGI=</latexit><latexit sha1_base64="1IuNFUMZ8K255XWf4jMC9tpiQ/I=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYiMSQGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlO2yfWnH+Xx+1MnknIIzEVoEdwa5Yvbq/vvh7azUyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/japGHDVCk4gEOwwYUTKMIFlKAKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA+ANlGI=</latexit><latexit sha1_base64="QdmkXKfi0ZcBVw/5LRQqyY9CCOo=">AAAB9XicbZDNTsJAFIVv8Q/xD3XpZiIxKRvSutEliRsXLpBQIIFKpsMUJkynzcxUQxrew40LjXHru7jzbRygCwVPMsmXc+/NvXOChDOlHefbKmxsbm3vFHdLe/sHh0fl45O2ilNJqEdiHstugBXlTFBPM81pN5EURwGnnWByM693HqlULBYtPU2oH+GRYCEjWBvroTXImnbTvrPTarU6G5QrTs1ZCK2Dm0MFcjUG5a/+MCZpRIUmHCvVc51E+xmWmhFOZ6V+qmiCyQSPaM+gwBFVfra4eoYujDNEYSzNExot3N8TGY6UmkaB6YywHqvV2tz8r9ZLdXjtZ0wkqaaCLBeFKUc6RvMI0JBJSjSfGsBEMnMrImMsMdEmqJIJwV398jq0L2uu4XunUrfzOIpwBudggwtXUIdbaIAHBCQ8wyu8WU/Wi/VufSxbC1Y+cwp/ZH3+ADgckOs=</latexit>

< L(u)
<latexit sha1_base64="ofVXvlCLb2ruARaDYkMwvODJLRk=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYWEQwF0iWMDuZTcbMzixzEeKSd7CxUMTW1/AZLATfxsml0OgPAx//OYc5549SzrTx/S8vt7S8srqWXy9sbG5t7xR39xpaWkVonUguVSvCmnImaN0ww2krVRQnEafNaHgxqTfvqNJMihszSmmY4L5gMSPYOKtxjq7K9rhbLPkVfyr0F4I5lKr5+893AKh1ix+dniQ2ocIQjrVuB35qwgwrwwin40LHappiMsR92nYocEJ1mE23HaMj5/RQLJV7wqCp+3Miw4nWoyRynQk2A71Ym5j/1drWxGdhxkRqDRVk9lFsOTISTU5HPaYoMXzkABPF3K6IDLDCxLiACi6EYPHkv9A4qQSOr10aZZgpDwdwCGUI4BSqcAk1qAOBW3iAJ3j2pPfovXivs9acN5/Zh1/y3r4BN1qQXg==</latexit><latexit sha1_base64="60EZAIpyUU90qUkFZ8iUyBk1Rl4=">AAAB7XicbZC7SgNBFIbPxlsSb1FLm8EgxCbs2sTCImBjYRHRXCBZwuxkNhkzO7PMzApxyTvYWChi68PYWQi+jZNLoYk/DHz85xzmnD+IOdPGdb+dzMrq2vpGNpff3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HFpN68p0ozKW7NKKZ+hPuChYxgY63GOboqJSfdQtEtu1OhZfDmUKxmH74+bmq5Wrfw2elJkkRUGMKx1m3PjY2fYmUY4XSc7ySaxpgMcZ+2LQocUe2n023H6Ng6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCMz9lIk4MFWT2UZhwZCSanI56TFFi+MgCJorZXREZYIWJsQHlbQje4snL0Dgte5avbRolmCkLh3AEJfCgAlW4hBrUgcAdPMIzvDjSeXJenbdZa8aZzxzAHznvPyxDkRU=</latexit><latexit sha1_base64="60EZAIpyUU90qUkFZ8iUyBk1Rl4=">AAAB7XicbZC7SgNBFIbPxlsSb1FLm8EgxCbs2sTCImBjYRHRXCBZwuxkNhkzO7PMzApxyTvYWChi68PYWQi+jZNLoYk/DHz85xzmnD+IOdPGdb+dzMrq2vpGNpff3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HFpN68p0ozKW7NKKZ+hPuChYxgY63GOboqJSfdQtEtu1OhZfDmUKxmH74+bmq5Wrfw2elJkkRUGMKx1m3PjY2fYmUY4XSc7ySaxpgMcZ+2LQocUe2n023H6Ng6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCMz9lIk4MFWT2UZhwZCSanI56TFFi+MgCJorZXREZYIWJsQHlbQje4snL0Dgte5avbRolmCkLh3AEJfCgAlW4hBrUgcAdPMIzvDjSeXJenbdZa8aZzxzAHznvPyxDkRU=</latexit><latexit sha1_base64="ifNbv6mjPwZojfwCRGvu76K40OQ=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYWEQwF0iWMDuZTcbMzixzEcKSd7CxUMTW97HzbZwkW2jiDwMf/zmHOeePUs608f1vr7C2vrG5Vdwu7ezu7R+UD49aWlpFaJNILlUnwppyJmjTMMNpJ1UUJxGn7Wh8M6u3n6jSTIoHM0lpmOChYDEj2DirdY3uqva8X674NX8utApBDhXI1eiXv3oDSWxChSEca90N/NSEGVaGEU6npZ7VNMVkjIe061DghOowm287RWfOGaBYKveEQXP390SGE60nSeQ6E2xGerk2M/+rda2Jr8KMidQaKsjio9hyZCSanY4GTFFi+MQBJoq5XREZYYWJcQGVXAjB8smr0LqoBY7v/Uq9msdRhBM4hSoEcAl1uIUGNIHAIzzDK7x50nvx3r2PRWvBy2eO4Y+8zx8OC44G</latexit>

< L(u)
<latexit sha1_base64="ofVXvlCLb2ruARaDYkMwvODJLRk=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYWEQwF0iWMDuZTcbMzixzEeKSd7CxUMTW1/AZLATfxsml0OgPAx//OYc5549SzrTx/S8vt7S8srqWXy9sbG5t7xR39xpaWkVonUguVSvCmnImaN0ww2krVRQnEafNaHgxqTfvqNJMihszSmmY4L5gMSPYOKtxjq7K9rhbLPkVfyr0F4I5lKr5+893AKh1ix+dniQ2ocIQjrVuB35qwgwrwwin40LHappiMsR92nYocEJ1mE23HaMj5/RQLJV7wqCp+3Miw4nWoyRynQk2A71Ym5j/1drWxGdhxkRqDRVk9lFsOTISTU5HPaYoMXzkABPF3K6IDLDCxLiACi6EYPHkv9A4qQSOr10aZZgpDwdwCGUI4BSqcAk1qAOBW3iAJ3j2pPfovXivs9acN5/Zh1/y3r4BN1qQXg==</latexit><latexit sha1_base64="60EZAIpyUU90qUkFZ8iUyBk1Rl4=">AAAB7XicbZC7SgNBFIbPxlsSb1FLm8EgxCbs2sTCImBjYRHRXCBZwuxkNhkzO7PMzApxyTvYWChi68PYWQi+jZNLoYk/DHz85xzmnD+IOdPGdb+dzMrq2vpGNpff3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HFpN68p0ozKW7NKKZ+hPuChYxgY63GOboqJSfdQtEtu1OhZfDmUKxmH74+bmq5Wrfw2elJkkRUGMKx1m3PjY2fYmUY4XSc7ySaxpgMcZ+2LQocUe2n023H6Ng6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCMz9lIk4MFWT2UZhwZCSanI56TFFi+MgCJorZXREZYIWJsQHlbQje4snL0Dgte5avbRolmCkLh3AEJfCgAlW4hBrUgcAdPMIzvDjSeXJenbdZa8aZzxzAHznvPyxDkRU=</latexit><latexit sha1_base64="60EZAIpyUU90qUkFZ8iUyBk1Rl4=">AAAB7XicbZC7SgNBFIbPxlsSb1FLm8EgxCbs2sTCImBjYRHRXCBZwuxkNhkzO7PMzApxyTvYWChi68PYWQi+jZNLoYk/DHz85xzmnD+IOdPGdb+dzMrq2vpGNpff3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HFpN68p0ozKW7NKKZ+hPuChYxgY63GOboqJSfdQtEtu1OhZfDmUKxmH74+bmq5Wrfw2elJkkRUGMKx1m3PjY2fYmUY4XSc7ySaxpgMcZ+2LQocUe2n023H6Ng6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCMz9lIk4MFWT2UZhwZCSanI56TFFi+MgCJorZXREZYIWJsQHlbQje4snL0Dgte5avbRolmCkLh3AEJfCgAlW4hBrUgcAdPMIzvDjSeXJenbdZa8aZzxzAHznvPyxDkRU=</latexit><latexit sha1_base64="ifNbv6mjPwZojfwCRGvu76K40OQ=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYWEQwF0iWMDuZTcbMzixzEcKSd7CxUMTW97HzbZwkW2jiDwMf/zmHOeePUs608f1vr7C2vrG5Vdwu7ezu7R+UD49aWlpFaJNILlUnwppyJmjTMMNpJ1UUJxGn7Wh8M6u3n6jSTIoHM0lpmOChYDEj2DirdY3uqva8X674NX8utApBDhXI1eiXv3oDSWxChSEca90N/NSEGVaGEU6npZ7VNMVkjIe061DghOowm287RWfOGaBYKveEQXP390SGE60nSeQ6E2xGerk2M/+rda2Jr8KMidQaKsjio9hyZCSanY4GTFFi+MQBJoq5XREZYYWJcQGVXAjB8smr0LqoBY7v/Uq9msdRhBM4hSoEcAl1uIUGNIHAIzzDK7x50nvx3r2PRWvBy2eO4Y+8zx8OC44G</latexit>

u <
<latexit sha1_base64="eOt6hH5R2D4tUyzXZu33pmiauj8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy0EAzaWEc0FkiXMTs4mQ2Znl5lZISx5BBsLRWx9Iju7PIHP4ORSaOIPAx//fw5zzgkSwbVx3S8nt7a+sbmV3y7s7O7tHxQPjxo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5M8+YjKs1j+WBGCfoR7UseckaNte5TctUtltyKOxNZBW8BpevJ92QCALVu8bPTi1kaoTRMUK3bnpsYP6PKcCZwXOikGhPKhrSPbYuSRqj9bDbqmJxZp0fCWNknDZm5vzsyGmk9igJbGVEz0MvZ1Pwva6cmvPQzLpPUoGTzj8JUEBOT6d6kxxUyI0YWKFPczkrYgCrKjL1OwR7BW155FRrnFc/ynVuqlmGuPJzAKZTBgwuowi3UoA4M+vAEL/DqCOfZeXPe56U5Z9FzDH/kfPwA0QuRGA==</latexit><latexit sha1_base64="Flb6YDuf9n3dRX17+byKJegi4s8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWuknIWTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Flkos=</latexit><latexit sha1_base64="Flb6YDuf9n3dRX17+byKJegi4s8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWuknIWTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Flkos=</latexit><latexit sha1_base64="Ib2vWxfnbXoK66P0ZzZUprFFu5k=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgpAp3NlpYBGwsI3pJIDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKrg2rvvtlDY2t7Z3yruVvf2Dw6Pq8UlbJ5li6LNEJKobUo2CS/QNNwK7qUIahwI74eR2Xu88odI8kY9mmmIQ05HkEWfUWOshIzeDas1tuAuRdfAKqEGh1qD61R8mLItRGiao1j3PTU2QU2U4Ezir9DONKWUTOsKeRUlj1EG+WHVGLqwzJFGi7JOGLNzfEzmNtZ7Goe2MqRnr1drc/K/Wy0x0HeRcpplByZYfRZkgJiHzu8mQK2RGTC1QprjdlbAxVZQZm07FhuCtnrwO7cuGZ/nerTXrRRxlOINzqIMHV9CEO2iBDwxG8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwCu8I1L</latexit>

u <
<latexit sha1_base64="eOt6hH5R2D4tUyzXZu33pmiauj8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy0EAzaWEc0FkiXMTs4mQ2Znl5lZISx5BBsLRWx9Iju7PIHP4ORSaOIPAx//fw5zzgkSwbVx3S8nt7a+sbmV3y7s7O7tHxQPjxo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5M8+YjKs1j+WBGCfoR7UseckaNte5TctUtltyKOxNZBW8BpevJ92QCALVu8bPTi1kaoTRMUK3bnpsYP6PKcCZwXOikGhPKhrSPbYuSRqj9bDbqmJxZp0fCWNknDZm5vzsyGmk9igJbGVEz0MvZ1Pwva6cmvPQzLpPUoGTzj8JUEBOT6d6kxxUyI0YWKFPczkrYgCrKjL1OwR7BW155FRrnFc/ynVuqlmGuPJzAKZTBgwuowi3UoA4M+vAEL/DqCOfZeXPe56U5Z9FzDH/kfPwA0QuRGA==</latexit><latexit sha1_base64="Flb6YDuf9n3dRX17+byKJegi4s8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWuknIWTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Flkos=</latexit><latexit sha1_base64="Flb6YDuf9n3dRX17+byKJegi4s8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWuknIWTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Flkos=</latexit><latexit sha1_base64="Ib2vWxfnbXoK66P0ZzZUprFFu5k=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgpAp3NlpYBGwsI3pJIDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKrg2rvvtlDY2t7Z3yruVvf2Dw6Pq8UlbJ5li6LNEJKobUo2CS/QNNwK7qUIahwI74eR2Xu88odI8kY9mmmIQ05HkEWfUWOshIzeDas1tuAuRdfAKqEGh1qD61R8mLItRGiao1j3PTU2QU2U4Ezir9DONKWUTOsKeRUlj1EG+WHVGLqwzJFGi7JOGLNzfEzmNtZ7Goe2MqRnr1drc/K/Wy0x0HeRcpplByZYfRZkgJiHzu8mQK2RGTC1QprjdlbAxVZQZm07FhuCtnrwO7cuGZ/nerTXrRRxlOINzqIMHV9CEO2iBDwxG8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwCu8I1L</latexit>

L(u) <
<latexit sha1_base64="HYJROmjNClvqo646GzMXZKjgN/0=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYWEQwF0iWMDuZTcbMzixzEeKSd7CxUMTW1/AZLATfxsml0OgPAx//OYc5549SzrTx/S8vt7S8srqWXy9sbG5t7xR39xpaWkVonUguVSvCmnImaN0ww2krVRQnEafNaHgxqTfvqNJMihszSmmY4L5gMSPYOKtxVbbH6LxbLPkVfyr0F4I5lKr5+893AKh1ix+dniQ2ocIQjrVuB35qwgwrwwin40LHappiMsR92nYocEJ1mE23HaMj5/RQLJV7wqCp+3Miw4nWoyRynQk2A71Ym5j/1drWxGdhxkRqDRVk9lFsOTISTU5HPaYoMXzkABPF3K6IDLDCxLiACi6EYPHkv9A4qQSOr10aZZgpDwdwCGUI4BSqcAk1qAOBW3iAJ3j2pPfovXivs9acN5/Zh1/y3r4BN/KQXg==</latexit><latexit sha1_base64="hTO2FCEJLyAAXh0g41Bptv9eaKo=">AAAB7XicbZC7SgNBFIbPxlsSb1FLm8EgxCbs2sTCImBjYRHRXCBZwuxkNhkzO7PMzApxyTvYWChi68PYWQi+jZNLoYk/DHz85xzmnD+IOdPGdb+dzMrq2vpGNpff3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HFpN68p0ozKW7NKKZ+hPuChYxgY63GVSk5QefdQtEtu1OhZfDmUKxmH74+bmq5Wrfw2elJkkRUGMKx1m3PjY2fYmUY4XSc7ySaxpgMcZ+2LQocUe2n023H6Ng6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCMz9lIk4MFWT2UZhwZCSanI56TFFi+MgCJorZXREZYIWJsQHlbQje4snL0Dgte5avbRolmCkLh3AEJfCgAlW4hBrUgcAdPMIzvDjSeXJenbdZa8aZzxzAHznvPyzbkRU=</latexit><latexit sha1_base64="hTO2FCEJLyAAXh0g41Bptv9eaKo=">AAAB7XicbZC7SgNBFIbPxlsSb1FLm8EgxCbs2sTCImBjYRHRXCBZwuxkNhkzO7PMzApxyTvYWChi68PYWQi+jZNLoYk/DHz85xzmnD+IOdPGdb+dzMrq2vpGNpff3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HFpN68p0ozKW7NKKZ+hPuChYxgY63GVSk5QefdQtEtu1OhZfDmUKxmH74+bmq5Wrfw2elJkkRUGMKx1m3PjY2fYmUY4XSc7ySaxpgMcZ+2LQocUe2n023H6Ng6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCMz9lIk4MFWT2UZhwZCSanI56TFFi+MgCJorZXREZYIWJsQHlbQje4snL0Dgte5avbRolmCkLh3AEJfCgAlW4hBrUgcAdPMIzvDjSeXJenbdZa8aZzxzAHznvPyzbkRU=</latexit><latexit sha1_base64="kGasy8l5EaZqbeJVc0/EH3CI8pQ=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYWEQwF0iWMDuZTcbMzixzEcKSd7CxUMTW97HzbZwkW2jiDwMf/zmHOeePUs608f1vr7C2vrG5Vdwu7ezu7R+UD49aWlpFaJNILlUnwppyJmjTMMNpJ1UUJxGn7Wh8M6u3n6jSTIoHM0lpmOChYDEj2DirdVe15+i6X674NX8utApBDhXI1eiXv3oDSWxChSEca90N/NSEGVaGEU6npZ7VNMVkjIe061DghOowm287RWfOGaBYKveEQXP390SGE60nSeQ6E2xGerk2M/+rda2Jr8KMidQaKsjio9hyZCSanY4GTFFi+MQBJoq5XREZYYWJcQGVXAjB8smr0LqoBY7v/Uq9msdRhBM4hSoEcAl1uIUGNIHAIzzDK7x50nvx3r2PRWvBy2eO4Y+8zx8Oo44G</latexit>

L(u) <
<latexit sha1_base64="HYJROmjNClvqo646GzMXZKjgN/0=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYWEQwF0iWMDuZTcbMzixzEeKSd7CxUMTW1/AZLATfxsml0OgPAx//OYc5549SzrTx/S8vt7S8srqWXy9sbG5t7xR39xpaWkVonUguVSvCmnImaN0ww2krVRQnEafNaHgxqTfvqNJMihszSmmY4L5gMSPYOKtxVbbH6LxbLPkVfyr0F4I5lKr5+893AKh1ix+dniQ2ocIQjrVuB35qwgwrwwin40LHappiMsR92nYocEJ1mE23HaMj5/RQLJV7wqCp+3Miw4nWoyRynQk2A71Ym5j/1drWxGdhxkRqDRVk9lFsOTISTU5HPaYoMXzkABPF3K6IDLDCxLiACi6EYPHkv9A4qQSOr10aZZgpDwdwCGUI4BSqcAk1qAOBW3iAJ3j2pPfovXivs9acN5/Zh1/y3r4BN/KQXg==</latexit><latexit sha1_base64="hTO2FCEJLyAAXh0g41Bptv9eaKo=">AAAB7XicbZC7SgNBFIbPxlsSb1FLm8EgxCbs2sTCImBjYRHRXCBZwuxkNhkzO7PMzApxyTvYWChi68PYWQi+jZNLoYk/DHz85xzmnD+IOdPGdb+dzMrq2vpGNpff3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HFpN68p0ozKW7NKKZ+hPuChYxgY63GVSk5QefdQtEtu1OhZfDmUKxmH74+bmq5Wrfw2elJkkRUGMKx1m3PjY2fYmUY4XSc7ySaxpgMcZ+2LQocUe2n023H6Ng6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCMz9lIk4MFWT2UZhwZCSanI56TFFi+MgCJorZXREZYIWJsQHlbQje4snL0Dgte5avbRolmCkLh3AEJfCgAlW4hBrUgcAdPMIzvDjSeXJenbdZa8aZzxzAHznvPyzbkRU=</latexit><latexit sha1_base64="hTO2FCEJLyAAXh0g41Bptv9eaKo=">AAAB7XicbZC7SgNBFIbPxlsSb1FLm8EgxCbs2sTCImBjYRHRXCBZwuxkNhkzO7PMzApxyTvYWChi68PYWQi+jZNLoYk/DHz85xzmnD+IOdPGdb+dzMrq2vpGNpff3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HFpN68p0ozKW7NKKZ+hPuChYxgY63GVSk5QefdQtEtu1OhZfDmUKxmH74+bmq5Wrfw2elJkkRUGMKx1m3PjY2fYmUY4XSc7ySaxpgMcZ+2LQocUe2n023H6Ng6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCMz9lIk4MFWT2UZhwZCSanI56TFFi+MgCJorZXREZYIWJsQHlbQje4snL0Dgte5avbRolmCkLh3AEJfCgAlW4hBrUgcAdPMIzvDjSeXJenbdZa8aZzxzAHznvPyzbkRU=</latexit><latexit sha1_base64="kGasy8l5EaZqbeJVc0/EH3CI8pQ=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYWEQwF0iWMDuZTcbMzixzEcKSd7CxUMTW97HzbZwkW2jiDwMf/zmHOeePUs608f1vr7C2vrG5Vdwu7ezu7R+UD49aWlpFaJNILlUnwppyJmjTMMNpJ1UUJxGn7Wh8M6u3n6jSTIoHM0lpmOChYDEj2DirdVe15+i6X674NX8utApBDhXI1eiXv3oDSWxChSEca90N/NSEGVaGEU6npZ7VNMVkjIe061DghOowm287RWfOGaBYKveEQXP390SGE60nSeQ6E2xGerk2M/+rda2Jr8KMidQaKsjio9hyZCSanY4GTFFi+MQBJoq5XREZYYWJcQGVXAjB8smr0LqoBY7v/Uq9msdRhBM4hSoEcAl1uIUGNIHAIzzDK7x50nvx3r2PRWvBy2eO4Y+8zx8Oo44G</latexit>

< R(L(u))
<latexit sha1_base64="7/FywLZM08+z0cwPh7YxK+LkbxU=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQzCpgm7NlpYBGwsLKKYiyRLmJ3MJkNmZpeZWSEueQobC0VsfQqfwULwbZxcCk38YeDjP+cw5/xhwpk2nvftLC2vrK6t5zbym1vbO7uFvf26jlNFaI3EPFbNEGvKmaQ1wwynzURRLEJOG+HgYlxv3FOlWSxvzTChgcA9ySJGsLHW3Tm6ca/ctFTqFIpe2ZsILYI/g2Il9/D1AQDVTuGz3Y1JKqg0hGOtW76XmCDDyjDC6SjfTjVNMBngHm1ZlFhQHWSThUfo2DpdFMXKPmnQxP09kWGh9VCEtlNg09fztbH5X62VmugsyJhMUkMlmX4UpRyZGI2vR12mKDF8aAETxeyuiPSxwsTYjPI2BH/+5EWon5R9y9c2DRemysEhHIELPpxCBS6hCjUgIOARnuHFUc6T8+q8TVuXnNnMAfyR8/4Doh+RHw==</latexit><latexit sha1_base64="q86db4ZIxYgoStAnXSHfHrfQ/Bo=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3Z+javXTTYrGdL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5cIkdY=</latexit><latexit sha1_base64="q86db4ZIxYgoStAnXSHfHrfQ/Bo=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3Z+javXTTYrGdL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5cIkdY=</latexit><latexit sha1_base64="y8Tcwu3AKgbmLHcNvZbsdkQK1KE=">AAAB8HicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGBoRILA0NB9ILaqHJcp7VqO5HtIFVRn4KFAYRYeRw23ga3zQAtv2Tp03/Okc/5w4QzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+HpWbz9RpVksH8wkoYHAQ8kiRrCx1uMVundv3bRa7ZcrXs2bC62Cn0MFcjX65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGtRYkF1kM0XnqIz6wxQFCv7pEFz9/dEhoXWExHaToHNSC/XZuZ/tW5qossgYzJJDZVk8VGUcmRiNLseDZiixPCJBUwUs7siMsIKE2MzKtkQ/OWTV6F1XvMt33mVupvHUYQTOAUXfLiAOtxAA5pAQMAzvMKbo5wX5935WLQWnHzmGP7I+fwBeNCOxw==</latexit>

< R(L(u))
<latexit sha1_base64="7/FywLZM08+z0cwPh7YxK+LkbxU=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQzCpgm7NlpYBGwsLKKYiyRLmJ3MJkNmZpeZWSEueQobC0VsfQqfwULwbZxcCk38YeDjP+cw5/xhwpk2nvftLC2vrK6t5zbym1vbO7uFvf26jlNFaI3EPFbNEGvKmaQ1wwynzURRLEJOG+HgYlxv3FOlWSxvzTChgcA9ySJGsLHW3Tm6ca/ctFTqFIpe2ZsILYI/g2Il9/D1AQDVTuGz3Y1JKqg0hGOtW76XmCDDyjDC6SjfTjVNMBngHm1ZlFhQHWSThUfo2DpdFMXKPmnQxP09kWGh9VCEtlNg09fztbH5X62VmugsyJhMUkMlmX4UpRyZGI2vR12mKDF8aAETxeyuiPSxwsTYjPI2BH/+5EWon5R9y9c2DRemysEhHIELPpxCBS6hCjUgIOARnuHFUc6T8+q8TVuXnNnMAfyR8/4Doh+RHw==</latexit><latexit sha1_base64="q86db4ZIxYgoStAnXSHfHrfQ/Bo=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3Z+javXTTYrGdL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5cIkdY=</latexit><latexit sha1_base64="q86db4ZIxYgoStAnXSHfHrfQ/Bo=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3Z+javXTTYrGdL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5cIkdY=</latexit><latexit sha1_base64="y8Tcwu3AKgbmLHcNvZbsdkQK1KE=">AAAB8HicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGBoRILA0NB9ILaqHJcp7VqO5HtIFVRn4KFAYRYeRw23ga3zQAtv2Tp03/Okc/5w4QzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+HpWbz9RpVksH8wkoYHAQ8kiRrCx1uMVundv3bRa7ZcrXs2bC62Cn0MFcjX65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGtRYkF1kM0XnqIz6wxQFCv7pEFz9/dEhoXWExHaToHNSC/XZuZ/tW5qossgYzJJDZVk8VGUcmRiNLseDZiixPCJBUwUs7siMsIKE2MzKtkQ/OWTV6F1XvMt33mVupvHUYQTOAUXfLiAOtxAA5pAQMAzvMKbo5wX5935WLQWnHzmGP7I+fwBeNCOxw==</latexit>

R(L(u)) <
<latexit sha1_base64="oQE7e3LJ9zh/8e4WZf5oWX3LNdE=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQzCpgm7NlpYBGwsLKKYiyRLmJ3MJkNmZpeZWSEueQobC0VsfQqfwULwbZxcCk38YeDjP+cw5/xhwpk2nvftLC2vrK6t5zbym1vbO7uFvf26jlNFaI3EPFbNEGvKmaQ1wwynzURRLEJOG+HgYlxv3FOlWSxvzTChgcA9ySJGsLHW3Y175aalEjrvFIpe2ZsILYI/g2Il9/D1AQDVTuGz3Y1JKqg0hGOtW76XmCDDyjDC6SjfTjVNMBngHm1ZlFhQHWSThUfo2DpdFMXKPmnQxP09kWGh9VCEtlNg09fztbH5X62VmugsyJhMUkMlmX4UpRyZGI2vR12mKDF8aAETxeyuiPSxwsTYjPI2BH/+5EWon5R9y9c2DRemysEhHIELPpxCBS6hCjUgIOARnuHFUc6T8+q8TVuXnNnMAfyR8/4DoumRHw==</latexit><latexit sha1_base64="ndwI0vXFvA83T+VH1joxtCytITs=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp31+6lmxaL6KydL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5fSkdY=</latexit><latexit sha1_base64="ndwI0vXFvA83T+VH1joxtCytITs=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp31+6lmxaL6KydL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5fSkdY=</latexit><latexit sha1_base64="xacp689bP3y7kahFJJOGdOziB7E=">AAAB8HicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGBoRILA0NB9ILaqHJcp7VqO5HtIFVRn4KFAYRYeRw23ga3zQAtv2Tp03/Okc/5w4QzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+HpWbz9RpVksH8wkoYHAQ8kiRrCx1uO9e+um1Sq66pcrXs2bC62Cn0MFcjX65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGtRYkF1kM0XnqIz6wxQFCv7pEFz9/dEhoXWExHaToHNSC/XZuZ/tW5qossgYzJJDZVk8VGUcmRiNLseDZiixPCJBUwUs7siMsIKE2MzKtkQ/OWTV6F1XvMt33mVupvHUYQTOAUXfLiAOtxAA5pAQMAzvMKbo5wX5935WLQWnHzmGP7I+fwBeZqOxw==</latexit>

R(L(u)) <
<latexit sha1_base64="oQE7e3LJ9zh/8e4WZf5oWX3LNdE=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQzCpgm7NlpYBGwsLKKYiyRLmJ3MJkNmZpeZWSEueQobC0VsfQqfwULwbZxcCk38YeDjP+cw5/xhwpk2nvftLC2vrK6t5zbym1vbO7uFvf26jlNFaI3EPFbNEGvKmaQ1wwynzURRLEJOG+HgYlxv3FOlWSxvzTChgcA9ySJGsLHW3Y175aalEjrvFIpe2ZsILYI/g2Il9/D1AQDVTuGz3Y1JKqg0hGOtW76XmCDDyjDC6SjfTjVNMBngHm1ZlFhQHWSThUfo2DpdFMXKPmnQxP09kWGh9VCEtlNg09fztbH5X62VmugsyJhMUkMlmX4UpRyZGI2vR12mKDF8aAETxeyuiPSxwsTYjPI2BH/+5EWon5R9y9c2DRemysEhHIELPpxCBS6hCjUgIOARnuHFUc6T8+q8TVuXnNnMAfyR8/4DoumRHw==</latexit><latexit sha1_base64="ndwI0vXFvA83T+VH1joxtCytITs=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp31+6lmxaL6KydL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5fSkdY=</latexit><latexit sha1_base64="ndwI0vXFvA83T+VH1joxtCytITs=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp31+6lmxaL6KydL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5fSkdY=</latexit><latexit sha1_base64="xacp689bP3y7kahFJJOGdOziB7E=">AAAB8HicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGBoRILA0NB9ILaqHJcp7VqO5HtIFVRn4KFAYRYeRw23ga3zQAtv2Tp03/Okc/5w4QzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+HpWbz9RpVksH8wkoYHAQ8kiRrCx1uO9e+um1Sq66pcrXs2bC62Cn0MFcjX65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGtRYkF1kM0XnqIz6wxQFCv7pEFz9/dEhoXWExHaToHNSC/XZuZ/tW5qossgYzJJDZVk8VGUcmRiNLseDZiixPCJBUwUs7siMsIKE2MzKtkQ/OWTV6F1XvMt33mVupvHUYQTOAUXfLiAOtxAA5pAQMAzvMKbo5wX5935WLQWnHzmGP7I+fwBeZqOxw==</latexit>

< u
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Figure 7.8: AVL case 2

In this case, we make the following rearrangements: R(L(u)) is made into the root of the
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tree with left child L(u) and right child u; the subtrees of L(u) are TL(L(u)) and TL(R(L(u))); and
the subtrees of u are TR(R(L(u))) and TR(u), as seen in Figure 7.8.

Using reasoning similar to that in Case 1, we can show that the resulting tree is a binary
search tree and that all the nodes are balanced, this time by focusing on u, L(u), and R(L(u)).
The ranges of values in each subtree are illustrated in Figure 7.8, and can be shown to satisfy
the binary search tree property. We can show that all nodes in the new subtree are balanced
due to each of L(u) and u having one subtree of height h and one of height either h− 1 or h.

Finally, we consider the balance of the parent of the new subtree. Because u was balanced
before the modification, if the modification was an addition, the height of the subtree before
addition was h + 2. It is not hard to see that the height of the subtree after rotation is also
h + 2. If instead the modification was a deletion, since deletion cannot increase height, the
subtree would have had height h + 3 before modification and height h + 2 after rotation.

Case 3

In this case, we again use h to denote height(TR(u)), and hence height(TL(u)) = h+ 2. Since the
heights of the subtrees of L(u) are equal, height(TL(L(u))) = height(TR(L(u))) = h+1. We observe
that this case cannot occur due to a single addition, since u would be imbalanced even if only
one of the two subtrees of L(u) had height h+ 1. Instead, there must have been a deletion from
TR(u), reducing its height from h + 1 to h.

For this case, the rotation and reasoning about the binary search tree property are the same
as for Case 1. The only difference is in the resulting height of the tree, and hence in the balance
of the parent of the subtree. In this case, the height of the subtree before deletion and the
height of the subtree after rotation are both h + 3.

h

h+1

h+1

h

TL(L(u))
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<latexit sha1_base64="hK8xDQ/FBN/AjeceLpbeoGVRrd8=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWFlFyETZLmJ3MJkNmZ5aZWSEseQwbC0VsfRUbOx/E3sml0MQfBj7+cw5zzh8mnGnjul9Obm19Y3Mrv13Y2d3bPygeHrW1TBWhLSK5VPch1pQzQVuGGU7vE0VxHHLaCUdX03rngSrNpGiacUKDGA8EixjBxlp+s5fdlW/KaaUy6RVLbtWdCa2Ct4BS/eT7AwFAo1f87PYlSWMqDOFYa99zExNkWBlGOJ0UuqmmCSYjPKC+RYFjqoNstvIEnVunjyKp7BMGzdzfExmOtR7Hoe2MsRnq5drU/K/mpya6DDImktRQQeYfRSlHRqLp/ajPFCWGjy1gopjdFZEhVpgYm1LBhuAtn7wK7VrVs3xr06jBXHk4hTMogwcXUIdraEALCEh4hGd4cYzz5Lw6b/PWnLOYOYY/ct5/AM55km8=</latexit><latexit sha1_base64="NJ/uukwHkzm7YmqKOZzGfaBVZ7g=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS1dl5JyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsGZRk</latexit><latexit sha1_base64="NJ/uukwHkzm7YmqKOZzGfaBVZ7g=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS1dl5JyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsGZRk</latexit><latexit sha1_base64="msFolptmfnYcjzsWh19VTWavxsc=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cuKjSG0yHkkkzbWgmGZKMUIY+hhsXirj1adz5NqbtLLT1h8DHf84h5/xhwpk2rvvtFLa2d3b3ivulg8Oj45Py6VlXy1QR2iGSS9UPsaacCdoxzHDaTxTFcchpL5zeLuq9J6o0k6JtZgkNYjwWLGIEG2v57WH2WL2vprXafFiuuHV3KbQJXg4VyNUalr8GI0nSmApDONba99zEBBlWhhFO56VBqmmCyRSPqW9R4JjqIFuuPEdX1hmhSCr7hEFL9/dEhmOtZ3FoO2NsJnq9tjD/q/mpiW6CjIkkNVSQ1UdRypGRaHE/GjFFieEzC5goZndFZIIVJsamVLIheOsnb0K3UfcsP7iVZiOPowgXcAlV8OAamnAHLegAAQnP8ApvjnFenHfnY9VacPKZc/gj5/MHywKQNA==</latexit>

TR(u)
<latexit sha1_base64="jKXwXTofO1/WsRBxB5lNiuD5/Ks=">AAAB73icbZC7SgNBFIbPxluMt6iV2AwGITZhN42WARvLKLlBsoTZySQZMju7zpwVwpKXsLFQxNaHsbHzQeydXApN/GHg4z/nMOf8QSyFQdf9cjJr6xubW9nt3M7u3v5B/vCoYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/rzQeujYhUDccx90M6UKIvGEVrtWrd9K6YXEy6+YJbcmciq+AtoFA5+f4gAFDt5j87vYglIVfIJDWm7bkx+inVKJjkk1wnMTymbEQHvG1R0ZAbP53tOyHn1umRfqTtU0hm7u+JlIbGjMPAdoYUh2a5NjX/q7UT7F/5qVBxglyx+Uf9RBKMyPR40hOaM5RjC5RpYXclbEg1ZWgjytkQvOWTV6FRLnmWb20aZZgrC6dwBkXw4BIqcANVqAMDCY/wDC/OvfPkvDpv89aMs5g5hj9y3n8Aab+RtA==</latexit><latexit sha1_base64="K+kkCQTeYWH/jPwW1ldipoCQhLw=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARvLKLlBsoTZyWwyZHZmnZkVwpKXsLFQxNYX8C1s7HwIS3snl0ITfxj4+M85zDl/EHOmjet+Oiura+sbm5mtbG57Z3cvv3/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGl5N6844qzaSomVFM/Qj3BQsZwcZarVo3vSkmZ+NuvuCW3KnQMnhzKFSOvt9zb1/9ajf/0elJkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LQocUe2n033H6NQ6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCCz9lIk4MFWT2UZhwZCSaHI96TFFi+MgCJorZXREZYIWJsRFlbQje4snL0CiXPMvXNo0yzJSBYziBInhwDhW4girUgQCHe3iEJ+fWeXCenZdZ64oznzmEP3JefwAHX5Op</latexit><latexit sha1_base64="K+kkCQTeYWH/jPwW1ldipoCQhLw=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARvLKLlBsoTZyWwyZHZmnZkVwpKXsLFQxNYX8C1s7HwIS3snl0ITfxj4+M85zDl/EHOmjet+Oiura+sbm5mtbG57Z3cvv3/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGl5N6844qzaSomVFM/Qj3BQsZwcZarVo3vSkmZ+NuvuCW3KnQMnhzKFSOvt9zb1/9ajf/0elJkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LQocUe2n033H6NQ6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCCz9lIk4MFWT2UZhwZCSaHI96TFFi+MgCJorZXREZYIWJsRFlbQje4snL0CiXPMvXNo0yzJSBYziBInhwDhW4girUgQCHe3iEJ+fWeXCenZdZ64oznzmEP3JefwAHX5Op</latexit><latexit sha1_base64="nr7mRuavxZ5zJ+BI0zbzQiXoDyc=">AAAB73icbZA9SwNBEIbn/IzxK2ppsxiE2IS7NFoGbCyj5AuSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvjCwsM7M+zMGySCa+O6387G5tb2zm5hr7h/cHh0XDo5bes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjuvd55QaR7Lppkm6Ed0JHnIGTXW6jYH2UMlvZoNSmW36i5E1sHLoQy5GoPSV38YszRCaZigWvc8NzF+RpXhTOCs2E81JpRN6Ah7FiWNUPvZYt8ZubTOkISxsk8asnB/T2Q00noaBbYzomasV2tz879aLzXhjZ9xmaQGJVt+FKaCmJjMjydDrpAZMbVAmeJ2V8LGVFFmbERFG4K3evI6tGtVz/K9W67X8jgKcA4XUAEPrqEOd9CAFjAQ8Ayv8OY8Oi/Ou/OxbN1w8pkz+CPn8wdmSI95</latexit>

TR(u)
<latexit sha1_base64="jKXwXTofO1/WsRBxB5lNiuD5/Ks=">AAAB73icbZC7SgNBFIbPxluMt6iV2AwGITZhN42WARvLKLlBsoTZySQZMju7zpwVwpKXsLFQxNaHsbHzQeydXApN/GHg4z/nMOf8QSyFQdf9cjJr6xubW9nt3M7u3v5B/vCoYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/rzQeujYhUDccx90M6UKIvGEVrtWrd9K6YXEy6+YJbcmciq+AtoFA5+f4gAFDt5j87vYglIVfIJDWm7bkx+inVKJjkk1wnMTymbEQHvG1R0ZAbP53tOyHn1umRfqTtU0hm7u+JlIbGjMPAdoYUh2a5NjX/q7UT7F/5qVBxglyx+Uf9RBKMyPR40hOaM5RjC5RpYXclbEg1ZWgjytkQvOWTV6FRLnmWb20aZZgrC6dwBkXw4BIqcANVqAMDCY/wDC/OvfPkvDpv89aMs5g5hj9y3n8Aab+RtA==</latexit><latexit sha1_base64="K+kkCQTeYWH/jPwW1ldipoCQhLw=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARvLKLlBsoTZyWwyZHZmnZkVwpKXsLFQxNYX8C1s7HwIS3snl0ITfxj4+M85zDl/EHOmjet+Oiura+sbm5mtbG57Z3cvv3/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGl5N6844qzaSomVFM/Qj3BQsZwcZarVo3vSkmZ+NuvuCW3KnQMnhzKFSOvt9zb1/9ajf/0elJkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LQocUe2n033H6NQ6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCCz9lIk4MFWT2UZhwZCSaHI96TFFi+MgCJorZXREZYIWJsRFlbQje4snL0CiXPMvXNo0yzJSBYziBInhwDhW4girUgQCHe3iEJ+fWeXCenZdZ64oznzmEP3JefwAHX5Op</latexit><latexit sha1_base64="K+kkCQTeYWH/jPwW1ldipoCQhLw=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARvLKLlBsoTZyWwyZHZmnZkVwpKXsLFQxNYX8C1s7HwIS3snl0ITfxj4+M85zDl/EHOmjet+Oiura+sbm5mtbG57Z3cvv3/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGl5N6844qzaSomVFM/Qj3BQsZwcZarVo3vSkmZ+NuvuCW3KnQMnhzKFSOvt9zb1/9ajf/0elJkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LQocUe2n033H6NQ6PRRKZZ8waOr+nkhxpPUoCmxnhM1AL9Ym5n+1dmLCCz9lIk4MFWT2UZhwZCSaHI96TFFi+MgCJorZXREZYIWJsRFlbQje4snL0CiXPMvXNo0yzJSBYziBInhwDhW4girUgQCHe3iEJ+fWeXCenZdZ64oznzmEP3JefwAHX5Op</latexit><latexit sha1_base64="nr7mRuavxZ5zJ+BI0zbzQiXoDyc=">AAAB73icbZA9SwNBEIbn/IzxK2ppsxiE2IS7NFoGbCyj5AuSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvjCwsM7M+zMGySCa+O6387G5tb2zm5hr7h/cHh0XDo5bes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjuvd55QaR7Lppkm6Ed0JHnIGTXW6jYH2UMlvZoNSmW36i5E1sHLoQy5GoPSV38YszRCaZigWvc8NzF+RpXhTOCs2E81JpRN6Ah7FiWNUPvZYt8ZubTOkISxsk8asnB/T2Q00noaBbYzomasV2tz879aLzXhjZ9xmaQGJVt+FKaCmJjMjydDrpAZMbVAmeJ2V8LGVFFmbERFG4K3evI6tGtVz/K9W67X8jgKcA4XUAEPrqEOd9CAFjAQ8Ayv8OY8Oi/Ou/OxbN1w8pkz+CPn8wdmSI95</latexit>

u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

L(u)
<latexit sha1_base64="7fz5VJyOb6k+8lTPhQ07g0g9wxY=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25cuGjBXqAdSibNtKFJZkgyQhn6Cm5cKOLW9/AZ3PkWPoKZtgtt/SHw8Z9zyDl/mHCmjed9OYWNza3tneJuaW//4PDIPT5p6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObvJ654EqzWJ5b6YJDQQeSRYxgk1u3VXSy4Fb9qreXGgd/CWU627z+wMAGgP3sz+MSSqoNIRjrXu+l5ggw8owwums1E81TTCZ4BHtWZRYUB1k811n6MI6QxTFyj5p0Nz9PZFhofVUhLZTYDPWq7Xc/K/WS010HWRMJqmhkiw+ilKOTIzyw9GQKUoMn1rARDG7KyJjrDAxNp6SDcFfPXkd2ldV33LTpuHBQkU4g3OogA81qMMtNKAFBMbwCM/w4gjnyXl13hatBWc5cwp/5Lz/AFk5j+8=</latexit><latexit sha1_base64="yFpLprbpqZlAy3XS00tN7DHqZGk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty46KIFe4F2KJk0bUOTzJBkhDL0CQQ3LhRx65P4Bu58Cx/BTNuFtv4Q+PjPOeScP4w508bzvpzc2vrG5lZ+u7Czu7d/4B4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzdZvXVPlWaRvDOTmAYCDyUbMIJNZlVLyUXPLXplbya0Cv4CihW3/v1RPXmo9dzPbj8iiaDSEI617vhebIIUK8MIp9NCN9E0xmSMh7RjUWJBdZDOdp2ic+v00SBS9kmDZu7viRQLrScitJ0Cm5FermXmf7VOYgbXQcpknBgqyfyjQcKRiVB2OOozRYnhEwuYKGZ3RWSEFSbGxlOwIfjLJ69C87LsW67bNDyYKw+ncAYl8OEKKnALNWgAgRE8wjO8OMJ5cl6dt3lrzlnMHMMfOe8/nweQ4w==</latexit><latexit sha1_base64="yFpLprbpqZlAy3XS00tN7DHqZGk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty46KIFe4F2KJk0bUOTzJBkhDL0CQQ3LhRx65P4Bu58Cx/BTNuFtv4Q+PjPOeScP4w508bzvpzc2vrG5lZ+u7Czu7d/4B4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzdZvXVPlWaRvDOTmAYCDyUbMIJNZlVLyUXPLXplbya0Cv4CihW3/v1RPXmo9dzPbj8iiaDSEI617vhebIIUK8MIp9NCN9E0xmSMh7RjUWJBdZDOdp2ic+v00SBS9kmDZu7viRQLrScitJ0Cm5FermXmf7VOYgbXQcpknBgqyfyjQcKRiVB2OOozRYnhEwuYKGZ3RWSEFSbGxlOwIfjLJ69C87LsW67bNDyYKw+ncAYl8OEKKnALNWgAgRE8wjO8OMJ5cl6dt3lrzlnMHMMfOe8/nweQ4w==</latexit><latexit sha1_base64="T6YGoPu92AI4oDMdAGz7drElCvk=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMuNFlwY0LFxXsBdqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZl2Ftr6Q+DjP+eQc/4wEdxYz/tGpY3Nre2d8m5lb//g8Kh6fNIxcaopa9NYxLoXEsMEV6xtuRWsl2hGZChYN5ze5vXuE9OGx+rRzhIWSDJWPOKU2Ny6r6eXw2rNa3gL4XXwC6hBodaw+jUYxTSVTFkqiDF930tskBFtORVsXhmkhiWETsmY9R0qIpkJssWuc3zhnBGOYu2esnjh/p7IiDRmJkPXKYmdmNVabv5X66c2ugkyrpLUMkWXH0WpwDbG+eF4xDWjVswcEKq52xXTCdGEWhdPxYXgr568Dp2rhu/4was1vSKOMpzBOdTBh2towh20oA0UJvAMr/CGJHpB7+hj2VpCxcwp/BH6/AE5co2e</latexit>

L(u)
<latexit sha1_base64="7fz5VJyOb6k+8lTPhQ07g0g9wxY=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25cuGjBXqAdSibNtKFJZkgyQhn6Cm5cKOLW9/AZ3PkWPoKZtgtt/SHw8Z9zyDl/mHCmjed9OYWNza3tneJuaW//4PDIPT5p6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObvJ654EqzWJ5b6YJDQQeSRYxgk1u3VXSy4Fb9qreXGgd/CWU627z+wMAGgP3sz+MSSqoNIRjrXu+l5ggw8owwums1E81TTCZ4BHtWZRYUB1k811n6MI6QxTFyj5p0Nz9PZFhofVUhLZTYDPWq7Xc/K/WS010HWRMJqmhkiw+ilKOTIzyw9GQKUoMn1rARDG7KyJjrDAxNp6SDcFfPXkd2ldV33LTpuHBQkU4g3OogA81qMMtNKAFBMbwCM/w4gjnyXl13hatBWc5cwp/5Lz/AFk5j+8=</latexit><latexit sha1_base64="yFpLprbpqZlAy3XS00tN7DHqZGk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty46KIFe4F2KJk0bUOTzJBkhDL0CQQ3LhRx65P4Bu58Cx/BTNuFtv4Q+PjPOeScP4w508bzvpzc2vrG5lZ+u7Czu7d/4B4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzdZvXVPlWaRvDOTmAYCDyUbMIJNZlVLyUXPLXplbya0Cv4CihW3/v1RPXmo9dzPbj8iiaDSEI617vhebIIUK8MIp9NCN9E0xmSMh7RjUWJBdZDOdp2ic+v00SBS9kmDZu7viRQLrScitJ0Cm5FermXmf7VOYgbXQcpknBgqyfyjQcKRiVB2OOozRYnhEwuYKGZ3RWSEFSbGxlOwIfjLJ69C87LsW67bNDyYKw+ncAYl8OEKKnALNWgAgRE8wjO8OMJ5cl6dt3lrzlnMHMMfOe8/nweQ4w==</latexit><latexit sha1_base64="yFpLprbpqZlAy3XS00tN7DHqZGk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty46KIFe4F2KJk0bUOTzJBkhDL0CQQ3LhRx65P4Bu58Cx/BTNuFtv4Q+PjPOeScP4w508bzvpzc2vrG5lZ+u7Czu7d/4B4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzdZvXVPlWaRvDOTmAYCDyUbMIJNZlVLyUXPLXplbya0Cv4CihW3/v1RPXmo9dzPbj8iiaDSEI617vhebIIUK8MIp9NCN9E0xmSMh7RjUWJBdZDOdp2ic+v00SBS9kmDZu7viRQLrScitJ0Cm5FermXmf7VOYgbXQcpknBgqyfyjQcKRiVB2OOozRYnhEwuYKGZ3RWSEFSbGxlOwIfjLJ69C87LsW67bNDyYKw+ncAYl8OEKKnALNWgAgRE8wjO8OMJ5cl6dt3lrzlnMHMMfOe8/nweQ4w==</latexit><latexit sha1_base64="T6YGoPu92AI4oDMdAGz7drElCvk=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMuNFlwY0LFxXsBdqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZl2Ftr6Q+DjP+eQc/4wEdxYz/tGpY3Nre2d8m5lb//g8Kh6fNIxcaopa9NYxLoXEsMEV6xtuRWsl2hGZChYN5ze5vXuE9OGx+rRzhIWSDJWPOKU2Ny6r6eXw2rNa3gL4XXwC6hBodaw+jUYxTSVTFkqiDF930tskBFtORVsXhmkhiWETsmY9R0qIpkJssWuc3zhnBGOYu2esnjh/p7IiDRmJkPXKYmdmNVabv5X66c2ugkyrpLUMkWXH0WpwDbG+eF4xDWjVswcEKq52xXTCdGEWhdPxYXgr568Dp2rhu/4was1vSKOMpzBOdTBh2towh20oA0UJvAMr/CGJHpB7+hj2VpCxcwp/BH6/AE5co2e</latexit>

L(u) <
<latexit sha1_base64="IA60oCqXkfkf4cjqGvIhKrz1Nak=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGwiKCuUCyhNnJ2WTI7OwyMyuEJQ9hY6GIrc9j59s4uRSa+MPAx3/OYc75g0RwbVz328ltbe/s7uX3CweHR8cnxdNSW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST23m984RK81g+mmmCfkRHkoecUWOtzn0lrZIbMiiW3Zq7ENkEbwXlRqlfBavmoPjVH8YsjVAaJqjWPc9NjJ9RZTgTOCv0U40JZRM6wp5FSSPUfrZYd0YurTMkYazsk4Ys3N8TGY20nkaB7YyoGev12tz8r9ZLTXjtZ1wmqUHJlh+FqSAmJvPbyZArZEZMLVCmuN2VsDFVlBmbUMGG4K2fvAntes2z/GDTqMNSeTiHC6iAB1fQgDtoQgsYTOAZXuHNSZwX5935WLbmnNXMGfyR8/kDi4+PEQ==</latexit><latexit sha1_base64="bq9wdCZONQa+zzuq8OOwvWvOjMI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq31TSc/QJeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HES6Rsg==</latexit><latexit sha1_base64="bq9wdCZONQa+zzuq8OOwvWvOjMI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq31TSc/QJeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HES6Rsg==</latexit><latexit sha1_base64="aq35MGjufWFScsADrJ6XvCg+TFY=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjYRHBfEByhL3NXLJkb+/Y3RPCkR9hY6GIrb/Hzn/jJrlCE19YeHhnhp15g0RwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt/N65wmV5rF8NNME/YiOJA85o8ZanftqekluyKBccWvuQmQdvBwqkKs5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny3WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE177GZdJalCy5UdhKoiJyfx2MuQKmRFTC5QpbnclbEwVZcYmVLIheKsnr0O7XvMsP7iVRj2PowhncA5V8OAKGnAHTWgBgwk8wyu8OYnz4rw7H8vWgpPPnMIfOZ8/aIGOOg==</latexit>

< L(u)
<latexit sha1_base64="mCUZTmVEedrWsVLbP3TQMSTH6dc=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGwiKCuUCyhNnJ2WTI7OwyMyuEJQ9hY6GIrc9j59s4uRSa+MPAx3/OYc75g0RwbVz328ltbe/s7uX3CweHR8cnxdNSW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST23m984RK81g+mmmCfkRHkoecUWOtzg25r6RVMiiW3Zq7ENkEbwXlRqlfBavmoPjVH8YsjVAaJqjWPc9NjJ9RZTgTOCv0U40JZRM6wp5FSSPUfrZYd0YurTMkYazsk4Ys3N8TGY20nkaB7YyoGev12tz8r9ZLTXjtZ1wmqUHJlh+FqSAmJvPbyZArZEZMLVCmuN2VsDFVlBmbUMGG4K2fvAntes2z/GDTqMNSeTiHC6iAB1fQgDtoQgsYTOAZXuHNSZwX5935WLbmnNXMGfyR8/kDivePEQ==</latexit><latexit sha1_base64="eLW1OiihfXy++NF8Eww/EW6uuKI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq32JbirpGeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HEJaRsg==</latexit><latexit sha1_base64="eLW1OiihfXy++NF8Eww/EW6uuKI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq32JbirpGeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HEJaRsg==</latexit><latexit sha1_base64="0jBUSMd/B592WEagWvQycPPTJ4s=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjYRHBfEByhL3NXLJkb+/Y3RPCkR9hY6GIrb/Hzn/jJrlCE19YeHhnhp15g0RwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt/N65wmV5rF8NNME/YiOJA85o8ZanRtyX00vyaBccWvuQmQdvBwqkKs5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny3WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE177GZdJalCy5UdhKoiJyfx2MuQKmRFTC5QpbnclbEwVZcYmVLIheKsnr0O7XvMsP7iVRj2PowhncA5V8OAKGnAHTWgBgwk8wyu8OYnz4rw7H8vWgpPPnMIfOZ8/Z+mOOg==</latexit>

< L(u)
<latexit sha1_base64="mCUZTmVEedrWsVLbP3TQMSTH6dc=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGwiKCuUCyhNnJ2WTI7OwyMyuEJQ9hY6GIrc9j59s4uRSa+MPAx3/OYc75g0RwbVz328ltbe/s7uX3CweHR8cnxdNSW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST23m984RK81g+mmmCfkRHkoecUWOtzg25r6RVMiiW3Zq7ENkEbwXlRqlfBavmoPjVH8YsjVAaJqjWPc9NjJ9RZTgTOCv0U40JZRM6wp5FSSPUfrZYd0YurTMkYazsk4Ys3N8TGY20nkaB7YyoGev12tz8r9ZLTXjtZ1wmqUHJlh+FqSAmJvPbyZArZEZMLVCmuN2VsDFVlBmbUMGG4K2fvAntes2z/GDTqMNSeTiHC6iAB1fQgDtoQgsYTOAZXuHNSZwX5935WLbmnNXMGfyR8/kDivePEQ==</latexit><latexit sha1_base64="eLW1OiihfXy++NF8Eww/EW6uuKI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq32JbirpGeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HEJaRsg==</latexit><latexit sha1_base64="eLW1OiihfXy++NF8Eww/EW6uuKI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq32JbirpGeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HEJaRsg==</latexit><latexit sha1_base64="0jBUSMd/B592WEagWvQycPPTJ4s=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjYRHBfEByhL3NXLJkb+/Y3RPCkR9hY6GIrb/Hzn/jJrlCE19YeHhnhp15g0RwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt/N65wmV5rF8NNME/YiOJA85o8ZanRtyX00vyaBccWvuQmQdvBwqkKs5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny3WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE177GZdJalCy5UdhKoiJyfx2MuQKmRFTC5QpbnclbEwVZcYmVLIheKsnr0O7XvMsP7iVRj2PowhncA5V8OAKGnAHTWgBgwk8wyu8OYnz4rw7H8vWgpPPnMIfOZ8/Z+mOOg==</latexit>

L(u) <
<latexit sha1_base64="IA60oCqXkfkf4cjqGvIhKrz1Nak=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGwiKCuUCyhNnJ2WTI7OwyMyuEJQ9hY6GIrc9j59s4uRSa+MPAx3/OYc75g0RwbVz328ltbe/s7uX3CweHR8cnxdNSW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST23m984RK81g+mmmCfkRHkoecUWOtzn0lrZIbMiiW3Zq7ENkEbwXlRqlfBavmoPjVH8YsjVAaJqjWPc9NjJ9RZTgTOCv0U40JZRM6wp5FSSPUfrZYd0YurTMkYazsk4Ys3N8TGY20nkaB7YyoGev12tz8r9ZLTXjtZ1wmqUHJlh+FqSAmJvPbyZArZEZMLVCmuN2VsDFVlBmbUMGG4K2fvAntes2z/GDTqMNSeTiHC6iAB1fQgDtoQgsYTOAZXuHNSZwX5935WLbmnNXMGfyR8/kDi4+PEQ==</latexit><latexit sha1_base64="bq9wdCZONQa+zzuq8OOwvWvOjMI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq31TSc/QJeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HES6Rsg==</latexit><latexit sha1_base64="bq9wdCZONQa+zzuq8OOwvWvOjMI=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjYRHBXCC7hNnJbDJkdnaYmRXCkmcQGwtFbH0OH8HOB7F3cik08YeBj/+cw5zzh5IzbVz3y8mtrW9sbuW3Czu7e/sHxcNSSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDWtt++p0iwRd2YsaRDjgWARI9hYq31TSc/QJeoVy27VnQmtgreAcr3kV74/HvxGr/jp9xOSxlQYwrHWXc+VJsiwMoxwOin4qaYSkxEe0K5FgWOqg2y27gSdWqePokTZJwyaub8nMhxrPY5D2xljM9TLtan5X62bmugiyJiQqaGCzD+KUo5Mgqa3oz5TlBg+toCJYnZXRIZYYWJsQgUbgrd88iq0alXP8q1NowZz5eEYTqACHpxDHa6hAU0gMIJHeIYXRzpPzqvzNm/NOYuZI/gj5/0HES6Rsg==</latexit><latexit sha1_base64="aq35MGjufWFScsADrJ6XvCg+TFY=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjYRHBfEByhL3NXLJkb+/Y3RPCkR9hY6GIrb/Hzn/jJrlCE19YeHhnhp15g0RwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt/N65wmV5rF8NNME/YiOJA85o8ZanftqekluyKBccWvuQmQdvBwqkKs5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny3WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE177GZdJalCy5UdhKoiJyfx2MuQKmRFTC5QpbnclbEwVZcYmVLIheKsnr0O7XvMsP7iVRj2PowhncA5V8OAKGnAHTWgBgwk8wyu8OYnz4rw7H8vWgpPPnMIfOZ8/aIGOOg==</latexit>

< u
<latexit sha1_base64="Du9s4WeM5ENWpQ7fmgrBvHy0y3Q=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdXdJ0l6x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9d2j6k=</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="ggX+PtJP5EJiepoxdOT+nlNVK8o=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPNyQbVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCxgI1V</latexit>

< u
<latexit sha1_base64="Du9s4WeM5ENWpQ7fmgrBvHy0y3Q=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdXdJ0l6x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9d2j6k=</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="ggX+PtJP5EJiepoxdOT+nlNVK8o=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPNyQbVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCxgI1V</latexit>

u <
<latexit sha1_base64="f9zW5BzsXiwrLYu0HLBv1RyiScw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdZeSy16x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9foj6k=</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="BN6ujg0O8blxQ7Ymatij/Sp8kXo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPGbkZVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCx8o1V</latexit>

u <
<latexit sha1_base64="f9zW5BzsXiwrLYu0HLBv1RyiScw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdZeSy16x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9foj6k=</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="BN6ujg0O8blxQ7Ymatij/Sp8kXo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPGbkZVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCx8o1V</latexit>

h+1
h+1

Figure 7.9: AVL case 3
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Cases 4 through 6

Case 4 is symmetric to Case 1, as illustrated in Figure 7.10 below; the same arguments apply by
replacing each L by R and each R by L. In the same way, Case 5, as illustrated in Figure 7.11,
is symmetric to Case 2, and Case 6, as illustrated in Figure 7.12, is symmetric to Case 3.

C

h

h h

h+1

h+1

h

u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

R(u)
<latexit sha1_base64="tiDWmCkmrVhlc+6ifZCvhGDoZ4Q=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25ctmIv0A4lk2ba0CQzJBmhDH0FNy4Ucet7+AzufAsfwUzbhbb+EPj4zznknD9MONPG876cwsbm1vZOcbe0t39weOQen7R1nCpCWyTmseqGWFPOJG0ZZjjtJopiEXLaCSc3eb3zQJVmsbw304QGAo8kixjBJrfuKunlwC17VW8utA7+Esp1t/n9AQCNgfvZH8YkFVQawrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsSiyoDrL5rjN0YZ0himJlnzRo7v6eyLDQeipC2ymwGevVWm7+V+ulJroOMiaT1FBJFh9FKUcmRvnhaMgUJYZPLWCimN0VkTFWmBgbT8mG4K+evA7tq6pvuWnT8GChIpzBOVTAhxrU4RYa0AICY3iEZ3hxhPPkvDpvi9aCs5w5hT9y3n8AYmOP9Q==</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="PdLcRdvxsudx11NwKHVDN3lGaBg=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2bbQM2FhGMRdIljA7mU2GzGWZmRXCklewsVDE1hey822cTbbQxB8GPv5zDnPOHyWcGev7315pY3Nre6e8W9nbPzg8qh6fdIxKNaFtorjSvQgbypmkbcssp71EUywiTrvR9Davd5+oNkzJRztLaCjwWLKYEWxz66GeXg6rNb/hL4TWISigBoVaw+rXYKRIKqi0hGNj+oGf2DDD2jLC6bwySA1NMJniMe07lFhQE2aLXefowjkjFCvtnrRo4f6eyLAwZiYi1ymwnZjVWm7+V+unNr4JMyaT1FJJlh/FKUdWofxwNGKaEstnDjDRzO2KyARrTKyLp+JCCFZPXofOVSNwfO/Xmn4RRxnO4BzqEMA1NOEOWtAGAhN4hld484T34r17H8vWklfMnMIfeZ8/QpyNpA==</latexit>

u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

R(u)
<latexit sha1_base64="tiDWmCkmrVhlc+6ifZCvhGDoZ4Q=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25ctmIv0A4lk2ba0CQzJBmhDH0FNy4Ucet7+AzufAsfwUzbhbb+EPj4zznknD9MONPG876cwsbm1vZOcbe0t39weOQen7R1nCpCWyTmseqGWFPOJG0ZZjjtJopiEXLaCSc3eb3zQJVmsbw304QGAo8kixjBJrfuKunlwC17VW8utA7+Esp1t/n9AQCNgfvZH8YkFVQawrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsSiyoDrL5rjN0YZ0himJlnzRo7v6eyLDQeipC2ymwGevVWm7+V+ulJroOMiaT1FBJFh9FKUcmRvnhaMgUJYZPLWCimN0VkTFWmBgbT8mG4K+evA7tq6pvuWnT8GChIpzBOVTAhxrU4RYa0AICY3iEZ3hxhPPkvDpvi9aCs5w5hT9y3n8AYmOP9Q==</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="PdLcRdvxsudx11NwKHVDN3lGaBg=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2bbQM2FhGMRdIljA7mU2GzGWZmRXCklewsVDE1hey822cTbbQxB8GPv5zDnPOHyWcGev7315pY3Nre6e8W9nbPzg8qh6fdIxKNaFtorjSvQgbypmkbcssp71EUywiTrvR9Davd5+oNkzJRztLaCjwWLKYEWxz66GeXg6rNb/hL4TWISigBoVaw+rXYKRIKqi0hGNj+oGf2DDD2jLC6bwySA1NMJniMe07lFhQE2aLXefowjkjFCvtnrRo4f6eyLAwZiYi1ymwnZjVWm7+V+unNr4JMyaT1FJJlh/FKUdWofxwNGKaEstnDjDRzO2KyARrTKyLp+JCCFZPXofOVSNwfO/Xmn4RRxnO4BzqEMA1NOEOWtAGAhN4hld484T34r17H8vWklfMnMIfeZ8/QpyNpA==</latexit>

TL(u)
<latexit sha1_base64="V/jL8j7ziCDxxBJnZfmWD/Hzd6k=">AAAB73icbZC7SgNBFIbPxluMt6iV2AwGITZhN42WARsLiwi5QbKE2ckkGTI7u86cFcKSl7CxUMTWh7Gx80HsnVwKTfxh4OM/5zDn/EEshUHX/XIya+sbm1vZ7dzO7t7+Qf7wqGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P680Hro2IVA3HMfdDOlCiLxhFa7Vq3fS2mFxMuvmCW3JnIqvgLaBQOfn+IABQ7eY/O72IJSFXyCQ1pu25Mfop1SiY5JNcJzE8pmxEB7xtUdGQGz+d7Tsh59bpkX6k7VNIZu7viZSGxozDwHaGFIdmuTY1/6u1E+xf+alQcYJcsflH/UQSjMj0eNITmjOUYwuUaWF3JWxINWVoI8rZELzlk1ehUS55lu9sGmWYKwuncAZF8OASKnADVagDAwmP8Awvzr3z5Lw6b/PWjLOYOYY/ct5/AGCPka4=</latexit><latexit sha1_base64="AhJjANM4dNCOiasO7Rg2P5g0owE=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARsLiwi5QbKE2clsMmR2dp2LEJa8hI2FIra+gG9hY+dDWNo7uRSa+MPAx3/OYc75g4QzpV3301lZXVvf2MxsZXPbO7t7+f2DhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8HJSb95RqVgsanqUUD/CfcFCRrC2VqvWTa+L5mzczRfckjsVWgZvDoXK0fd77u2rX+3mPzq9mJiICk04VqrtuYn2Uyw1I5yOsx2jaILJEPdp26LAEVV+Ot13jE6t00NhLO0TGk3d3xMpjpQaRYHtjLAeqMXaxPyv1jY6vPBTJhKjqSCzj0LDkY7R5HjUY5ISzUcWMJHM7orIAEtMtI0oa0PwFk9ehka55Fm+sWmUYaYMHMMJFMGDc6jAFVShDgQ43MMjPDm3zoPz7LzMWlec+cwh/JHz+gP+IJOj</latexit><latexit sha1_base64="AhJjANM4dNCOiasO7Rg2P5g0owE=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARsLiwi5QbKE2clsMmR2dp2LEJa8hI2FIra+gG9hY+dDWNo7uRSa+MPAx3/OYc75g4QzpV3301lZXVvf2MxsZXPbO7t7+f2DhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8HJSb95RqVgsanqUUD/CfcFCRrC2VqvWTa+L5mzczRfckjsVWgZvDoXK0fd77u2rX+3mPzq9mJiICk04VqrtuYn2Uyw1I5yOsx2jaILJEPdp26LAEVV+Ot13jE6t00NhLO0TGk3d3xMpjpQaRYHtjLAeqMXaxPyv1jY6vPBTJhKjqSCzj0LDkY7R5HjUY5ISzUcWMJHM7orIAEtMtI0oa0PwFk9ehka55Fm+sWmUYaYMHMMJFMGDc6jAFVShDgQ43MMjPDm3zoPz7LzMWlec+cwh/JHz+gP+IJOj</latexit><latexit sha1_base64="/bKeSdnznbONQuPSmtTAJGpoKM4=">AAAB73icbZA9SwNBEIbn/IzxK2ppsxiE2IS7NFoGbCwsIuQLkiPsbeaSJXt75+6eEI78CRsLRWz9O3b+GzfJFZr4wsLDOzPszBskgmvjut/OxubW9s5uYa+4f3B4dFw6OW3rOFUMWywWseoGVKPgEluGG4HdRCGNAoGdYHI7r3eeUGkey6aZJuhHdCR5yBk11uo2B9l9Jb2aDUplt+ouRNbBy6EMuRqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIexYljVD72WLfGbm0zpCEsbJPGrJwf09kNNJ6GgW2M6JmrFdrc/O/Wi814Y2fcZmkBiVbfhSmgpiYzI8nQ66QGTG1QJnidlfCxlRRZmxERRuCt3ryOrRrVc/yg1uu1/I4CnAOF1ABD66hDnfQgBYwEPAMr/DmPDovzrvzsWzdcPKZM/gj5/MHXRiPcw==</latexit>

TL(u)
<latexit sha1_base64="V/jL8j7ziCDxxBJnZfmWD/Hzd6k=">AAAB73icbZC7SgNBFIbPxluMt6iV2AwGITZhN42WARsLiwi5QbKE2ckkGTI7u86cFcKSl7CxUMTWh7Gx80HsnVwKTfxh4OM/5zDn/EEshUHX/XIya+sbm1vZ7dzO7t7+Qf7wqGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P680Hro2IVA3HMfdDOlCiLxhFa7Vq3fS2mFxMuvmCW3JnIqvgLaBQOfn+IABQ7eY/O72IJSFXyCQ1pu25Mfop1SiY5JNcJzE8pmxEB7xtUdGQGz+d7Tsh59bpkX6k7VNIZu7viZSGxozDwHaGFIdmuTY1/6u1E+xf+alQcYJcsflH/UQSjMj0eNITmjOUYwuUaWF3JWxINWVoI8rZELzlk1ehUS55lu9sGmWYKwuncAZF8OASKnADVagDAwmP8Awvzr3z5Lw6b/PWjLOYOYY/ct5/AGCPka4=</latexit><latexit sha1_base64="AhJjANM4dNCOiasO7Rg2P5g0owE=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARsLiwi5QbKE2clsMmR2dp2LEJa8hI2FIra+gG9hY+dDWNo7uRSa+MPAx3/OYc75g4QzpV3301lZXVvf2MxsZXPbO7t7+f2DhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8HJSb95RqVgsanqUUD/CfcFCRrC2VqvWTa+L5mzczRfckjsVWgZvDoXK0fd77u2rX+3mPzq9mJiICk04VqrtuYn2Uyw1I5yOsx2jaILJEPdp26LAEVV+Ot13jE6t00NhLO0TGk3d3xMpjpQaRYHtjLAeqMXaxPyv1jY6vPBTJhKjqSCzj0LDkY7R5HjUY5ISzUcWMJHM7orIAEtMtI0oa0PwFk9ehka55Fm+sWmUYaYMHMMJFMGDc6jAFVShDgQ43MMjPDm3zoPz7LzMWlec+cwh/JHz+gP+IJOj</latexit><latexit sha1_base64="AhJjANM4dNCOiasO7Rg2P5g0owE=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARsLiwi5QbKE2clsMmR2dp2LEJa8hI2FIra+gG9hY+dDWNo7uRSa+MPAx3/OYc75g4QzpV3301lZXVvf2MxsZXPbO7t7+f2DhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8HJSb95RqVgsanqUUD/CfcFCRrC2VqvWTa+L5mzczRfckjsVWgZvDoXK0fd77u2rX+3mPzq9mJiICk04VqrtuYn2Uyw1I5yOsx2jaILJEPdp26LAEVV+Ot13jE6t00NhLO0TGk3d3xMpjpQaRYHtjLAeqMXaxPyv1jY6vPBTJhKjqSCzj0LDkY7R5HjUY5ISzUcWMJHM7orIAEtMtI0oa0PwFk9ehka55Fm+sWmUYaYMHMMJFMGDc6jAFVShDgQ43MMjPDm3zoPz7LzMWlec+cwh/JHz+gP+IJOj</latexit><latexit sha1_base64="/bKeSdnznbONQuPSmtTAJGpoKM4=">AAAB73icbZA9SwNBEIbn/IzxK2ppsxiE2IS7NFoGbCwsIuQLkiPsbeaSJXt75+6eEI78CRsLRWz9O3b+GzfJFZr4wsLDOzPszBskgmvjut/OxubW9s5uYa+4f3B4dFw6OW3rOFUMWywWseoGVKPgEluGG4HdRCGNAoGdYHI7r3eeUGkey6aZJuhHdCR5yBk11uo2B9l9Jb2aDUplt+ouRNbBy6EMuRqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIexYljVD72WLfGbm0zpCEsbJPGrJwf09kNNJ6GgW2M6JmrFdrc/O/Wi814Y2fcZmkBiVbfhSmgpiYzI8nQ66QGTG1QJnidlfCxlRRZmxERRuCt3ryOrRrVc/yg1uu1/I4CnAOF1ABD66hDnfQgBYwEPAMr/DmPDovzrvzsWzdcPKZM/gj5/MHXRiPcw==</latexit>

TL(R(u))
<latexit sha1_base64="hpkzg6RAFVJH25fgGavElQHKg7Q=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWFlFyETZLmJ3MJkNmZ5aZWSEseQwbC0VsfRUbOx/E3sml0MQfBj7+cw5zzh8mnGnjul9Obm19Y3Mrv13Y2d3bPygeHrW1TBWhLSK5VPch1pQzQVuGGU7vE0VxHHLaCUdX03rngSrNpGiacUKDGA8EixjBxlp+s5fdlO/KaaUy6RVLbtWdCa2Ct4BS/eT7AwFAo1f87PYlSWMqDOFYa99zExNkWBlGOJ0UuqmmCSYjPKC+RYFjqoNstvIEnVunjyKp7BMGzdzfExmOtR7Hoe2MsRnq5drU/K/mpya6DDImktRQQeYfRSlHRqLp/ajPFCWGjy1gopjdFZEhVpgYm1LBhuAtn7wK7VrVs3xr06jBXHk4hTMogwcXUIdraEALCEh4hGd4cYzz5Lw6b/PWnLOYOYY/ct5/AM5tkm8=</latexit><latexit sha1_base64="gjguZ5SY9DyBHMQTWHntPmaTU1c=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS7dlpJyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsDZRk</latexit><latexit sha1_base64="gjguZ5SY9DyBHMQTWHntPmaTU1c=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS7dlpJyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsDZRk</latexit><latexit sha1_base64="w9M/I42A1U7+jL8mYIDUf++CYpg=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cuKjSG0yHkkkzbWgmGZKMUIY+hhsXirj1adz5NqbtLLT1h8DHf84h5/xhwpk2rvvtFLa2d3b3ivulg8Oj45Py6VlXy1QR2iGSS9UPsaacCdoxzHDaTxTFcchpL5zeLuq9J6o0k6JtZgkNYjwWLGIEG2v57WF2X32sprXafFiuuHV3KbQJXg4VyNUalr8GI0nSmApDONba99zEBBlWhhFO56VBqmmCyRSPqW9R4JjqIFuuPEdX1hmhSCr7hEFL9/dEhmOtZ3FoO2NsJnq9tjD/q/mpiW6CjIkkNVSQ1UdRypGRaHE/GjFFieEzC5goZndFZIIVJsamVLIheOsnb0K3UfcsP7iVZiOPowgXcAlV8OAamnAHLegAAQnP8ApvjnFenHfnY9VacPKZc/gj5/MHyvaQNA==</latexit>

TL(R(u))
<latexit sha1_base64="hpkzg6RAFVJH25fgGavElQHKg7Q=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWFlFyETZLmJ3MJkNmZ5aZWSEseQwbC0VsfRUbOx/E3sml0MQfBj7+cw5zzh8mnGnjul9Obm19Y3Mrv13Y2d3bPygeHrW1TBWhLSK5VPch1pQzQVuGGU7vE0VxHHLaCUdX03rngSrNpGiacUKDGA8EixjBxlp+s5fdlO/KaaUy6RVLbtWdCa2Ct4BS/eT7AwFAo1f87PYlSWMqDOFYa99zExNkWBlGOJ0UuqmmCSYjPKC+RYFjqoNstvIEnVunjyKp7BMGzdzfExmOtR7Hoe2MsRnq5drU/K/mpya6DDImktRQQeYfRSlHRqLp/ajPFCWGjy1gopjdFZEhVpgYm1LBhuAtn7wK7VrVs3xr06jBXHk4hTMogwcXUIdraEALCEh4hGd4cYzz5Lw6b/PWnLOYOYY/ct5/AM5tkm8=</latexit><latexit sha1_base64="gjguZ5SY9DyBHMQTWHntPmaTU1c=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS7dlpJyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsDZRk</latexit><latexit sha1_base64="gjguZ5SY9DyBHMQTWHntPmaTU1c=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS7dlpJyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsDZRk</latexit><latexit sha1_base64="w9M/I42A1U7+jL8mYIDUf++CYpg=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cuKjSG0yHkkkzbWgmGZKMUIY+hhsXirj1adz5NqbtLLT1h8DHf84h5/xhwpk2rvvtFLa2d3b3ivulg8Oj45Py6VlXy1QR2iGSS9UPsaacCdoxzHDaTxTFcchpL5zeLuq9J6o0k6JtZgkNYjwWLGIEG2v57WF2X32sprXafFiuuHV3KbQJXg4VyNUalr8GI0nSmApDONba99zEBBlWhhFO56VBqmmCyRSPqW9R4JjqIFuuPEdX1hmhSCr7hEFL9/dEhmOtZ3FoO2NsJnq9tjD/q/mpiW6CjIkkNVSQ1UdRypGRaHE/GjFFieEzC5goZndFZIIVJsamVLIheOsnb0K3UfcsP7iVZiOPowgXcAlV8OAamnAHLegAAQnP8ApvjnFenHfnY9VacPKZc/gj5/MHyvaQNA==</latexit>

TR(R(u))
<latexit sha1_base64="tYqWOzDxfnbZLrtqw5bnpVeGLh4=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzaWMeQibJYwO5lNhszOLDOzQljyGDYWitj6KjZ2Poi9k0uhiT8MfPznHOacP0w408Z1v5zcxubW9k5+t7C3f3B4VDw+6WiZKkLbRHKp7kOsKWeCtg0znN4niuI45LQbjm9m9e4DVZpJ0TKThAYxHgoWMYKNtfxWP2uWm+W0Upn2iyW36s6F1sFbQql+9v2BAKDRL372BpKkMRWGcKy177mJCTKsDCOcTgu9VNMEkzEeUt+iwDHVQTZfeYourTNAkVT2CYPm7u+JDMdaT+LQdsbYjPRqbWb+V/NTE10HGRNJaqggi4+ilCMj0ex+NGCKEsMnFjBRzO6KyAgrTIxNqWBD8FZPXodOrepZvrNp1GChPJzDBZTBgyuowy00oA0EJDzCM7w4xnlyXp23RWvOWc6cwh857z/Xr5J1</latexit><latexit sha1_base64="+UPAZj+QWZIE445xB2y8c2qR8mU=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYxpAbbJYwO5lNhszOLDNnhbDkMWwsFLG19i1s7HwIS3snl0ITfxj4+M85zDl/EHOmwXE+rczG5tb2TnY3l9/bPzgsHB23tUwUoS0iuVTdAGvKmaAtYMBpN1YURwGnnWB8Pat37qjSTIomTGLqR3goWMgIBmN5zX7aKDVKSbk87ReKTsWZy14HdwnF2un3e/7ta1jvFz56A0mSiAogHGvtuU4MfooVMMLpNNdLNI0xGeMh9QwKHFHtp/OVp/aFcQZ2KJV5Auy5+3sixZHWkygwnRGGkV6tzcz/al4C4ZWfMhEnQAVZfBQm3AZpz+63B0xRAnxiABPFzK42GWGFCZiUciYEd/XkdWhXK67hW5NGFS2URWfoHJWQiy5RDd2gOmohgiS6R4/oyQLrwXq2XhatGWs5c4L+yHr9AXVPlGo=</latexit><latexit sha1_base64="+UPAZj+QWZIE445xB2y8c2qR8mU=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYxpAbbJYwO5lNhszOLDNnhbDkMWwsFLG19i1s7HwIS3snl0ITfxj4+M85zDl/EHOmwXE+rczG5tb2TnY3l9/bPzgsHB23tUwUoS0iuVTdAGvKmaAtYMBpN1YURwGnnWB8Pat37qjSTIomTGLqR3goWMgIBmN5zX7aKDVKSbk87ReKTsWZy14HdwnF2un3e/7ta1jvFz56A0mSiAogHGvtuU4MfooVMMLpNNdLNI0xGeMh9QwKHFHtp/OVp/aFcQZ2KJV5Auy5+3sixZHWkygwnRGGkV6tzcz/al4C4ZWfMhEnQAVZfBQm3AZpz+63B0xRAnxiABPFzK42GWGFCZiUciYEd/XkdWhXK67hW5NGFS2URWfoHJWQiy5RDd2gOmohgiS6R4/oyQLrwXq2XhatGWs5c4L+yHr9AXVPlGo=</latexit><latexit sha1_base64="oWQ72nFEFUH/8RXURlbgMdTsnfQ=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25c1tIbTIeSSTNtaCYZkoxQhj6GGxeKuPVp3Pk2pu0stPWHwMd/ziHn/GHCmTau++0Udnb39g+Kh6Wj45PTs/L5RU/LVBHaJZJLNQixppwJ2jXMcDpIFMVxyGk/nN0v6/0nqjSTomPmCQ1iPBEsYgQba/mdUdautqtprbYYlStu3V0JbYOXQwVytUblr+FYkjSmwhCOtfY9NzFBhpVhhNNFaZhqmmAywxPqWxQ4pjrIVisv0I11xiiSyj5h0Mr9PZHhWOt5HNrOGJup3qwtzf9qfmqiuyBjIkkNFWT9UZRyZCRa3o/GTFFi+NwCJorZXRGZYoWJsSmVbAje5snb0GvUPcuPbqXZyOMowhVcQxU8uIUmPEALukBAwjO8wptjnBfn3flYtxacfOYS/sj5/AHUOJA6</latexit>

TR(R(u))
<latexit sha1_base64="tYqWOzDxfnbZLrtqw5bnpVeGLh4=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzaWMeQibJYwO5lNhszOLDOzQljyGDYWitj6KjZ2Poi9k0uhiT8MfPznHOacP0w408Z1v5zcxubW9k5+t7C3f3B4VDw+6WiZKkLbRHKp7kOsKWeCtg0znN4niuI45LQbjm9m9e4DVZpJ0TKThAYxHgoWMYKNtfxWP2uWm+W0Upn2iyW36s6F1sFbQql+9v2BAKDRL372BpKkMRWGcKy177mJCTKsDCOcTgu9VNMEkzEeUt+iwDHVQTZfeYourTNAkVT2CYPm7u+JDMdaT+LQdsbYjPRqbWb+V/NTE10HGRNJaqggi4+ilCMj0ex+NGCKEsMnFjBRzO6KyAgrTIxNqWBD8FZPXodOrepZvrNp1GChPJzDBZTBgyuowy00oA0EJDzCM7w4xnlyXp23RWvOWc6cwh857z/Xr5J1</latexit><latexit sha1_base64="+UPAZj+QWZIE445xB2y8c2qR8mU=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYxpAbbJYwO5lNhszOLDNnhbDkMWwsFLG19i1s7HwIS3snl0ITfxj4+M85zDl/EHOmwXE+rczG5tb2TnY3l9/bPzgsHB23tUwUoS0iuVTdAGvKmaAtYMBpN1YURwGnnWB8Pat37qjSTIomTGLqR3goWMgIBmN5zX7aKDVKSbk87ReKTsWZy14HdwnF2un3e/7ta1jvFz56A0mSiAogHGvtuU4MfooVMMLpNNdLNI0xGeMh9QwKHFHtp/OVp/aFcQZ2KJV5Auy5+3sixZHWkygwnRGGkV6tzcz/al4C4ZWfMhEnQAVZfBQm3AZpz+63B0xRAnxiABPFzK42GWGFCZiUciYEd/XkdWhXK67hW5NGFS2URWfoHJWQiy5RDd2gOmohgiS6R4/oyQLrwXq2XhatGWs5c4L+yHr9AXVPlGo=</latexit><latexit sha1_base64="+UPAZj+QWZIE445xB2y8c2qR8mU=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYxpAbbJYwO5lNhszOLDNnhbDkMWwsFLG19i1s7HwIS3snl0ITfxj4+M85zDl/EHOmwXE+rczG5tb2TnY3l9/bPzgsHB23tUwUoS0iuVTdAGvKmaAtYMBpN1YURwGnnWB8Pat37qjSTIomTGLqR3goWMgIBmN5zX7aKDVKSbk87ReKTsWZy14HdwnF2un3e/7ta1jvFz56A0mSiAogHGvtuU4MfooVMMLpNNdLNI0xGeMh9QwKHFHtp/OVp/aFcQZ2KJV5Auy5+3sixZHWkygwnRGGkV6tzcz/al4C4ZWfMhEnQAVZfBQm3AZpz+63B0xRAnxiABPFzK42GWGFCZiUciYEd/XkdWhXK67hW5NGFS2URWfoHJWQiy5RDd2gOmohgiS6R4/oyQLrwXq2XhatGWs5c4L+yHr9AXVPlGo=</latexit><latexit sha1_base64="oWQ72nFEFUH/8RXURlbgMdTsnfQ=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25c1tIbTIeSSTNtaCYZkoxQhj6GGxeKuPVp3Pk2pu0stPWHwMd/ziHn/GHCmTau++0Udnb39g+Kh6Wj45PTs/L5RU/LVBHaJZJLNQixppwJ2jXMcDpIFMVxyGk/nN0v6/0nqjSTomPmCQ1iPBEsYgQba/mdUdautqtprbYYlStu3V0JbYOXQwVytUblr+FYkjSmwhCOtfY9NzFBhpVhhNNFaZhqmmAywxPqWxQ4pjrIVisv0I11xiiSyj5h0Mr9PZHhWOt5HNrOGJup3qwtzf9qfmqiuyBjIkkNFWT9UZRyZCRa3o/GTFFi+NwCJorZXRGZYoWJsSmVbAje5snb0GvUPcuPbqXZyOMowhVcQxU8uIUmPEALukBAwjO8wptjnBfn3flYtxacfOYS/sj5/AHUOJA6</latexit>

< u
<latexit sha1_base64="Du9s4WeM5ENWpQ7fmgrBvHy0y3Q=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdXdJ0l6x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9d2j6k=</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="ggX+PtJP5EJiepoxdOT+nlNVK8o=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPNyQbVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCxgI1V</latexit>

< u
<latexit sha1_base64="Du9s4WeM5ENWpQ7fmgrBvHy0y3Q=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdXdJ0l6x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9d2j6k=</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="ggX+PtJP5EJiepoxdOT+nlNVK8o=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPNyQbVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCxgI1V</latexit>

u <
<latexit sha1_base64="f9zW5BzsXiwrLYu0HLBv1RyiScw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdZeSy16x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9foj6k=</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="BN6ujg0O8blxQ7Ymatij/Sp8kXo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPGbkZVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCx8o1V</latexit>

u <
<latexit sha1_base64="f9zW5BzsXiwrLYu0HLBv1RyiScw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdZeSy16x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9foj6k=</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="BN6ujg0O8blxQ7Ymatij/Sp8kXo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPGbkZVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCx8o1V</latexit>

< R(u)
<latexit sha1_base64="vav6AXq6s5kirx8kSVoCQ7S9E8o=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGMoq5QLKE2clsMmR2dpk5K4QlD2FjoYitz2Pn2zi5FJr4w8DHf85hzvmDRAqDrvvt5La2d3b38vuFg8Oj45Piaalt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jczuudJ66NiNUjThPuR3SkRCgYRWt1bshDJa2SQbHs1tyFyCZ4Kyg3Sv0qWDUHxa/+MGZpxBUySY3peW6CfkY1Cib5rNBPDU8om9AR71lUNOLGzxbrzsildYYkjLV9CsnC/T2R0ciYaRTYzoji2KzX5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5reTodCcoZxaoEwLuythY6opQ5tQwYbgrZ+8Ce16zbN8b9Oow1J5OIcLqIAHV9CAO2hCCxhM4Ble4c1JnBfn3flYtuac1cwZ/JHz+QOUJ48X</latexit><latexit sha1_base64="pQF75cUldR0bEO0CUEjcNr3C2Ec=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1L9FtxZyhXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxnGkbg=</latexit><latexit sha1_base64="pQF75cUldR0bEO0CUEjcNr3C2Ec=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1L9FtxZyhXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxnGkbg=</latexit><latexit sha1_base64="R3GdqC9IMnVr6Ja62HitgPtFkOw=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjGcV8QHKEvc1esmRv79idE8KRH2FjoYitv8fOf+MmuUITX1h4eGeGnXmDRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5ndc7T1wbEatHnCbcj+hIiVAwitbq3JCHanpJBuWKW3MXIuvg5VCBXM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEexYVjbjxs8W6M3JhnSEJY22fQrJwf09kNDJmGgW2M6I4Nqu1uflfrZdieO1nQiUpcsWWH4WpJBiT+e1kKDRnKKcWKNPC7krYmGrK0CZUsiF4qyevQ7te8yzfu5VGPY+jCGdwDlXw4AoacAdNaAGDCTzDK7w5ifPivDsfy9aCk8+cwh85nz9xGY5A</latexit>

< R(u)
<latexit sha1_base64="vav6AXq6s5kirx8kSVoCQ7S9E8o=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGMoq5QLKE2clsMmR2dpk5K4QlD2FjoYitz2Pn2zi5FJr4w8DHf85hzvmDRAqDrvvt5La2d3b38vuFg8Oj45Piaalt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jczuudJ66NiNUjThPuR3SkRCgYRWt1bshDJa2SQbHs1tyFyCZ4Kyg3Sv0qWDUHxa/+MGZpxBUySY3peW6CfkY1Cib5rNBPDU8om9AR71lUNOLGzxbrzsildYYkjLV9CsnC/T2R0ciYaRTYzoji2KzX5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5reTodCcoZxaoEwLuythY6opQ5tQwYbgrZ+8Ce16zbN8b9Oow1J5OIcLqIAHV9CAO2hCCxhM4Ble4c1JnBfn3flYtuac1cwZ/JHz+QOUJ48X</latexit><latexit sha1_base64="pQF75cUldR0bEO0CUEjcNr3C2Ec=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1L9FtxZyhXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxnGkbg=</latexit><latexit sha1_base64="pQF75cUldR0bEO0CUEjcNr3C2Ec=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1L9FtxZyhXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxnGkbg=</latexit><latexit sha1_base64="R3GdqC9IMnVr6Ja62HitgPtFkOw=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjGcV8QHKEvc1esmRv79idE8KRH2FjoYitv8fOf+MmuUITX1h4eGeGnXmDRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5ndc7T1wbEatHnCbcj+hIiVAwitbq3JCHanpJBuWKW3MXIuvg5VCBXM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEexYVjbjxs8W6M3JhnSEJY22fQrJwf09kNDJmGgW2M6I4Nqu1uflfrZdieO1nQiUpcsWWH4WpJBiT+e1kKDRnKKcWKNPC7krYmGrK0CZUsiF4qyevQ7te8yzfu5VGPY+jCGdwDlXw4AoacAdNaAGDCTzDK7w5ifPivDsfy9aCk8+cwh85nz9xGY5A</latexit>

R(u) <
<latexit sha1_base64="l+tTlqzLhxa3bz7jebz6t/0ENX0=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGMoq5QLKE2clsMmR2dpk5K4QlD2FjoYitz2Pn2zi5FJr4w8DHf85hzvmDRAqDrvvt5La2d3b38vuFg8Oj45Piaalt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jczuudJ66NiNUjThPuR3SkRCgYRWt1HippldyQQbHs1tyFyCZ4Kyg3Sv0qWDUHxa/+MGZpxBUySY3peW6CfkY1Cib5rNBPDU8om9AR71lUNOLGzxbrzsildYYkjLV9CsnC/T2R0ciYaRTYzoji2KzX5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5reTodCcoZxaoEwLuythY6opQ5tQwYbgrZ+8Ce16zbN8b9Oow1J5OIcLqIAHV9CAO2hCCxhM4Ble4c1JnBfn3flYtuac1cwZ/JHz+QOUy48X</latexit><latexit sha1_base64="vTjzul0GQt2x1FETRaLSfBICCK8=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1byvmDF2iXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxpqkbg=</latexit><latexit sha1_base64="vTjzul0GQt2x1FETRaLSfBICCK8=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1byvmDF2iXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxpqkbg=</latexit><latexit sha1_base64="jKzsXNmmFkwNjsfyYEl6ZKjtXA0=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjGcV8QHKEvc1esmRv79idE8KRH2FjoYitv8fOf+MmuUITX1h4eGeGnXmDRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5ndc7T1wbEatHnCbcj+hIiVAwitbqPFTTS3JDBuWKW3MXIuvg5VCBXM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEexYVjbjxs8W6M3JhnSEJY22fQrJwf09kNDJmGgW2M6I4Nqu1uflfrZdieO1nQiUpcsWWH4WpJBiT+e1kKDRnKKcWKNPC7krYmGrK0CZUsiF4qyevQ7te8yzfu5VGPY+jCGdwDlXw4AoacAdNaAGDCTzDK7w5ifPivDsfy9aCk8+cwh85nz9xvY5A</latexit>

R(u) <
<latexit sha1_base64="l+tTlqzLhxa3bz7jebz6t/0ENX0=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGMoq5QLKE2clsMmR2dpk5K4QlD2FjoYitz2Pn2zi5FJr4w8DHf85hzvmDRAqDrvvt5La2d3b38vuFg8Oj45Piaalt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jczuudJ66NiNUjThPuR3SkRCgYRWt1HippldyQQbHs1tyFyCZ4Kyg3Sv0qWDUHxa/+MGZpxBUySY3peW6CfkY1Cib5rNBPDU8om9AR71lUNOLGzxbrzsildYYkjLV9CsnC/T2R0ciYaRTYzoji2KzX5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5reTodCcoZxaoEwLuythY6opQ5tQwYbgrZ+8Ce16zbN8b9Oow1J5OIcLqIAHV9CAO2hCCxhM4Ble4c1JnBfn3flYtuac1cwZ/JHz+QOUy48X</latexit><latexit sha1_base64="vTjzul0GQt2x1FETRaLSfBICCK8=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1byvmDF2iXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxpqkbg=</latexit><latexit sha1_base64="vTjzul0GQt2x1FETRaLSfBICCK8=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1byvmDF2iXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxpqkbg=</latexit><latexit sha1_base64="jKzsXNmmFkwNjsfyYEl6ZKjtXA0=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjGcV8QHKEvc1esmRv79idE8KRH2FjoYitv8fOf+MmuUITX1h4eGeGnXmDRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5ndc7T1wbEatHnCbcj+hIiVAwitbqPFTTS3JDBuWKW3MXIuvg5VCBXM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEexYVjbjxs8W6M3JhnSEJY22fQrJwf09kNDJmGgW2M6I4Nqu1uflfrZdieO1nQiUpcsWWH4WpJBiT+e1kKDRnKKcWKNPC7krYmGrK0CZUsiF4qyevQ7te8yzfu5VGPY+jCGdwDlXw4AoacAdNaAGDCTzDK7w5ifPivDsfy9aCk8+cwh85nz9xvY5A</latexit>

Figure 7.10: AVL case 4
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<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

R(u)
<latexit sha1_base64="tiDWmCkmrVhlc+6ifZCvhGDoZ4Q=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25ctmIv0A4lk2ba0CQzJBmhDH0FNy4Ucet7+AzufAsfwUzbhbb+EPj4zznknD9MONPG876cwsbm1vZOcbe0t39weOQen7R1nCpCWyTmseqGWFPOJG0ZZjjtJopiEXLaCSc3eb3zQJVmsbw304QGAo8kixjBJrfuKunlwC17VW8utA7+Esp1t/n9AQCNgfvZH8YkFVQawrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsSiyoDrL5rjN0YZ0himJlnzRo7v6eyLDQeipC2ymwGevVWm7+V+ulJroOMiaT1FBJFh9FKUcmRvnhaMgUJYZPLWCimN0VkTFWmBgbT8mG4K+evA7tq6pvuWnT8GChIpzBOVTAhxrU4RYa0AICY3iEZ3hxhPPkvDpvi9aCs5w5hT9y3n8AYmOP9Q==</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="PdLcRdvxsudx11NwKHVDN3lGaBg=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2bbQM2FhGMRdIljA7mU2GzGWZmRXCklewsVDE1hey822cTbbQxB8GPv5zDnPOHyWcGev7315pY3Nre6e8W9nbPzg8qh6fdIxKNaFtorjSvQgbypmkbcssp71EUywiTrvR9Davd5+oNkzJRztLaCjwWLKYEWxz66GeXg6rNb/hL4TWISigBoVaw+rXYKRIKqi0hGNj+oGf2DDD2jLC6bwySA1NMJniMe07lFhQE2aLXefowjkjFCvtnrRo4f6eyLAwZiYi1ymwnZjVWm7+V+unNr4JMyaT1FJJlh/FKUdWofxwNGKaEstnDjDRzO2KyARrTKyLp+JCCFZPXofOVSNwfO/Xmn4RRxnO4BzqEMA1NOEOWtAGAhN4hld484T34r17H8vWklfMnMIfeZ8/QpyNpA==</latexit>

R(u)
<latexit sha1_base64="tiDWmCkmrVhlc+6ifZCvhGDoZ4Q=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25ctmIv0A4lk2ba0CQzJBmhDH0FNy4Ucet7+AzufAsfwUzbhbb+EPj4zznknD9MONPG876cwsbm1vZOcbe0t39weOQen7R1nCpCWyTmseqGWFPOJG0ZZjjtJopiEXLaCSc3eb3zQJVmsbw304QGAo8kixjBJrfuKunlwC17VW8utA7+Esp1t/n9AQCNgfvZH8YkFVQawrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsSiyoDrL5rjN0YZ0himJlnzRo7v6eyLDQeipC2ymwGevVWm7+V+ulJroOMiaT1FBJFh9FKUcmRvnhaMgUJYZPLWCimN0VkTFWmBgbT8mG4K+evA7tq6pvuWnT8GChIpzBOVTAhxrU4RYa0AICY3iEZ3hxhPPkvDpvi9aCs5w5hT9y3n8AYmOP9Q==</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="PdLcRdvxsudx11NwKHVDN3lGaBg=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2bbQM2FhGMRdIljA7mU2GzGWZmRXCklewsVDE1hey822cTbbQxB8GPv5zDnPOHyWcGev7315pY3Nre6e8W9nbPzg8qh6fdIxKNaFtorjSvQgbypmkbcssp71EUywiTrvR9Davd5+oNkzJRztLaCjwWLKYEWxz66GeXg6rNb/hL4TWISigBoVaw+rXYKRIKqi0hGNj+oGf2DDD2jLC6bwySA1NMJniMe07lFhQE2aLXefowjkjFCvtnrRo4f6eyLAwZiYi1ymwnZjVWm7+V+unNr4JMyaT1FJJlh/FKUdWofxwNGKaEstnDjDRzO2KyARrTKyLp+JCCFZPXofOVSNwfO/Xmn4RRxnO4BzqEMA1NOEOWtAGAhN4hld484T34r17H8vWklfMnMIfeZ8/QpyNpA==</latexit>

L(R(u))
<latexit sha1_base64="70Eb8mcNE/39YUn4cFEUPwyRn8w=">AAAB7nicbZA9SwNBEIbnNGqMX1FLm8UoJE24s9EyYGNhEcV8QHLEvc1csmRv79jdE8KRH2FjoYitv8fOf+Pmo9DEFxYe3plhZ94gEVwb1/121tZzG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtH1tN56QqV5LB/MOEE/ogPJQ86osVbrtnxfTiuVXrHkVt2ZyCp4CyjVcmH4CAD1XvGr249ZGqE0TFCtO56bGD+jynAmcFLophoTykZ0gB2Lkkao/Wy27oScW6dPwljZJw2Zub8nMhppPY4C2xlRM9TLtan5X62TmvDKz7hMUoOSzT8KU0FMTKa3kz5XyIwYW6BMcbsrYUOqKDM2oYINwVs+eRWaF1XP8p1N4wzmysMJnEIZPLiEGtxAHRrAYATP8ApvTuK8OO/Ox7x1zVnMHMMfOZ8/kEuPww==</latexit><latexit sha1_base64="LFYwDbGQjmTPq4LAyE6xPF7vE4o=">AAAB7nicbZA9TwJBEIbnEBXxC7W02Ygm0JA7Gy1JbCws0MhHAheyt+zBhr29y+6cCSH8CBsLjbH199j5b1wOCgXfZJMn78xkZ94gkcKg6347uY385tZ2Yae4u7d/cFg6Om6ZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsY383r7iWsjYvWIk4T7ER0qEQpG0Vrtu8pDJa1W+6WyW3MzkXXwllCu58NMjX7pqzeIWRpxhUxSY7qem6A/pRoFk3xW7KWGJ5SN6ZB3LSoaceNPs3Vn5MI6AxLG2j6FJHN/T0xpZMwkCmxnRHFkVmtz879aN8Xw2p8KlaTIFVt8FKaSYEzmt5OB0JyhnFigTAu7K2EjqilDm1DRhuCtnrwOrcuaZ/nepnEOCxXgFM6gAh5cQR1uoQFNYDCGZ3iFNydxXpx352PRmnOWMyfwR87nDzFFkPs=</latexit><latexit sha1_base64="LFYwDbGQjmTPq4LAyE6xPF7vE4o=">AAAB7nicbZA9TwJBEIbnEBXxC7W02Ygm0JA7Gy1JbCws0MhHAheyt+zBhr29y+6cCSH8CBsLjbH199j5b1wOCgXfZJMn78xkZ94gkcKg6347uY385tZ2Yae4u7d/cFg6Om6ZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsY383r7iWsjYvWIk4T7ER0qEQpG0Vrtu8pDJa1W+6WyW3MzkXXwllCu58NMjX7pqzeIWRpxhUxSY7qem6A/pRoFk3xW7KWGJ5SN6ZB3LSoaceNPs3Vn5MI6AxLG2j6FJHN/T0xpZMwkCmxnRHFkVmtz879aN8Xw2p8KlaTIFVt8FKaSYEzmt5OB0JyhnFigTAu7K2EjqilDm1DRhuCtnrwOrcuaZ/nepnEOCxXgFM6gAh5cQR1uoQFNYDCGZ3iFNydxXpx352PRmnOWMyfwR87nDzFFkPs=</latexit><latexit sha1_base64="m6XV5daPQix3o3Oev6wAWKy4BqU=">AAAB7nicbZA9SwNBEIbn/IzxK2ppsxiFpAl3NloGbCwsopgPSI6wt5lLluztHbt7QjjyI2wsFLH199j5b9wkV2jiCwsP78ywM2+QCK6N6347a+sbm1vbhZ3i7t7+wWHp6Lil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osVb7rvJQSavVfqns1ty5yCp4OZQhV6Nf+uoNYpZGKA0TVOuu5ybGz6gynAmcFnupxoSyMR1i16KkEWo/m687JRfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2e1kwBUyIyYWKFPc7krYiCrKjE2oaEPwlk9ehdZlzbN875br53kcBTiFM6iAB1dQh1toQBMYjOEZXuHNSZwX5935WLSuOfnMCfyR8/kDn2+OUw==</latexit>

L(R(u))
<latexit sha1_base64="70Eb8mcNE/39YUn4cFEUPwyRn8w=">AAAB7nicbZA9SwNBEIbnNGqMX1FLm8UoJE24s9EyYGNhEcV8QHLEvc1csmRv79jdE8KRH2FjoYitv8fOf+Pmo9DEFxYe3plhZ94gEVwb1/121tZzG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtH1tN56QqV5LB/MOEE/ogPJQ86osVbrtnxfTiuVXrHkVt2ZyCp4CyjVcmH4CAD1XvGr249ZGqE0TFCtO56bGD+jynAmcFLophoTykZ0gB2Lkkao/Wy27oScW6dPwljZJw2Zub8nMhppPY4C2xlRM9TLtan5X62TmvDKz7hMUoOSzT8KU0FMTKa3kz5XyIwYW6BMcbsrYUOqKDM2oYINwVs+eRWaF1XP8p1N4wzmysMJnEIZPLiEGtxAHRrAYATP8ApvTuK8OO/Ox7x1zVnMHMMfOZ8/kEuPww==</latexit><latexit sha1_base64="LFYwDbGQjmTPq4LAyE6xPF7vE4o=">AAAB7nicbZA9TwJBEIbnEBXxC7W02Ygm0JA7Gy1JbCws0MhHAheyt+zBhr29y+6cCSH8CBsLjbH199j5b1wOCgXfZJMn78xkZ94gkcKg6347uY385tZ2Yae4u7d/cFg6Om6ZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsY383r7iWsjYvWIk4T7ER0qEQpG0Vrtu8pDJa1W+6WyW3MzkXXwllCu58NMjX7pqzeIWRpxhUxSY7qem6A/pRoFk3xW7KWGJ5SN6ZB3LSoaceNPs3Vn5MI6AxLG2j6FJHN/T0xpZMwkCmxnRHFkVmtz879aN8Xw2p8KlaTIFVt8FKaSYEzmt5OB0JyhnFigTAu7K2EjqilDm1DRhuCtnrwOrcuaZ/nepnEOCxXgFM6gAh5cQR1uoQFNYDCGZ3iFNydxXpx352PRmnOWMyfwR87nDzFFkPs=</latexit><latexit sha1_base64="LFYwDbGQjmTPq4LAyE6xPF7vE4o=">AAAB7nicbZA9TwJBEIbnEBXxC7W02Ygm0JA7Gy1JbCws0MhHAheyt+zBhr29y+6cCSH8CBsLjbH199j5b1wOCgXfZJMn78xkZ94gkcKg6347uY385tZ2Yae4u7d/cFg6Om6ZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsY383r7iWsjYvWIk4T7ER0qEQpG0Vrtu8pDJa1W+6WyW3MzkXXwllCu58NMjX7pqzeIWRpxhUxSY7qem6A/pRoFk3xW7KWGJ5SN6ZB3LSoaceNPs3Vn5MI6AxLG2j6FJHN/T0xpZMwkCmxnRHFkVmtz879aN8Xw2p8KlaTIFVt8FKaSYEzmt5OB0JyhnFigTAu7K2EjqilDm1DRhuCtnrwOrcuaZ/nepnEOCxXgFM6gAh5cQR1uoQFNYDCGZ3iFNydxXpx352PRmnOWMyfwR87nDzFFkPs=</latexit><latexit sha1_base64="m6XV5daPQix3o3Oev6wAWKy4BqU=">AAAB7nicbZA9SwNBEIbn/IzxK2ppsxiFpAl3NloGbCwsopgPSI6wt5lLluztHbt7QjjyI2wsFLH199j5b9wkV2jiCwsP78ywM2+QCK6N6347a+sbm1vbhZ3i7t7+wWHp6Lil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osVb7rvJQSavVfqns1ty5yCp4OZQhV6Nf+uoNYpZGKA0TVOuu5ybGz6gynAmcFnupxoSyMR1i16KkEWo/m687JRfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2e1kwBUyIyYWKFPc7krYiCrKjE2oaEPwlk9ehdZlzbN875br53kcBTiFM6iAB1dQh1toQBMYjOEZXuHNSZwX5935WLSuOfnMCfyR8/kDn2+OUw==</latexit>

TL(u)
<latexit sha1_base64="fEzm8vDOfk6q1V9oeIdU1b1ap38=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0DNhYiEXKDZAmzk9lkyOzsOnNWCEvAZ7CxUMTW17HzbZxcCk38YeDjP+cw5/xBIoVB1/121tY3Nre2czv53b39g8NC8ahp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxhdT+utR66NiFUdxwn3IzpQIhSMorXa9V52W07PJ71Cya24M5FV8BZQqhbvnsCq1it8dfsxSyOukElqTMdzE/QzqlEwySf5bmp4QtmIDnjHoqIRN34223dCzqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmuTY1/6t1Ugyv/EyoJEWu2PyjMJUEYzI9nvSF5gzl2AJlWthdCRtSTRnaiPI2BG/55FVoXlQ8y/c2jTLMlYMTOIUyeHAJVbiBGjSAgYRneIU358F5cd6dj3nrmrOYOYY/cj5/AN4ckIg=</latexit><latexit sha1_base64="Hf3Rji/XSx+JNwwgwcxNGQ3oY0U=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0sAjYWIhFyg2QJs5PZZMjszDozK4QlWPgGNhaK2Fj4OnY+iL2TS6GJPwx8/Occ5pw/iDnTxnW/nKXlldW19cxGdnNre2c3l9+ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDi3G9cUeVZlJUzTCmfoR7goWMYGOtZrWTXhWT41EnV3BL7kRoEbwZFMr56/vvh/fzSif32e5KkkRUGMKx1i3PjY2fYmUY4XSUbSeaxpgMcI+2LAocUe2nk31H6Mg6XRRKZZ8waOL+nkhxpPUwCmxnhE1fz9fG5n+1VmLCMz9lIk4MFWT6UZhwZCQaH4+6TFFi+NACJorZXRHpY4WJsRFlbQje/MmLUD8peZZvbBpFmCoDB3AIRfDgFMpwCRWoAQEOj/AML86t8+S8Om/T1iVnNrMPf+R8/AACFpLg</latexit><latexit sha1_base64="Hf3Rji/XSx+JNwwgwcxNGQ3oY0U=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0sAjYWIhFyg2QJs5PZZMjszDozK4QlWPgGNhaK2Fj4OnY+iL2TS6GJPwx8/Occ5pw/iDnTxnW/nKXlldW19cxGdnNre2c3l9+ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDi3G9cUeVZlJUzTCmfoR7goWMYGOtZrWTXhWT41EnV3BL7kRoEbwZFMr56/vvh/fzSif32e5KkkRUGMKx1i3PjY2fYmUY4XSUbSeaxpgMcI+2LAocUe2nk31H6Mg6XRRKZZ8waOL+nkhxpPUwCmxnhE1fz9fG5n+1VmLCMz9lIk4MFWT6UZhwZCQaH4+6TFFi+NACJorZXRHpY4WJsRFlbQje/MmLUD8peZZvbBpFmCoDB3AIRfDgFMpwCRWoAQEOj/AML86t8+S8Om/T1iVnNrMPf+R8/AACFpLg</latexit><latexit sha1_base64="isx/F32Dx+7oXWcqtLDOsGCBZjA=">AAAB73icbZA9SwNBEIbn4leMX1FLm8UgxCbc2WgZsLGwiJAvSI6wt9lLluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYtXEacL9iI6UCAWjaK1uc5DdV9PL2aBccWvuQmQdvBwqkKsxKH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM+iohE3frbYd0YurDMkYaztU0gW7u+JjEbGTKPAdkYUx2a1Njf/q/VSDG/8TKgkRa7Y8qMwlQRjMj+eDIXmDOXUAmVa2F0JG1NNGdqISjYEb/XkdWhf1TzLD26lXs3jKMIZnEMVPLiGOtxBA1rAQMIzvMKb8+i8OO/Ox7K14OQzp/BHzucPWhaPaQ==</latexit>

TL(u)
<latexit sha1_base64="fEzm8vDOfk6q1V9oeIdU1b1ap38=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0DNhYiEXKDZAmzk9lkyOzsOnNWCEvAZ7CxUMTW17HzbZxcCk38YeDjP+cw5/xBIoVB1/121tY3Nre2czv53b39g8NC8ahp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxhdT+utR66NiFUdxwn3IzpQIhSMorXa9V52W07PJ71Cya24M5FV8BZQqhbvnsCq1it8dfsxSyOukElqTMdzE/QzqlEwySf5bmp4QtmIDnjHoqIRN34223dCzqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmuTY1/6t1Ugyv/EyoJEWu2PyjMJUEYzI9nvSF5gzl2AJlWthdCRtSTRnaiPI2BG/55FVoXlQ8y/c2jTLMlYMTOIUyeHAJVbiBGjSAgYRneIU358F5cd6dj3nrmrOYOYY/cj5/AN4ckIg=</latexit><latexit sha1_base64="Hf3Rji/XSx+JNwwgwcxNGQ3oY0U=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0sAjYWIhFyg2QJs5PZZMjszDozK4QlWPgGNhaK2Fj4OnY+iL2TS6GJPwx8/Occ5pw/iDnTxnW/nKXlldW19cxGdnNre2c3l9+ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDi3G9cUeVZlJUzTCmfoR7goWMYGOtZrWTXhWT41EnV3BL7kRoEbwZFMr56/vvh/fzSif32e5KkkRUGMKx1i3PjY2fYmUY4XSUbSeaxpgMcI+2LAocUe2nk31H6Mg6XRRKZZ8waOL+nkhxpPUwCmxnhE1fz9fG5n+1VmLCMz9lIk4MFWT6UZhwZCQaH4+6TFFi+NACJorZXRHpY4WJsRFlbQje/MmLUD8peZZvbBpFmCoDB3AIRfDgFMpwCRWoAQEOj/AML86t8+S8Om/T1iVnNrMPf+R8/AACFpLg</latexit><latexit sha1_base64="Hf3Rji/XSx+JNwwgwcxNGQ3oY0U=">AAAB73icbZC7SgNBFIbPeo3xlmhpMxiE2IRdGy0sAjYWIhFyg2QJs5PZZMjszDozK4QlWPgGNhaK2Fj4OnY+iL2TS6GJPwx8/Occ5pw/iDnTxnW/nKXlldW19cxGdnNre2c3l9+ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDi3G9cUeVZlJUzTCmfoR7goWMYGOtZrWTXhWT41EnV3BL7kRoEbwZFMr56/vvh/fzSif32e5KkkRUGMKx1i3PjY2fYmUY4XSUbSeaxpgMcI+2LAocUe2nk31H6Mg6XRRKZZ8waOL+nkhxpPUwCmxnhE1fz9fG5n+1VmLCMz9lIk4MFWT6UZhwZCQaH4+6TFFi+NACJorZXRHpY4WJsRFlbQje/MmLUD8peZZvbBpFmCoDB3AIRfDgFMpwCRWoAQEOj/AML86t8+S8Om/T1iVnNrMPf+R8/AACFpLg</latexit><latexit sha1_base64="isx/F32Dx+7oXWcqtLDOsGCBZjA=">AAAB73icbZA9SwNBEIbn4leMX1FLm8UgxCbc2WgZsLGwiJAvSI6wt9lLluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYtXEacL9iI6UCAWjaK1uc5DdV9PL2aBccWvuQmQdvBwqkKsxKH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM+iohE3frbYd0YurDMkYaztU0gW7u+JjEbGTKPAdkYUx2a1Njf/q/VSDG/8TKgkRa7Y8qMwlQRjMj+eDIXmDOXUAmVa2F0JG1NNGdqISjYEb/XkdWhf1TzLD26lXs3jKMIZnEMVPLiGOtxBA1rAQMIzvMKb8+i8OO/Ox7K14OQzp/BHzucPWhaPaQ==</latexit>

TR(R(u))
<latexit sha1_base64="I4G6OgBmUQ9gv2bcjQGCi/3sU/k=">AAAB8nicbZDLSgMxFIbP1Futt1aXboJFmG7KjBtdFty4klp6g3YomTTThmaSIckIZSj4Em5cKOLWp3Hn25heFtr6Q+DjP+eQc/4w4Uwbz/t2clvbO7t7+f3CweHR8UmxdNrWMlWEtojkUnVDrClngrYMM5x2E0VxHHLaCSe383rnkSrNpGiaaUKDGI8EixjBxlq95iBruA03rVRmg2LZq3oLoU3wV1Cule6fwKo+KH71h5KkMRWGcKx1z/cSE2RYGUY4nRX6qaYJJhM8oj2LAsdUB9li5Rm6tM4QRVLZJwxauL8nMhxrPY1D2xljM9brtbn5X62XmugmyJhIUkMFWX4UpRwZieb3oyFTlBg+tYCJYnZXRMZYYWJsSgUbgr9+8ia0r6q+5QebhgtL5eEcLsAFH66hBndQhxYQkPAMr/DmGOfFeXc+lq05ZzVzBn/kfP4AVUuRTw==</latexit><latexit sha1_base64="oLk/zvbNLqqxIzKvqYVGL7EVnos=">AAAB8nicbZC7SgNBFIZn4y3GW6KlzWAQNk3YtdHCImBjJTHkBpslzE4myZDZ2WXmrBCWYOEz2FgoInY+jZ0PYu/kUmjiDwMf/zmHOecPYsE1OM6XlVlb39jcym7ndnb39g/yhcOmjhJFWYNGIlLtgGgmuGQN4CBYO1aMhIFgrWB0Na237pjSPJJ1GMfMD8lA8j6nBIzl1btpza7ZSak06eaLTtmZCa+Cu4BipXBz//3wflnt5j87vYgmIZNABdHac50Y/JQo4FSwSa6TaBYTOiID5hmUJGTaT2crT/CpcXq4HynzJOCZ+3siJaHW4zAwnSGBoV6uTc3/al4C/Qs/5TJOgEk6/6ifCAwRnt6Pe1wxCmJsgFDFza6YDokiFExKOROCu3zyKjTPyq7hW5OGjebKomN0gmzkonNUQdeoihqIogg9omf0YoH1ZL1ab/PWjLWYOUJ/ZH38AHk2k6c=</latexit><latexit sha1_base64="oLk/zvbNLqqxIzKvqYVGL7EVnos=">AAAB8nicbZC7SgNBFIZn4y3GW6KlzWAQNk3YtdHCImBjJTHkBpslzE4myZDZ2WXmrBCWYOEz2FgoInY+jZ0PYu/kUmjiDwMf/zmHOecPYsE1OM6XlVlb39jcym7ndnb39g/yhcOmjhJFWYNGIlLtgGgmuGQN4CBYO1aMhIFgrWB0Na237pjSPJJ1GMfMD8lA8j6nBIzl1btpza7ZSak06eaLTtmZCa+Cu4BipXBz//3wflnt5j87vYgmIZNABdHac50Y/JQo4FSwSa6TaBYTOiID5hmUJGTaT2crT/CpcXq4HynzJOCZ+3siJaHW4zAwnSGBoV6uTc3/al4C/Qs/5TJOgEk6/6ifCAwRnt6Pe1wxCmJsgFDFza6YDokiFExKOROCu3zyKjTPyq7hW5OGjebKomN0gmzkonNUQdeoihqIogg9omf0YoH1ZL1ab/PWjLWYOUJ/ZH38AHk2k6c=</latexit><latexit sha1_base64="B44sCeXGpzKcRtEalNP87/uFKBY=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiTDdlxo0uC25c1tKLMB1KJs20oZlkSDJCGfoYblwo4tancefbmLaz0NYfAh//OYec80cpZ9p43rdT2tre2d0r71cODo+OT6qnZz0tM0Vol0gu1WOENeVM0K5hhtPHVFGcRJz2o+ndot5/okozKTpmltIwwWPBYkawsVbQGeZtt+1m9fp8WK15DW8ptAl+ATUo1BpWvwYjSbKECkM41jrwvdSEOVaGEU7nlUGmaYrJFI9pYFHghOowX648R1fWGaFYKvuEQUv390SOE61nSWQ7E2wmer22MP+rBZmJb8OciTQzVJDVR3HGkZFocT8aMUWJ4TMLmChmd0VkghUmxqZUsSH46ydvQu+64Vt+8GpNt4ijDBdwCS74cANNuIcWdIGAhGd4hTfHOC/Ou/Oxai05xcw5/JHz+QPRNpAw</latexit>

TR(R(u))
<latexit sha1_base64="I4G6OgBmUQ9gv2bcjQGCi/3sU/k=">AAAB8nicbZDLSgMxFIbP1Futt1aXboJFmG7KjBtdFty4klp6g3YomTTThmaSIckIZSj4Em5cKOLWp3Hn25heFtr6Q+DjP+eQc/4w4Uwbz/t2clvbO7t7+f3CweHR8UmxdNrWMlWEtojkUnVDrClngrYMM5x2E0VxHHLaCSe383rnkSrNpGiaaUKDGI8EixjBxlq95iBruA03rVRmg2LZq3oLoU3wV1Cule6fwKo+KH71h5KkMRWGcKx1z/cSE2RYGUY4nRX6qaYJJhM8oj2LAsdUB9li5Rm6tM4QRVLZJwxauL8nMhxrPY1D2xljM9brtbn5X62XmugmyJhIUkMFWX4UpRwZieb3oyFTlBg+tYCJYnZXRMZYYWJsSgUbgr9+8ia0r6q+5QebhgtL5eEcLsAFH66hBndQhxYQkPAMr/DmGOfFeXc+lq05ZzVzBn/kfP4AVUuRTw==</latexit><latexit sha1_base64="oLk/zvbNLqqxIzKvqYVGL7EVnos=">AAAB8nicbZC7SgNBFIZn4y3GW6KlzWAQNk3YtdHCImBjJTHkBpslzE4myZDZ2WXmrBCWYOEz2FgoInY+jZ0PYu/kUmjiDwMf/zmHOecPYsE1OM6XlVlb39jcym7ndnb39g/yhcOmjhJFWYNGIlLtgGgmuGQN4CBYO1aMhIFgrWB0Na237pjSPJJ1GMfMD8lA8j6nBIzl1btpza7ZSak06eaLTtmZCa+Cu4BipXBz//3wflnt5j87vYgmIZNABdHac50Y/JQo4FSwSa6TaBYTOiID5hmUJGTaT2crT/CpcXq4HynzJOCZ+3siJaHW4zAwnSGBoV6uTc3/al4C/Qs/5TJOgEk6/6ifCAwRnt6Pe1wxCmJsgFDFza6YDokiFExKOROCu3zyKjTPyq7hW5OGjebKomN0gmzkonNUQdeoihqIogg9omf0YoH1ZL1ab/PWjLWYOUJ/ZH38AHk2k6c=</latexit><latexit sha1_base64="oLk/zvbNLqqxIzKvqYVGL7EVnos=">AAAB8nicbZC7SgNBFIZn4y3GW6KlzWAQNk3YtdHCImBjJTHkBpslzE4myZDZ2WXmrBCWYOEz2FgoInY+jZ0PYu/kUmjiDwMf/zmHOecPYsE1OM6XlVlb39jcym7ndnb39g/yhcOmjhJFWYNGIlLtgGgmuGQN4CBYO1aMhIFgrWB0Na237pjSPJJ1GMfMD8lA8j6nBIzl1btpza7ZSak06eaLTtmZCa+Cu4BipXBz//3wflnt5j87vYgmIZNABdHac50Y/JQo4FSwSa6TaBYTOiID5hmUJGTaT2crT/CpcXq4HynzJOCZ+3siJaHW4zAwnSGBoV6uTc3/al4C/Qs/5TJOgEk6/6ifCAwRnt6Pe1wxCmJsgFDFza6YDokiFExKOROCu3zyKjTPyq7hW5OGjebKomN0gmzkonNUQdeoihqIogg9omf0YoH1ZL1ab/PWjLWYOUJ/ZH38AHk2k6c=</latexit><latexit sha1_base64="B44sCeXGpzKcRtEalNP87/uFKBY=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiTDdlxo0uC25c1tKLMB1KJs20oZlkSDJCGfoYblwo4tancefbmLaz0NYfAh//OYec80cpZ9p43rdT2tre2d0r71cODo+OT6qnZz0tM0Vol0gu1WOENeVM0K5hhtPHVFGcRJz2o+ndot5/okozKTpmltIwwWPBYkawsVbQGeZtt+1m9fp8WK15DW8ptAl+ATUo1BpWvwYjSbKECkM41jrwvdSEOVaGEU7nlUGmaYrJFI9pYFHghOowX648R1fWGaFYKvuEQUv390SOE61nSWQ7E2wmer22MP+rBZmJb8OciTQzVJDVR3HGkZFocT8aMUWJ4TMLmChmd0VkghUmxqZUsSH46ydvQu+64Vt+8GpNt4ijDBdwCS74cANNuIcWdIGAhGd4hTfHOC/Ou/Oxai05xcw5/JHz+QPRNpAw</latexit>

TL(L(R(u)))
<latexit sha1_base64="MD93MmKfO9H9DlWalov5so7V73c=">AAAB9XicbZDLSgMxFIbP1Futt1aXboJFmG7KjJu6LLhxUaRKb9COJZNm2tBMZkgyShkKPoYbF4q49V3c+Taml4W2/hD4+M85nJPfjzlT2nG+rczG5tb2TnY3t7d/cHiULxy3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr2b19gOVikWioScx9UI8FCxgBGtj3Tf6ac2u2Xd2UiqVpv180Sk7c6F1cJdQrBZunsCo3s9/9QYRSUIqNOFYqa7rxNpLsdSMcDrN9RJFY0zGeEi7BgUOqfLS+dVTdG6cAQoiaZ7QaO7+nkhxqNQk9E1niPVIrdZm5n+1bqKDSy9lIk40FWSxKEg40hGaRYAGTFKi+cQAJpKZWxEZYYmJNkHlTAju6pfXoXVRdg3fmjRsWCgLp3AGNrhQgSpcQx2aQEDCM7zCm/VovVjv1seiNWMtZ07gj6zPH7LCkgQ=</latexit><latexit sha1_base64="D6/ofj+WO8ViXO5RFVHsEhOqyns=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYBImSGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlOySfW3H+Xx+1MnknIIzEVoEdwa5Yvby/vvh7azcyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/jKpGHDVCk4gEOwwYUTKMIFlKEKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA9atlFw=</latexit><latexit sha1_base64="D6/ofj+WO8ViXO5RFVHsEhOqyns=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYBImSGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlOySfW3H+Xx+1MnknIIzEVoEdwa5Yvby/vvh7azcyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/jKpGHDVCk4gEOwwYUTKMIFlKEKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA9atlFw=</latexit><latexit sha1_base64="g/uwi0Qyq6Gk9UHX20xH3acYryI=">AAAB9XicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGxEgtDh4J6k9pQOa7TWnWcyHZAVdT3YGEAIVbehY23wU0zQMsvWfr0n3N0jn8/5kxpx/m2ChubW9s7xd3S3v7B4VH5+KSjokQS2iYRj2TPx4pyJmhbM81pL5YUhz6nXX96s6h3H6lULBItPYupF+KxYAEjWBvroTVMG3bDvreTarU6H5YrTs3JhNbBzaECuZrD8tdgFJEkpEITjpXqu06svRRLzQin89IgUTTGZIrHtG9Q4JAqL82unqML44xQEEnzhEaZ+3sixaFSs9A3nSHWE7VaW5j/1fqJDq69lIk40VSQ5aIg4UhHaBEBGjFJieYzA5hIZm5FZIIlJtoEVTIhuKtfXofOZc01fOdU6nYeRxHO4BxscOEK6nALTWgDAQnP8Apv1pP1Yr1bH8vWgpXPnMIfWZ8/LryQ5Q==</latexit>

TL(L(R(u)))
<latexit sha1_base64="MD93MmKfO9H9DlWalov5so7V73c=">AAAB9XicbZDLSgMxFIbP1Futt1aXboJFmG7KjJu6LLhxUaRKb9COJZNm2tBMZkgyShkKPoYbF4q49V3c+Taml4W2/hD4+M85nJPfjzlT2nG+rczG5tb2TnY3t7d/cHiULxy3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr2b19gOVikWioScx9UI8FCxgBGtj3Tf6ac2u2Xd2UiqVpv180Sk7c6F1cJdQrBZunsCo3s9/9QYRSUIqNOFYqa7rxNpLsdSMcDrN9RJFY0zGeEi7BgUOqfLS+dVTdG6cAQoiaZ7QaO7+nkhxqNQk9E1niPVIrdZm5n+1bqKDSy9lIk40FWSxKEg40hGaRYAGTFKi+cQAJpKZWxEZYYmJNkHlTAju6pfXoXVRdg3fmjRsWCgLp3AGNrhQgSpcQx2aQEDCM7zCm/VovVjv1seiNWMtZ07gj6zPH7LCkgQ=</latexit><latexit sha1_base64="D6/ofj+WO8ViXO5RFVHsEhOqyns=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYBImSGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlOySfW3H+Xx+1MnknIIzEVoEdwa5Yvby/vvh7azcyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/jKpGHDVCk4gEOwwYUTKMIFlKEKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA9atlFw=</latexit><latexit sha1_base64="D6/ofj+WO8ViXO5RFVHsEhOqyns=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYBImSGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlOySfW3H+Xx+1MnknIIzEVoEdwa5Yvby/vvh7azcyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/jKpGHDVCk4gEOwwYUTKMIFlKEKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA9atlFw=</latexit><latexit sha1_base64="g/uwi0Qyq6Gk9UHX20xH3acYryI=">AAAB9XicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGxEgtDh4J6k9pQOa7TWnWcyHZAVdT3YGEAIVbehY23wU0zQMsvWfr0n3N0jn8/5kxpx/m2ChubW9s7xd3S3v7B4VH5+KSjokQS2iYRj2TPx4pyJmhbM81pL5YUhz6nXX96s6h3H6lULBItPYupF+KxYAEjWBvroTVMG3bDvreTarU6H5YrTs3JhNbBzaECuZrD8tdgFJEkpEITjpXqu06svRRLzQin89IgUTTGZIrHtG9Q4JAqL82unqML44xQEEnzhEaZ+3sixaFSs9A3nSHWE7VaW5j/1fqJDq69lIk40VSQ5aIg4UhHaBEBGjFJieYzA5hIZm5FZIIlJtoEVTIhuKtfXofOZc01fOdU6nYeRxHO4BxscOEK6nALTWgDAQnP8Apv1pP1Yr1bH8vWgpXPnMIfWZ8/LryQ5Q==</latexit>

TR(L(R(u)))
<latexit sha1_base64="IESxnQIOeCQYfSzPkMC6jtwegQY=">AAAB9XicbZDLSgMxFIbP1Futt1aXboJFmG7KjJu6LLhxIVJLb9COJZNm2tBMZkgyShkKPoYbF4q49V3c+Taml4W2/hD4+M85nJPfjzlT2nG+rczG5tb2TnY3t7d/cHiULxy3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr2b19gOVikWioScx9UI8FCxgBGtj3Tf6ad2+set2UiqVpv180Sk7c6F1cJdQrBZun8Co1s9/9QYRSUIqNOFYqa7rxNpLsdSMcDrN9RJFY0zGeEi7BgUOqfLS+dVTdG6cAQoiaZ7QaO7+nkhxqNQk9E1niPVIrdZm5n+1bqKDSy9lIk40FWSxKEg40hGaRYAGTFKi+cQAJpKZWxEZYYmJNkHlTAju6pfXoXVRdg3fmTRsWCgLp3AGNrhQgSpcQw2aQEDCM7zCm/VovVjv1seiNWMtZ07gj6zPH7wWkgo=</latexit><latexit sha1_base64="XAk+Yx6UepWd/uW2oBzirs9uhW0=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYiMSQGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlO1Lu2zH+Xx+1MnknIIzEVoEdwa5Yvbq/vvh7azUyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/japGHDVCk4gEOwwYUTKMIFlKAKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA+ABlGI=</latexit><latexit sha1_base64="XAk+Yx6UepWd/uW2oBzirs9uhW0=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYiMSQGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlO1Lu2zH+Xx+1MnknIIzEVoEdwa5Yvbq/vvh7azUyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/japGHDVCk4gEOwwYUTKMIFlKAKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA+ABlGI=</latexit><latexit sha1_base64="jYUOseAhfAgG/zMegpMTJCLYLZ4=">AAAB9XicbZDNTsJAFIVv8Q/xD3XpZiIxKRvSutEliRsXLpBQIIFKpsMUJkynzcxUQxrew40LjXHru7jzbRygCwVPMsmXc+/NvXOChDOlHefbKmxsbm3vFHdLe/sHh0fl45O2ilNJqEdiHstugBXlTFBPM81pN5EURwGnnWByM693HqlULBYtPU2oH+GRYCEjWBvroTXImvad3bTTarU6G5QrTs1ZCK2Dm0MFcjUG5a/+MCZpRIUmHCvVc51E+xmWmhFOZ6V+qmiCyQSPaM+gwBFVfra4eoYujDNEYSzNExot3N8TGY6UmkaB6YywHqvV2tz8r9ZLdXjtZ0wkqaaCLBeFKUc6RvMI0JBJSjSfGsBEMnMrImMsMdEmqJIJwV398jq0L2uu4XunUrfzOIpwBudggwtXUIdbaIAHBCQ8wyu8WU/Wi/VufSxbC1Y+cwp/ZH3+ADgQkOs=</latexit>

TR(L(R(u)))
<latexit sha1_base64="IESxnQIOeCQYfSzPkMC6jtwegQY=">AAAB9XicbZDLSgMxFIbP1Futt1aXboJFmG7KjJu6LLhxIVJLb9COJZNm2tBMZkgyShkKPoYbF4q49V3c+Taml4W2/hD4+M85nJPfjzlT2nG+rczG5tb2TnY3t7d/cHiULxy3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr2b19gOVikWioScx9UI8FCxgBGtj3Tf6ad2+set2UiqVpv180Sk7c6F1cJdQrBZun8Co1s9/9QYRSUIqNOFYqa7rxNpLsdSMcDrN9RJFY0zGeEi7BgUOqfLS+dVTdG6cAQoiaZ7QaO7+nkhxqNQk9E1niPVIrdZm5n+1bqKDSy9lIk40FWSxKEg40hGaRYAGTFKi+cQAJpKZWxEZYYmJNkHlTAju6pfXoXVRdg3fmTRsWCgLp3AGNrhQgSpcQw2aQEDCM7zCm/VovVjv1seiNWMtZ07gj6zPH7wWkgo=</latexit><latexit sha1_base64="XAk+Yx6UepWd/uW2oBzirs9uhW0=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYiMSQGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlO1Lu2zH+Xx+1MnknIIzEVoEdwa5Yvbq/vvh7azUyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/japGHDVCk4gEOwwYUTKMIFlKAKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA+ABlGI=</latexit><latexit sha1_base64="XAk+Yx6UepWd/uW2oBzirs9uhW0=">AAAB9XicbZC7SgNBFIbPeo3xlmhpMxiETRN2bbSwCNhYiMSQGyQxzE5mkyGzs8vMrBKWYOFL2Fgoauu72Pkg9k4uhSb+MPDxn3M4Z34v4kxpx/mylpZXVtfWUxvpza3tnd1Mdq+mwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6ndW9wPq7Xb6lULBQVPYxoO8A9wXxGsDbWTaWTlO1Lu2zH+Xx+1MnknIIzEVoEdwa5Yvbq/vvh7azUyXy2uiGJAyo04VipputEup1gqRnhdJRuxYpGmAxwjzYNChxQ1U4mV4/QkXG6yA+leUKjift7IsGBUsPAM50B1n01Xxub/9WasfZP2wkTUaypINNFfsyRDtE4AtRlkhLNhwYwkczcikgfS0y0CSptQnDnv7wIteOCa/japGHDVCk4gEOwwYUTKMIFlKAKBCQ8wjO8WHfWk/VqvU9bl6zZzD78kfXxA+ABlGI=</latexit><latexit sha1_base64="jYUOseAhfAgG/zMegpMTJCLYLZ4=">AAAB9XicbZDNTsJAFIVv8Q/xD3XpZiIxKRvSutEliRsXLpBQIIFKpsMUJkynzcxUQxrew40LjXHru7jzbRygCwVPMsmXc+/NvXOChDOlHefbKmxsbm3vFHdLe/sHh0fl45O2ilNJqEdiHstugBXlTFBPM81pN5EURwGnnWByM693HqlULBYtPU2oH+GRYCEjWBvroTXImvad3bTTarU6G5QrTs1ZCK2Dm0MFcjUG5a/+MCZpRIUmHCvVc51E+xmWmhFOZ6V+qmiCyQSPaM+gwBFVfra4eoYujDNEYSzNExot3N8TGY6UmkaB6YywHqvV2tz8r9ZLdXjtZ0wkqaaCLBeFKUc6RvMI0JBJSjSfGsBEMnMrImMsMdEmqJIJwV398jq0L2uu4XunUrfzOIpwBudggwtXUIdbaIAHBCQ8wyu8WU/Wi/VufSxbC1Y+cwp/ZH3+ADgQkOs=</latexit>

< u
<latexit sha1_base64="ITpb/raIQudoziIcTZ1XAfDSpRs=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy0EAzaWEc0FkiXMTs4mQ2Znl5lZISx5BBsLRWx9Iju7PIHP4ORSaOIPAx//fw5zzgkSwbVx3S8nt7a+sbmV3y7s7O7tHxQPjxo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5M8+YjKs1j+WBGCfoR7UseckaNte6vSNotltyKOxNZBW8BpevJ92QCALVu8bPTi1kaoTRMUK3bnpsYP6PKcCZwXOikGhPKhrSPbYuSRqj9bDbqmJxZp0fCWNknDZm5vzsyGmk9igJbGVEz0MvZ1Pwva6cmvPQzLpPUoGTzj8JUEBOT6d6kxxUyI0YWKFPczkrYgCrKjL1OwR7BW155FRrnFc/ynVuqlmGuPJzAKZTBgwuowi3UoA4M+vAEL/DqCOfZeXPe56U5Z9FzDH/kfPwA0JmRGA==</latexit><latexit sha1_base64="FdVnqANAAWf9vYKlKvc8NE/u+QY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWujkjSTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Dzkos=</latexit><latexit sha1_base64="FdVnqANAAWf9vYKlKvc8NE/u+QY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWujkjSTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Dzkos=</latexit><latexit sha1_base64="nJ9yrWyglqlRPVd/cftJdZy38Mo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgpAp3NlpYBGwsI3pJIDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKrg2rvvtlDY2t7Z3yruVvf2Dw6Pq8UlbJ5li6LNEJKobUo2CS/QNNwK7qUIahwI74eR2Xu88odI8kY9mmmIQ05HkEWfUWOvhhmSDas1tuAuRdfAKqEGh1qD61R8mLItRGiao1j3PTU2QU2U4Ezir9DONKWUTOsKeRUlj1EG+WHVGLqwzJFGi7JOGLNzfEzmNtZ7Goe2MqRnr1drc/K/Wy0x0HeRcpplByZYfRZkgJiHzu8mQK2RGTC1QprjdlbAxVZQZm07FhuCtnrwO7cuGZ/nerTXrRRxlOINzqIMHV9CEO2iBDwxG8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwCufo1L</latexit>

< u
<latexit sha1_base64="ITpb/raIQudoziIcTZ1XAfDSpRs=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy0EAzaWEc0FkiXMTs4mQ2Znl5lZISx5BBsLRWx9Iju7PIHP4ORSaOIPAx//fw5zzgkSwbVx3S8nt7a+sbmV3y7s7O7tHxQPjxo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5M8+YjKs1j+WBGCfoR7UseckaNte6vSNotltyKOxNZBW8BpevJ92QCALVu8bPTi1kaoTRMUK3bnpsYP6PKcCZwXOikGhPKhrSPbYuSRqj9bDbqmJxZp0fCWNknDZm5vzsyGmk9igJbGVEz0MvZ1Pwva6cmvPQzLpPUoGTzj8JUEBOT6d6kxxUyI0YWKFPczkrYgCrKjL1OwR7BW155FRrnFc/ynVuqlmGuPJzAKZTBgwuowi3UoA4M+vAEL/DqCOfZeXPe56U5Z9FzDH/kfPwA0JmRGA==</latexit><latexit sha1_base64="FdVnqANAAWf9vYKlKvc8NE/u+QY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWujkjSTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Dzkos=</latexit><latexit sha1_base64="FdVnqANAAWf9vYKlKvc8NE/u+QY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWujkjSTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Dzkos=</latexit><latexit sha1_base64="nJ9yrWyglqlRPVd/cftJdZy38Mo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgpAp3NlpYBGwsI3pJIDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKrg2rvvtlDY2t7Z3yruVvf2Dw6Pq8UlbJ5li6LNEJKobUo2CS/QNNwK7qUIahwI74eR2Xu88odI8kY9mmmIQ05HkEWfUWOvhhmSDas1tuAuRdfAKqEGh1qD61R8mLItRGiao1j3PTU2QU2U4Ezir9DONKWUTOsKeRUlj1EG+WHVGLqwzJFGi7JOGLNzfEzmNtZ7Goe2MqRnr1drc/K/Wy0x0HeRcpplByZYfRZkgJiHzu8mQK2RGTC1QprjdlbAxVZQZm07FhuCtnrwO7cuGZ/nerTXrRRxlOINzqIMHV9CEO2iBDwxG8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwCufo1L</latexit>

u <
<latexit sha1_base64="eOt6hH5R2D4tUyzXZu33pmiauj8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy0EAzaWEc0FkiXMTs4mQ2Znl5lZISx5BBsLRWx9Iju7PIHP4ORSaOIPAx//fw5zzgkSwbVx3S8nt7a+sbmV3y7s7O7tHxQPjxo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5M8+YjKs1j+WBGCfoR7UseckaNte5TctUtltyKOxNZBW8BpevJ92QCALVu8bPTi1kaoTRMUK3bnpsYP6PKcCZwXOikGhPKhrSPbYuSRqj9bDbqmJxZp0fCWNknDZm5vzsyGmk9igJbGVEz0MvZ1Pwva6cmvPQzLpPUoGTzj8JUEBOT6d6kxxUyI0YWKFPczkrYgCrKjL1OwR7BW155FRrnFc/ynVuqlmGuPJzAKZTBgwuowi3UoA4M+vAEL/DqCOfZeXPe56U5Z9FzDH/kfPwA0QuRGA==</latexit><latexit sha1_base64="Flb6YDuf9n3dRX17+byKJegi4s8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWuknIWTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Flkos=</latexit><latexit sha1_base64="Flb6YDuf9n3dRX17+byKJegi4s8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWuknIWTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Flkos=</latexit><latexit sha1_base64="Ib2vWxfnbXoK66P0ZzZUprFFu5k=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgpAp3NlpYBGwsI3pJIDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKrg2rvvtlDY2t7Z3yruVvf2Dw6Pq8UlbJ5li6LNEJKobUo2CS/QNNwK7qUIahwI74eR2Xu88odI8kY9mmmIQ05HkEWfUWOshIzeDas1tuAuRdfAKqEGh1qD61R8mLItRGiao1j3PTU2QU2U4Ezir9DONKWUTOsKeRUlj1EG+WHVGLqwzJFGi7JOGLNzfEzmNtZ7Goe2MqRnr1drc/K/Wy0x0HeRcpplByZYfRZkgJiHzu8mQK2RGTC1QprjdlbAxVZQZm07FhuCtnrwO7cuGZ/nerTXrRRxlOINzqIMHV9CEO2iBDwxG8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwCu8I1L</latexit>

u <
<latexit sha1_base64="eOt6hH5R2D4tUyzXZu33pmiauj8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy0EAzaWEc0FkiXMTs4mQ2Znl5lZISx5BBsLRWx9Iju7PIHP4ORSaOIPAx//fw5zzgkSwbVx3S8nt7a+sbmV3y7s7O7tHxQPjxo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5M8+YjKs1j+WBGCfoR7UseckaNte5TctUtltyKOxNZBW8BpevJ92QCALVu8bPTi1kaoTRMUK3bnpsYP6PKcCZwXOikGhPKhrSPbYuSRqj9bDbqmJxZp0fCWNknDZm5vzsyGmk9igJbGVEz0MvZ1Pwva6cmvPQzLpPUoGTzj8JUEBOT6d6kxxUyI0YWKFPczkrYgCrKjL1OwR7BW155FRrnFc/ynVuqlmGuPJzAKZTBgwuowi3UoA4M+vAEL/DqCOfZeXPe56U5Z9FzDH/kfPwA0QuRGA==</latexit><latexit sha1_base64="Flb6YDuf9n3dRX17+byKJegi4s8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWuknIWTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Flkos=</latexit><latexit sha1_base64="Flb6YDuf9n3dRX17+byKJegi4s8=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQUoVdGy1EAzaWEc0FkiXMTibJkNnZZeasEJY8go2FIra+jZ2dXZ7Axhdwcik0+sPAx/+fw5xzglgKg6774WSWlldW17LruY3Nre2d/O5ezUSJZrzKIhnpRkANl0LxKgqUvBFrTsNA8nowuJzk9TuujYjULQ5j7oe0p0RXMIrWuknIWTtfcEvuVOQveHMoXIw/x19v5/VKO//e6kQsCblCJqkxTc+N0U+pRsEkH+VaieExZQPa402Liobc+Ol01BE5sk6HdCNtn0IydX92pDQ0ZhgGtjKk2DeL2cT8L2sm2D31U6HiBLlis4+6iSQYkcnepCM0ZyiHFijTws5KWJ9qytBeJ2eP4C2u/BdqxyXP8rVbKBdhpiwcwCEUwYMTKMMVVKAKDHpwD4/w5EjnwXl2XmalGWfesw+/5Lx+A8Flkos=</latexit><latexit sha1_base64="Ib2vWxfnbXoK66P0ZzZUprFFu5k=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgpAp3NlpYBGwsI3pJIDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKrg2rvvtlDY2t7Z3yruVvf2Dw6Pq8UlbJ5li6LNEJKobUo2CS/QNNwK7qUIahwI74eR2Xu88odI8kY9mmmIQ05HkEWfUWOshIzeDas1tuAuRdfAKqEGh1qD61R8mLItRGiao1j3PTU2QU2U4Ezir9DONKWUTOsKeRUlj1EG+WHVGLqwzJFGi7JOGLNzfEzmNtZ7Goe2MqRnr1drc/K/Wy0x0HeRcpplByZYfRZkgJiHzu8mQK2RGTC1QprjdlbAxVZQZm07FhuCtnrwO7cuGZ/nerTXrRRxlOINzqIMHV9CEO2iBDwxG8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwCu8I1L</latexit>

< L(R(u))
<latexit sha1_base64="ASGzjxb0KDQUWAqfEIM9OZcTkRQ=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQzCpgm7NlpYBGwsLKKYiyRLmJ3MJkNmZpeZWSEueQobC0VsfQqfwULwbZxcCk38YeDjP+cw5/xhwpk2nvftLC2vrK6t5zbym1vbO7uFvf26jlNFaI3EPFbNEGvKmaQ1wwynzURRLEJOG+HgYlxv3FOlWSxvzTChgcA9ySJGsLHW3Tm6cm/ctFTqFIpe2ZsILYI/g2Il9/D1AQDVTuGz3Y1JKqg0hGOtW76XmCDDyjDC6SjfTjVNMBngHm1ZlFhQHWSThUfo2DpdFMXKPmnQxP09kWGh9VCEtlNg09fztbH5X62VmugsyJhMUkMlmX4UpRyZGI2vR12mKDF8aAETxeyuiPSxwsTYjPI2BH/+5EWon5R9y9c2DRemysEhHIELPpxCBS6hCjUgIOARnuHFUc6T8+q8TVuXnNnMAfyR8/4DohORHw==</latexit><latexit sha1_base64="sZTF/veRYgWH2NfUnilrOAC7Piw=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3Z+jSvXbTYrGdL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5b8kdY=</latexit><latexit sha1_base64="sZTF/veRYgWH2NfUnilrOAC7Piw=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3Z+jSvXbTYrGdL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5b8kdY=</latexit><latexit sha1_base64="7Mpa9dDHc28L6ENHg9/GUNWp8io=">AAAB8HicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGBoRILA0NB9ILaqHJcp7VqO5HtIFVRn4KFAYRYeRw23ga3zQAtv2Tp03/Okc/5w4QzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+HpWbz9RpVksH8wkoYHAQ8kiRrCx1uMVunXv3bRa7ZcrXs2bC62Cn0MFcjX65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGtRYkF1kM0XnqIz6wxQFCv7pEFz9/dEhoXWExHaToHNSC/XZuZ/tW5qossgYzJJDZVk8VGUcmRiNLseDZiixPCJBUwUs7siMsIKE2MzKtkQ/OWTV6F1XvMt33mVupvHUYQTOAUXfLiAOtxAA5pAQMAzvMKbo5wX5935WLQWnHzmGP7I+fwBeMSOxw==</latexit>

< L(R(u))
<latexit sha1_base64="ASGzjxb0KDQUWAqfEIM9OZcTkRQ=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQzCpgm7NlpYBGwsLKKYiyRLmJ3MJkNmZpeZWSEueQobC0VsfQqfwULwbZxcCk38YeDjP+cw5/xhwpk2nvftLC2vrK6t5zbym1vbO7uFvf26jlNFaI3EPFbNEGvKmaQ1wwynzURRLEJOG+HgYlxv3FOlWSxvzTChgcA9ySJGsLHW3Tm6cm/ctFTqFIpe2ZsILYI/g2Il9/D1AQDVTuGz3Y1JKqg0hGOtW76XmCDDyjDC6SjfTjVNMBngHm1ZlFhQHWSThUfo2DpdFMXKPmnQxP09kWGh9VCEtlNg09fztbH5X62VmugsyJhMUkMlmX4UpRyZGI2vR12mKDF8aAETxeyuiPSxwsTYjPI2BH/+5EWon5R9y9c2DRemysEhHIELPpxCBS6hCjUgIOARnuHFUc6T8+q8TVuXnNnMAfyR8/4DohORHw==</latexit><latexit sha1_base64="sZTF/veRYgWH2NfUnilrOAC7Piw=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3Z+jSvXbTYrGdL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5b8kdY=</latexit><latexit sha1_base64="sZTF/veRYgWH2NfUnilrOAC7Piw=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3Z+jSvXbTYrGdL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5b8kdY=</latexit><latexit sha1_base64="7Mpa9dDHc28L6ENHg9/GUNWp8io=">AAAB8HicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGBoRILA0NB9ILaqHJcp7VqO5HtIFVRn4KFAYRYeRw23ga3zQAtv2Tp03/Okc/5w4QzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+HpWbz9RpVksH8wkoYHAQ8kiRrCx1uMVunXv3bRa7ZcrXs2bC62Cn0MFcjX65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGtRYkF1kM0XnqIz6wxQFCv7pEFz9/dEhoXWExHaToHNSC/XZuZ/tW5qossgYzJJDZVk8VGUcmRiNLseDZiixPCJBUwUs7siMsIKE2MzKtkQ/OWTV6F1XvMt33mVupvHUYQTOAUXfLiAOtxAA5pAQMAzvMKbo5wX5935WLQWnHzmGP7I+fwBeMSOxw==</latexit>

L(R(u)) <
<latexit sha1_base64="FytoYMduWZ3urGY97aXbeNLrEAI=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQzCpgm7NlpYBGwsLKKYiyRLmJ3MJkNmZpeZWSEueQobC0VsfQqfwULwbZxcCk38YeDjP+cw5/xhwpk2nvftLC2vrK6t5zbym1vbO7uFvf26jlNFaI3EPFbNEGvKmaQ1wwynzURRLEJOG+HgYlxv3FOlWSxvzTChgcA9ySJGsLHW3ZV746alEjrvFIpe2ZsILYI/g2Il9/D1AQDVTuGz3Y1JKqg0hGOtW76XmCDDyjDC6SjfTjVNMBngHm1ZlFhQHWSThUfo2DpdFMXKPmnQxP09kWGh9VCEtlNg09fztbH5X62VmugsyJhMUkMlmX4UpRyZGI2vR12mKDF8aAETxeyuiPSxwsTYjPI2BH/+5EWon5R9y9c2DRemysEhHIELPpxCBS6hCjUgIOARnuHFUc6T8+q8TVuXnNnMAfyR8/4Dot2RHw==</latexit><latexit sha1_base64="zXtaYDpmfsD7LjiYeLLD0D+kjpA=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3l+61mxaL6KydL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5fGkdY=</latexit><latexit sha1_base64="zXtaYDpmfsD7LjiYeLLD0D+kjpA=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3l+61mxaL6KydL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5fGkdY=</latexit><latexit sha1_base64="DutMLFKZBVOnw/MKysBcxDRX9Io=">AAAB8HicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGBoRILA0NB9ILaqHJcp7VqO5HtIFVRn4KFAYRYeRw23ga3zQAtv2Tp03/Okc/5w4QzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+HpWbz9RpVksH8wkoYHAQ8kiRrCx1uOte++m1Sq66pcrXs2bC62Cn0MFcjX65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGtRYkF1kM0XnqIz6wxQFCv7pEFz9/dEhoXWExHaToHNSC/XZuZ/tW5qossgYzJJDZVk8VGUcmRiNLseDZiixPCJBUwUs7siMsIKE2MzKtkQ/OWTV6F1XvMt33mVupvHUYQTOAUXfLiAOtxAA5pAQMAzvMKbo5wX5935WLQWnHzmGP7I+fwBeY6Oxw==</latexit>

L(R(u)) <
<latexit sha1_base64="FytoYMduWZ3urGY97aXbeNLrEAI=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQzCpgm7NlpYBGwsLKKYiyRLmJ3MJkNmZpeZWSEueQobC0VsfQqfwULwbZxcCk38YeDjP+cw5/xhwpk2nvftLC2vrK6t5zbym1vbO7uFvf26jlNFaI3EPFbNEGvKmaQ1wwynzURRLEJOG+HgYlxv3FOlWSxvzTChgcA9ySJGsLHW3ZV746alEjrvFIpe2ZsILYI/g2Il9/D1AQDVTuGz3Y1JKqg0hGOtW76XmCDDyjDC6SjfTjVNMBngHm1ZlFhQHWSThUfo2DpdFMXKPmnQxP09kWGh9VCEtlNg09fztbH5X62VmugsyJhMUkMlmX4UpRyZGI2vR12mKDF8aAETxeyuiPSxwsTYjPI2BH/+5EWon5R9y9c2DRemysEhHIELPpxCBS6hCjUgIOARnuHFUc6T8+q8TVuXnNnMAfyR8/4Dot2RHw==</latexit><latexit sha1_base64="zXtaYDpmfsD7LjiYeLLD0D+kjpA=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3l+61mxaL6KydL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5fGkdY=</latexit><latexit sha1_base64="zXtaYDpmfsD7LjiYeLLD0D+kjpA=">AAAB8HicbZC5TgMxEIZnOZNwBShpLCKkTRPt0kBBEYmGgiIcOVCyiryON7Fie1e2FylEeQoaChCi5VXoKJB4G5yjgIRfsvTpnxl55g8TzrTxvG9naXlldW09k81tbG5t7+R392o6ThWhVRLzWDVCrClnklYNM5w2EkWxCDmth/3zcb1+T5Vmsbw1g4QGAnclixjBxlp3l+61mxaL6KydL3glbyK0CP4MCuXMw9fHTSVbaec/W52YpIJKQzjWuul7iQmGWBlGOB3lWqmmCSZ93KVNixILqoPhZOEROrJOB0Wxsk8aNHF/Twyx0HogQtspsOnp+drY/K/WTE10GgyZTFJDJZl+FKUcmRiNr0cdpigxfGABE8Xsroj0sMLE2IxyNgR//uRFqB2XfMtXNg0XpsrAARyCCz6cQBkuoAJVICDgEZ7hxVHOk/PqvE1bl5zZzD78kfP+A5fGkdY=</latexit><latexit sha1_base64="DutMLFKZBVOnw/MKysBcxDRX9Io=">AAAB8HicbZC7TsMwFIZPyq2UW4GRxaJCSpcqYYGBoRILA0NB9ILaqHJcp7VqO5HtIFVRn4KFAYRYeRw23ga3zQAtv2Tp03/Okc/5w4QzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+HpWbz9RpVksH8wkoYHAQ8kiRrCx1uOte++m1Sq66pcrXs2bC62Cn0MFcjX65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGtRYkF1kM0XnqIz6wxQFCv7pEFz9/dEhoXWExHaToHNSC/XZuZ/tW5qossgYzJJDZVk8VGUcmRiNLseDZiixPCJBUwUs7siMsIKE2MzKtkQ/OWTV6F1XvMt33mVupvHUYQTOAUXfLiAOtxAA5pAQMAzvMKbo5wX5935WLQWnHzmGP7I+fwBeY6Oxw==</latexit>

< R(u)
<latexit sha1_base64="PW44YFzvUGe1boiOdABP+Rkh98o=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYRjEXSJYwO5lNxszOLHMR4pJ3sLFQxNbX8BksBN/GyaXQ6A8DH/85hznnj1LOtPH9Ly+3tLyyupZfL2xsbm3vFHf3GlpaRWidSC5VK8KaciZo3TDDaStVFCcRp81oeDGpN++o0kyKGzNKaZjgvmAxI9g4q3GOrsv2uFss+RV/KvQXgjmUqvn7z3cAqHWLH52eJDahwhCOtW4HfmrCDCvDCKfjQsdqmmIyxH3adihwQnWYTbcdoyPn9FAslXvCoKn7cyLDidajJHKdCTYDvVibmP/V2tbEZ2HGRGoNFWT2UWw5MhJNTkc9pigxfOQAE8XcrogMsMLEuIAKLoRg8eS/0DipBI6vXBplmCkPB3AIZQjgFKpwCTWoA4FbeIAnePak9+i9eK+z1pw3n9mHX/LevgFAhJBk</latexit><latexit sha1_base64="7QXAzNBuDk0/NVCrsjsXiEB8ihA=">AAAB7XicbZC5TgMxEIZnw5WEK0BJYxEhhSbapQkFRSQaynDkkJJV5HW8iYnXXtlepLDKO9BQgBAtD0NHgcTb4BwFJPySpU//zMgzfxBzpo3rfjuZldW19Y1sLr+5tb2zW9jbb2iZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gw4tJvXlPlWZS3JpRTP0I9wULGcHGWo1zdF1KTrqFolt2p0LL4M2hWM0+fH3c1HK1buGz05MkiagwhGOt254bGz/FyjDC6TjfSTSNMRniPm1bFDii2k+n247RsXV6KJTKPmHQ1P09keJI61EU2M4Im4FerE3M/2rtxIRnfspEnBgqyOyjMOHISDQ5HfWYosTwkQVMFLO7IjLAChNjA8rbELzFk5ehcVr2LF/ZNEowUxYO4QhK4EEFqnAJNagDgTt4hGd4caTz5Lw6b7PWjDOfOYA/ct5/ADVtkRs=</latexit><latexit sha1_base64="7QXAzNBuDk0/NVCrsjsXiEB8ihA=">AAAB7XicbZC5TgMxEIZnw5WEK0BJYxEhhSbapQkFRSQaynDkkJJV5HW8iYnXXtlepLDKO9BQgBAtD0NHgcTb4BwFJPySpU//zMgzfxBzpo3rfjuZldW19Y1sLr+5tb2zW9jbb2iZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gw4tJvXlPlWZS3JpRTP0I9wULGcHGWo1zdF1KTrqFolt2p0LL4M2hWM0+fH3c1HK1buGz05MkiagwhGOt254bGz/FyjDC6TjfSTSNMRniPm1bFDii2k+n247RsXV6KJTKPmHQ1P09keJI61EU2M4Im4FerE3M/2rtxIRnfspEnBgqyOyjMOHISDQ5HfWYosTwkQVMFLO7IjLAChNjA8rbELzFk5ehcVr2LF/ZNEowUxYO4QhK4EEFqnAJNagDgTt4hGd4caTz5Lw6b7PWjDOfOYA/ct5/ADVtkRs=</latexit><latexit sha1_base64="j/V2GMkGHBejQOcu+Vd+Zhfx3NI=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYRjEXSJYwO5lNxszOLHMRwpJ3sLFQxNb3sfNtnCRbaOIPAx//OYc5549SzrTx/W+vsLa+sblV3C7t7O7tH5QPj1paWkVok0guVSfCmnImaNMww2knVRQnEaftaHwzq7efqNJMigczSWmY4KFgMSPYOKt1je6r9rxfrvg1fy60CkEOFcjV6Je/egNJbEKFIRxr3Q381IQZVoYRTqelntU0xWSMh7TrUOCE6jCbbztFZ84ZoFgq94RBc/f3RIYTrSdJ5DoTbEZ6uTYz/6t1rYmvwoyJ1BoqyOKj2HJkJJqdjgZMUWL4xAEmirldERlhhYlxAZVcCMHyyavQuqgFju/8Sr2ax1GEEziFKgRwCXW4hQY0gcAjPMMrvHnSe/HevY9Fa8HLZ47hj7zPHxc1jgw=</latexit>

< R(u)
<latexit sha1_base64="PW44YFzvUGe1boiOdABP+Rkh98o=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYRjEXSJYwO5lNxszOLHMR4pJ3sLFQxNbX8BksBN/GyaXQ6A8DH/85hznnj1LOtPH9Ly+3tLyyupZfL2xsbm3vFHf3GlpaRWidSC5VK8KaciZo3TDDaStVFCcRp81oeDGpN++o0kyKGzNKaZjgvmAxI9g4q3GOrsv2uFss+RV/KvQXgjmUqvn7z3cAqHWLH52eJDahwhCOtW4HfmrCDCvDCKfjQsdqmmIyxH3adihwQnWYTbcdoyPn9FAslXvCoKn7cyLDidajJHKdCTYDvVibmP/V2tbEZ2HGRGoNFWT2UWw5MhJNTkc9pigxfOQAE8XcrogMsMLEuIAKLoRg8eS/0DipBI6vXBplmCkPB3AIZQjgFKpwCTWoA4FbeIAnePak9+i9eK+z1pw3n9mHX/LevgFAhJBk</latexit><latexit sha1_base64="7QXAzNBuDk0/NVCrsjsXiEB8ihA=">AAAB7XicbZC5TgMxEIZnw5WEK0BJYxEhhSbapQkFRSQaynDkkJJV5HW8iYnXXtlepLDKO9BQgBAtD0NHgcTb4BwFJPySpU//zMgzfxBzpo3rfjuZldW19Y1sLr+5tb2zW9jbb2iZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gw4tJvXlPlWZS3JpRTP0I9wULGcHGWo1zdF1KTrqFolt2p0LL4M2hWM0+fH3c1HK1buGz05MkiagwhGOt254bGz/FyjDC6TjfSTSNMRniPm1bFDii2k+n247RsXV6KJTKPmHQ1P09keJI61EU2M4Im4FerE3M/2rtxIRnfspEnBgqyOyjMOHISDQ5HfWYosTwkQVMFLO7IjLAChNjA8rbELzFk5ehcVr2LF/ZNEowUxYO4QhK4EEFqnAJNagDgTt4hGd4caTz5Lw6b7PWjDOfOYA/ct5/ADVtkRs=</latexit><latexit sha1_base64="7QXAzNBuDk0/NVCrsjsXiEB8ihA=">AAAB7XicbZC5TgMxEIZnw5WEK0BJYxEhhSbapQkFRSQaynDkkJJV5HW8iYnXXtlepLDKO9BQgBAtD0NHgcTb4BwFJPySpU//zMgzfxBzpo3rfjuZldW19Y1sLr+5tb2zW9jbb2iZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gw4tJvXlPlWZS3JpRTP0I9wULGcHGWo1zdF1KTrqFolt2p0LL4M2hWM0+fH3c1HK1buGz05MkiagwhGOt254bGz/FyjDC6TjfSTSNMRniPm1bFDii2k+n247RsXV6KJTKPmHQ1P09keJI61EU2M4Im4FerE3M/2rtxIRnfspEnBgqyOyjMOHISDQ5HfWYosTwkQVMFLO7IjLAChNjA8rbELzFk5ehcVr2LF/ZNEowUxYO4QhK4EEFqnAJNagDgTt4hGd4caTz5Lw6b7PWjDOfOYA/ct5/ADVtkRs=</latexit><latexit sha1_base64="j/V2GMkGHBejQOcu+Vd+Zhfx3NI=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYRjEXSJYwO5lNxszOLHMRwpJ3sLFQxNb3sfNtnCRbaOIPAx//OYc5549SzrTx/W+vsLa+sblV3C7t7O7tH5QPj1paWkVok0guVSfCmnImaNMww2knVRQnEaftaHwzq7efqNJMigczSWmY4KFgMSPYOKt1je6r9rxfrvg1fy60CkEOFcjV6Je/egNJbEKFIRxr3Q381IQZVoYRTqelntU0xWSMh7TrUOCE6jCbbztFZ84ZoFgq94RBc/f3RIYTrSdJ5DoTbEZ6uTYz/6t1rYmvwoyJ1BoqyOKj2HJkJJqdjgZMUWL4xAEmirldERlhhYlxAZVcCMHyyavQuqgFju/8Sr2ax1GEEziFKgRwCXW4hQY0gcAjPMMrvHnSe/HevY9Fa8HLZ47hj7zPHxc1jgw=</latexit>

R(u) <
<latexit sha1_base64="l2tnUSxHuozVk7uKBGTOn2EYgmg=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYRjEXSJYwO5lNxszOLHMR4pJ3sLFQxNbX8BksBN/GyaXQ6A8DH/85hznnj1LOtPH9Ly+3tLyyupZfL2xsbm3vFHf3GlpaRWidSC5VK8KaciZo3TDDaStVFCcRp81oeDGpN++o0kyKGzNKaZjgvmAxI9g4q3FdtsfovFss+RV/KvQXgjmUqvn7z3cAqHWLH52eJDahwhCOtW4HfmrCDCvDCKfjQsdqmmIyxH3adihwQnWYTbcdoyPn9FAslXvCoKn7cyLDidajJHKdCTYDvVibmP/V2tbEZ2HGRGoNFWT2UWw5MhJNTkc9pigxfOQAE8XcrogMsMLEuIAKLoRg8eS/0DipBI6vXBplmCkPB3AIZQjgFKpwCTWoA4FbeIAnePak9+i9eK+z1pw3n9mHX/LevgFBKJBk</latexit><latexit sha1_base64="ChIuOFw38zmIv3+r686+fOuGEKk=">AAAB7XicbZC5TgMxEIZnw5WEK0BJYxEhhSbapQkFRSQaynDkkJJV5HW8iYnXXtlepLDKO9BQgBAtD0NHgcTb4BwFJPySpU//zMgzfxBzpo3rfjuZldW19Y1sLr+5tb2zW9jbb2iZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gw4tJvXlPlWZS3JpRTP0I9wULGcHGWo3rUnKCzruFolt2p0LL4M2hWM0+fH3c1HK1buGz05MkiagwhGOt254bGz/FyjDC6TjfSTSNMRniPm1bFDii2k+n247RsXV6KJTKPmHQ1P09keJI61EU2M4Im4FerE3M/2rtxIRnfspEnBgqyOyjMOHISDQ5HfWYosTwkQVMFLO7IjLAChNjA8rbELzFk5ehcVr2LF/ZNEowUxYO4QhK4EEFqnAJNagDgTt4hGd4caTz5Lw6b7PWjDOfOYA/ct5/ADYRkRs=</latexit><latexit sha1_base64="ChIuOFw38zmIv3+r686+fOuGEKk=">AAAB7XicbZC5TgMxEIZnw5WEK0BJYxEhhSbapQkFRSQaynDkkJJV5HW8iYnXXtlepLDKO9BQgBAtD0NHgcTb4BwFJPySpU//zMgzfxBzpo3rfjuZldW19Y1sLr+5tb2zW9jbb2iZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gw4tJvXlPlWZS3JpRTP0I9wULGcHGWo3rUnKCzruFolt2p0LL4M2hWM0+fH3c1HK1buGz05MkiagwhGOt254bGz/FyjDC6TjfSTSNMRniPm1bFDii2k+n247RsXV6KJTKPmHQ1P09keJI61EU2M4Im4FerE3M/2rtxIRnfspEnBgqyOyjMOHISDQ5HfWYosTwkQVMFLO7IjLAChNjA8rbELzFk5ehcVr2LF/ZNEowUxYO4QhK4EEFqnAJNagDgTt4hGd4caTz5Lw6b7PWjDOfOYA/ct5/ADYRkRs=</latexit><latexit sha1_base64="TYSdzFZz01X4bb4va+rNNX/xl7c=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYRjEXSJYwO5lNxszOLHMRwpJ3sLFQxNb3sfNtnCRbaOIPAx//OYc5549SzrTx/W+vsLa+sblV3C7t7O7tH5QPj1paWkVok0guVSfCmnImaNMww2knVRQnEaftaHwzq7efqNJMigczSWmY4KFgMSPYOKt1X7Xn6Lpfrvg1fy60CkEOFcjV6Je/egNJbEKFIRxr3Q381IQZVoYRTqelntU0xWSMh7TrUOCE6jCbbztFZ84ZoFgq94RBc/f3RIYTrSdJ5DoTbEZ6uTYz/6t1rYmvwoyJ1BoqyOKj2HJkJJqdjgZMUWL4xAEmirldERlhhYlxAZVcCMHyyavQuqgFju/8Sr2ax1GEEziFKgRwCXW4hQY0gcAjPMMrvHnSe/HevY9Fa8HLZ47hj7zPHxfZjgw=</latexit>

R(u) <
<latexit sha1_base64="l2tnUSxHuozVk7uKBGTOn2EYgmg=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYRjEXSJYwO5lNxszOLHMR4pJ3sLFQxNbX8BksBN/GyaXQ6A8DH/85hznnj1LOtPH9Ly+3tLyyupZfL2xsbm3vFHf3GlpaRWidSC5VK8KaciZo3TDDaStVFCcRp81oeDGpN++o0kyKGzNKaZjgvmAxI9g4q3FdtsfovFss+RV/KvQXgjmUqvn7z3cAqHWLH52eJDahwhCOtW4HfmrCDCvDCKfjQsdqmmIyxH3adihwQnWYTbcdoyPn9FAslXvCoKn7cyLDidajJHKdCTYDvVibmP/V2tbEZ2HGRGoNFWT2UWw5MhJNTkc9pigxfOQAE8XcrogMsMLEuIAKLoRg8eS/0DipBI6vXBplmCkPB3AIZQjgFKpwCTWoA4FbeIAnePak9+i9eK+z1pw3n9mHX/LevgFBKJBk</latexit><latexit sha1_base64="ChIuOFw38zmIv3+r686+fOuGEKk=">AAAB7XicbZC5TgMxEIZnw5WEK0BJYxEhhSbapQkFRSQaynDkkJJV5HW8iYnXXtlepLDKO9BQgBAtD0NHgcTb4BwFJPySpU//zMgzfxBzpo3rfjuZldW19Y1sLr+5tb2zW9jbb2iZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gw4tJvXlPlWZS3JpRTP0I9wULGcHGWo3rUnKCzruFolt2p0LL4M2hWM0+fH3c1HK1buGz05MkiagwhGOt254bGz/FyjDC6TjfSTSNMRniPm1bFDii2k+n247RsXV6KJTKPmHQ1P09keJI61EU2M4Im4FerE3M/2rtxIRnfspEnBgqyOyjMOHISDQ5HfWYosTwkQVMFLO7IjLAChNjA8rbELzFk5ehcVr2LF/ZNEowUxYO4QhK4EEFqnAJNagDgTt4hGd4caTz5Lw6b7PWjDOfOYA/ct5/ADYRkRs=</latexit><latexit sha1_base64="ChIuOFw38zmIv3+r686+fOuGEKk=">AAAB7XicbZC5TgMxEIZnw5WEK0BJYxEhhSbapQkFRSQaynDkkJJV5HW8iYnXXtlepLDKO9BQgBAtD0NHgcTb4BwFJPySpU//zMgzfxBzpo3rfjuZldW19Y1sLr+5tb2zW9jbb2iZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gw4tJvXlPlWZS3JpRTP0I9wULGcHGWo3rUnKCzruFolt2p0LL4M2hWM0+fH3c1HK1buGz05MkiagwhGOt254bGz/FyjDC6TjfSTSNMRniPm1bFDii2k+n247RsXV6KJTKPmHQ1P09keJI61EU2M4Im4FerE3M/2rtxIRnfspEnBgqyOyjMOHISDQ5HfWYosTwkQVMFLO7IjLAChNjA8rbELzFk5ehcVr2LF/ZNEowUxYO4QhK4EEFqnAJNagDgTt4hGd4caTz5Lw6b7PWjDOfOYA/ct5/ADYRkRs=</latexit><latexit sha1_base64="TYSdzFZz01X4bb4va+rNNX/xl7c=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2bbSwCNhYRjEXSJYwO5lNxszOLHMRwpJ3sLFQxNb3sfNtnCRbaOIPAx//OYc5549SzrTx/W+vsLa+sblV3C7t7O7tH5QPj1paWkVok0guVSfCmnImaNMww2knVRQnEaftaHwzq7efqNJMigczSWmY4KFgMSPYOKt1X7Xn6Lpfrvg1fy60CkEOFcjV6Je/egNJbEKFIRxr3Q381IQZVoYRTqelntU0xWSMh7TrUOCE6jCbbztFZ84ZoFgq94RBc/f3RIYTrSdJ5DoTbEZ6uTYz/6t1rYmvwoyJ1BoqyOKj2HJkJJqdjgZMUWL4xAEmirldERlhhYlxAZVcCMHyyavQuqgFju/8Sr2ax1GEEziFKgRwCXW4hQY0gcAjPMMrvHnSe/HevY9Fa8HLZ47hj7zPHxfZjgw=</latexit>

Figure 7.11: AVL case 5

To complete our discussion of addition and deletion in AVL trees, we first observe that each
rotation can be executed in constant time. For addition, only a single rotation is needed, as
the tree resulting from the rotation will have height equal to the height of the tree prior to the
modification. However, for a deletion, the replacement tree might result in a new pivot node
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being identified and consequently a subsequent rotation, as in Cases 1, 2, 4, and 5. The total
number of rotations will be at most the number of nodes on the path from the deleted node to
the root of the tree, or O(log n) due to the bound on the height of an AVL tree.

7.7.3 (2,3) trees

Another idea for reducing the height of a search tree comes from the observation that if instead
of storing one data item in a node u, partitioning the values in Tu into those in the left subtree
(values smaller than the key in u) and those in the right subtree (values greater than the key in
u), if we store c data items in a node u, we can partition the values into c + 1 subtrees (values
smaller than the first key in u, values between the first and second keys in u, and so on, with the
last partition being values greater than the cth key in u). In the extreme case of c = n− 1, we
could form a tree of height 1, though such a structure has two drawbacks: the cost of choosing
among the n subtrees would no longer be constant, and implementing additions or deletions
could be costly.

In the next data structure, we make use of nodes storing multiple data values (and hence
multiple keys) in order to provide flexibility that can be exploited in maintaining a bound on
the height while supporting additions and deletions. We define a (2, 3) tree to have two types of
internal nodes: each has either one data item and two children or two data items (with the first
having a key smaller than the second) and three children. Leaves are at the same depth, and
each one contains either one or two data items. Search is possible as the following properties
are maintained:

• for a node with one data item, keys of data items in the left subtree are smaller than the
key in the node and keys of data items in the right subtree are larger than the key in the
node, and

• for a node with two data items, keys of data items in the left subtree are smaller than the
first key in the node, keys of data items in the middle subtree are larger than the first key
in the node and smaller than the second key in the node, and keys of data items in the
right subtree are larger than the second key in the node.

The operation Look Up is then a minor modification of a search in a binary search tree,
where instead of checking a single key at a node, two keys may be checked. More formally, the
search starts at the root of the tree as the current node. If the current node is an internal node
with one key, the sought key is compared to the stored key; the search terminates if the keys
are equal, and otherwise either the left child or the right child of the current node becomes the
current node, depending on whether the sought key is less than or greater than the key stored
in the current node. If instead the current node is an internal node with two keys, the sought
key is first compared to the first stored key, with the search terminating if they are equal and
the left child becoming the current node if the sought key is smaller than the first stored key.
Otherwise, the sought key is compared to the second stored key, with the search terminating
if the keys are equal, the middle child becoming the current node if the sought key is smaller
than the second stored key, and the right child becoming the current node otherwise. For a leaf
node, the sought key is compared to each stored key, resulting in the key either being found or
being determined to be absent from the tree.
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We can implement Add in a manner similar to that in binary search trees, using the fact
that each unsuccessful search terminates in a leaf. The new data item can be added to the
leaf, if there is space for an additional value to be stored. Otherwise, we add the new data
item, resulting in overflow (a node having too many keys) and then execute one or more split
operations to modify the tree so that it is again a (2, 3) tree.

Executing the split operation on a leaf ` entails replacing `, which now contains three data
items, by two leaves, one for the data item with the smallest key and one for the data item with
the largest key. The data item m with the middle key now needs to be incorporated into a node
at the level above the leaf. If the parent p of the leaf has a single data item and two children,
then p can be modified to have two data items (including m) and three children (including both
of the new leaves). In particular, if ` was the left child of its parent, m becomes the first key in
p and the new leaves become the left and middle children of p; otherwise, m becomes the second
key in p and the new leaves become the middle and right children of p. However, if the parent
p of the leaf already had two keys, then we can temporarily add the new key and subtrees to p,
resulting in another overflow and hence another split, this time at p.

The execution of a split operation on an internal node is similar to the operation on a leaf,
with the additional task of allocating subtrees to the newly formed nodes. Due to the overflow,
the node to split stores three data items and has links to four subtrees. We replace the node by
two new nodes, one containing the leftmost data item and two leftmost subtrees and the other
containing the rightmost data item and the two rightmost subtrees. The middle data item is
then passed up to the parent of the node, where it in turn may result in a further overflow and
split. The process will terminate either by encountering a node with only a single data item or
by splitting the root to make the tree higher.

A similar idea is used in deletion, which as in the algorithm for the binary search tree, starts
with a search. In this case, if the data item sought is not in a leaf, its inorder successor s
is in a leaf, as otherwise there would be at least one value in the left subtree of s and hence
between the sought data item and s, violating the definition of an inorder successor. In the
latter case we exchange the node with its inorder successor so that deletion always starts from
a leaf. If the leaf containing the data item to delete contains two data items, we can delete one
and be guaranteed that the result is a (2, 3) tree. Otherwise, deleting the data item results in
underflow, a node with too few data items.

If the empty leaf has a sibling with two data items, then it is possible to rearrange the data
items in the parent and siblings of the leaf to ensure that each leaf has at least one and at most
two data items. Otherwise, we can fuse together two leaves to form a single leaf that contains
the data items in the leaves as well as the data item in the parent that was used to choose
between the leaves. If removal of the data item from the parent again results in underflow, we
continue the process as far as needed, potentially reaching the root of the tree.

To determine the costs of addition and deletion, we observe that each split or fuse can be
executed in constant time, and that the number of splits or fuses will be at most the height of
the tree, which is in O(log n).

An idea similar to that used in the (2, 3) tree can be used in the B-tree (Section 7.10.2),
where now the maximum number of data items stored in a node is related to the size of a page,
allowing for efficient use of external memory.
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7.7.4 Hashing

The basic idea behind hashing is that when keys are digital data, a function (called a hash
function) can be devised that maps each key to an index, called a bucket. Because more than
one key can be assigned to the same bucket, the performance of various methods of hashing
depends on how they handle collisions, that is, keys that map to the same bucket. Since most
schemes can have terrible worst-case behaviour, hashing schemes are typicaly analyzed using
average-case analysis; in some situations, randomization is used as a further tool to help avoid
the worst case.

The two basic ways to handle collisions, or collision resolution methods, are separate
chaining, in which all items that map to a particular bucket are stored there (such as in a
linked list), and open addressing, in which only a single item is stored in each bucket. In
open addressing, collisions will inevitably lead to items being redirected to other buckets, with
the resulting increase in search time.

Search time is measured in terms of the number of probes, or comparisons with other keys;
the average number of probes for a search is compared to the load factor, which is the total
number of keys divided by the number of buckets.

Hash functions

To determine the mapping between keys and buckets, we make use of one or more hash func-
tions, where a hash function maps any key value to one of the possible buckets (typically the
integers 0 through B − 1, for B the number of buckets). The goal of each hash function is to
distribute keys as evenly as possible without requiring a lot of computation time. Here it is
critical that keys be digital data on which such functions can be applied.

In defining hash functions, we view each key as a sequence of bits; in this manner, although
the data item might be a string or an image, it can be interpreted as a number, and hence an
input to a hash function.

Because the goal is to generate numbers in the range from 0 to B−1, two natural techniques
to use are the selection of blogBe bits to represent numbers in the range, or to use the function
mod to use the value k mod B in the range. Pros and cons of various options will be discussed
in class.

In the remainder of our discussion on hashing, we use f to denote a hash function.

Separate chaining

In separate chaining, each key k is stored in the bucket f(k), which is implemented as a linked
list. We can thus implement Add in constant time by adding an item to the beginning of the
list. However, the worst-case costs of Look Up and Delete are both in Θ(n), as a linear
number of keys may end up in the same bucket.

Advantages of separate chaining include the flexiblity in size of buckets and low cost for
modifications. Disadvantages include not only the linear worst-case time but also the extra
space needed to store pointers in a linked list.
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Open addressing

In open addressing, at most one item is stored in each bucket. Associated with each data item
is a probe sequence, the order in which buckets are to be searched in order to find the item
or insert the item. We will consider various ways of choosing probe sequences.

If we consider the special case in which there are no deletions, then we can use the first empty
slot encountered in a probe sequence as the location to add a data item (or, if in a search, as an
indication that the item is not present). More sophisticated schemes can be used in which items
in a probe sequence are stored in sorted order, so that the insertion of one item might entail the
reinsertion of another item. For deletion, items can be rearranged or, to aid in search, a marker
can be placed in a slot to indicate that an item had been present and was then deleted.

Open addressing does not require extra space for pointers, but there is less flexibility in the
use of space than in separate chaining. In particular, the number of items stored is limited to
the number of buckets.

One of the most straightforward ways of choosing a probe sequence is to start at the bucket
f(k) and, if that is not available, to check the next buckets in order, wrapping around to the
first bucket once the last bucket has been checked. Such a probe sequence is known as linear
probing, as it behaves like linear search. More formally, for B the number of buckets, the first
bucket in the sequence is f(k), and for any position p in the sequence, the next is calculated
as (p + 1) mod B. Unfortunately, linear probing often leads to clustering, the phenomenon in
which once a collision occurs, more collisions tend to pile up in the same location.

To try to avoid clustering, instead of using an offset of one between subsequent buckets in
each probe sequence, we might opt to use different offsets between different positions in the
sequence. In quadratic probing, position i in the probe sequence (starting at position 0) is
(f(k) + i2) mod B. Although such a method does avoid having all the probe sequences cover
the same subsequence, it still has the problem that if f(k1) = f(k2), the probe sequences for k1
and k2 will be identical.

In double hashing, a second hash function is used to choose the offsets for a particular key
k. In this scheme, position i in the probe sequence for k will be (f1(k) + if2(k)) mod B, where
f1 is the primary hash function and f2 is the secondary hash function. Here we need to be
careful to choose values carefully in such a way that each probe sequence visits all buckets; as
discussed in class, we need to ensure that the secondary hash value and the size of the hash
table are relatively prime, as defined in Appendix B.4. One easy way to do so is to choose
the size of the hash table to be a prime number.

7.7.5 Skip lists

As the skip list data structure is presented only briefly at the end of the course, students are
not expected to understand more than is presented in class.

The idea behind the skip list is to combine the best attributes of both linked and contiguous
data structures, namely ease of modification and ease of search, using randomization to obtain
good behaviour. Each data item is represented by a vertical linked list of h nodes, where h is
the height of the item; there are also horizontal linked lists formed by all nodes at the same
level. In addition, there are linked lists representing negative and positive infinity, with height
greater than that for any of the data items. Randomization is used to select the height of a
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newly added node.
Searching in a skip list is conducted by starting at the highest level, determining the largest

key at that level that is no greater than the item being sought. If the item itself is found, either
the search can terminate or, if additional data is stored with the node at the bottom level, the
vertical linked list for the data item can be traversed. If the item is not found, then the same
process is started at the next level down. Since all items are represented at the bottom level,
eventually either the item will be found or the position in the skip list where it should be added
will be located.

7.8 Data structures for priority queues

In class we focus on one data structure for priority queues, namely the heap, which is a special
type of binary tree; the constraints on the heap allow it to be efficiently implemented using the
array implementation of a binary tree. The heap is a complete binary tree such that the keys
stored in each node satisfy the heap-order property: the key in a node is no greater than
the key stored in either child of the node, if any. The combination of strict requirements on the
shape of the tree and loose requirements on the placement of keys in nodes leads to efficient
support for priority queue operations.

The heap-order property ensures that the minimum element is located in the root, allowing
for a simple constant-time implementation of Look Up Min by returning the data item at
index 0 in the array. Consequently, locating the minimum element for Delete Min is trivial,
with the challenge being to ensure that after its removal the remaining data items form a heap.
Similarly, finding where to add the next leaf in a complete tree is trivial (it is at the array
index one greater than the index storing the last leaf); the difficulty lies in making sure that
the complete tree satisfies the heap-order property. For both Delete Min and Add, we will
augment the ADT Binary Tree to support an operation Swap Node Values, allowing us to
express our algorithms as a sequence of such swaps.

The algorithm used to implement Add begins by placing the new key in the leaf after the
last leaf, and then using “bubble up” to fix the keys along the path from the new leaf to the
root by a series of swaps. Starting with the new leaf as the current node, we check the keys in
the current node and its parent. If the key in the current node is greater than the key in its
parent, we stop. Otherwise, we swap the keys in the current node and its parent, making the
parent into the current node.

To see why the execution of “bubble up” ensures that the resulting tree satisfies the heap-
order property, we first observe that if there is no change to the keys in the children of a
node, then since the heap-order property was satisfied at the node before the addition, it would
continue to be satisfied after the addition. We now consider the outcome of a swap, using C
to denote the key stored at the current node, P to denote the key stored in the parent of the
current node, and S to denote the key stored in the sibling of the current node. Since there
was no change to S, P < S. Due to the previous swaps, now C < P . After swapping the keys
C and P , the parent now contains C and the children contain P and S. Because C < P and
C < P < S, the heap-order property is satisfied at the parent.

To determine the cost of Add, we rely on the fact that the height of the tree is in Θ(log n).
Since a single swap can be executed in constant time (it involves the changing of a constant
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number of pointers and data items) and the maximum number of swaps is the height of the
tree, the total worst-case cost is in Θ(log n).

We use a similar idea to execute Delete Min: we remove the key at the root, move the
key in the last leaf to the root to form a complete binary tree, and then swap keys until the
heap-order property is restored. In “bubble down” we start with the root as the current node,
repeatedly making adjustments until there are no violations to fix. To fix the problem at the
current node, we examine the keys stored at the node and both of its children (or, if it has only
a left child, the key stored in that child). If the key at the parent is not smaller than the keys
stored in the children, then the data item in the child with the smaller key is swapped with the
data item in the parent, with that child becoming the new current node. Since the key stored in
the parent is the smallest of the three keys, clearly the heap-order property holds at the parent.

Using an argument similar to that for Add, it can be seen that each swap can be executed
in constant time, and hence the worst-case cost is in Θ(log n).

For sorting using a heap, please see Section 8.3.2.

7.9 Data structures for multi-dimensional data

7.9.1 Quadtree

A quadtree is a data structure that works well for two-dimensional data, such as the pixels
in an image. At each level in the tree, the space is divided into four quadrants, with a node
representing each quadrant. Multiple levels can be used to place data items at distinct leaves
of the tree.

The quadtree can be generalized to three dimensions by breaking up a three-dimensional
cube into eight regions, resulting in an octtree.

7.9.2 k-d tree

A k-d tree makes it possible to tailor a tree to the placement of data items in space, which is
useful in situations that result in inefficient quadtrees. To form a k-d tree, the space is repeatedly
divided into two pieces, either horizontally or vertically, so that half of the data items in the
space appear in each piece. The split is made either horizontally or vertically such that the
dimension chosen has the larger range of values.

7.10 Other data structures

7.10.1 Trie

A trie (originally pronounced “tree” for “reTRIEval”, now also pronounced “try”) is a data
structure used to store strings. By viewing a string as a sequence of characters, we can use
the characters to search for a string in a tree. Each node in the tree may have a child for each
possible character. Thus, a string of length ` can be found by searching through ` nodes, one
for each character.

65



As an optimization, in a compressed tree paths through the tree can be compressed by
observing that if a node has only a single child, the node itself is not required in the search. In
such a data structure, it is possible that a string of length ` can be found by searching fewer than
` nodes, in particular when other strings are dissimilar, and would not share nodes encountered
in the search in a trie.

7.10.2 B-tree

A B-tree is similar to a (2,3) tree (Section 7.7.3) in that each node may contain a range of
values and have a range of children; in this case, the size of the range is related to the amount
of information that can be transferred at once between different levels of memory.

7.11 Other criteria and analysis

Towards the end of the course, as time permits, we will briefly discuss various ways in which we
design and assess data structures, according to different demands of various applications. For
example, kinetic data structures are used to capture the idea of motion and persistent data
structures store multiple versions simultaneously. The area of succinct data structures
focuses on creating data structures that use as little space as possible.

When analyzing the worst-case costs of implementations of operations, we typically ignore
the relationship among operations. In amortized analysis, we calculate the worst-case cost of
a sequence of operations. When an expensive operation can only happen after a long sequence of
cheap operations, such an analysis gives a more accurate representation of the cost of a sequence
of operations, as it can be much less than the sum of the worst-case costs of each individual
operation in the sequence.
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u
<latexit sha1_base64="pPPJvH7c/aw1RZwZ1CxtzeTgG20=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtWtorFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lmleslGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBNTaOog==</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="Ywj1f2Kq6n9YEC1dZHbeGeRu7A4=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEySCa+N5387K6tr6xmZuy93e2d3bzx8c1nWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwvJ7kjXtUmsfy1owS7ES0L3nIGTXWqqbdfMErelORZfDnULj6cC+T9y+30s1/tnsxSyOUhgmqdcv3EtPJqDKcCRy77VRjQtmQ9rFlUdIIdSebDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8taqQkvOhmXSWpQstlHYSqIiclka9LjCpkRIwuUKW5nJWxAFWXG3sa1R/AXV16GeqnoW656hXIJZsrBMZzAGfhwDmW4gQrUgAHCAzzBs3PnPDovzuusdMWZ9xzBHzlvPybFkBY=</latexit><latexit sha1_base64="XQ6D8dM6Yz99GICDTT8NqqqdiqI=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCItFz2SePEIiQUSaMh2mcLKdtvsbk1Iwy/w4kFjvPqTvPlvXKAHBd9kkyfvzGRn3jAVXBvX/XZKW9s7u3vl/crB4dHxSfX0rKOTTDH0WSIS1QupRsEl+oYbgb1UIY1Dgd1wereod59QaZ7IBzNLMYjpWPKIM2qs1c6G1Zpbd5cim+AVUINCrWH1azBKWBajNExQrfuem5ogp8pwJnBeGWQaU8qmdIx9i5LGqIN8ueicXFlnRKJE2ScNWbq/J3Iaaz2LQ9sZUzPR67WF+V+tn5noNsi5TDODkq0+ijJBTEIWV5MRV8iMmFmgTHG7K2ETqigzNpuKDcFbP3kTOo26Z7nt1pqNIo4yXMAlXIMHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3I+fwDbn4zl</latexit>

R(u)
<latexit sha1_base64="tiDWmCkmrVhlc+6ifZCvhGDoZ4Q=">AAAB63icbZDLSgMxFIbP1Futt1GXboJFqJsy46YuC25ctmIv0A4lk2ba0CQzJBmhDH0FNy4Ucet7+AzufAsfwUzbhbb+EPj4zznknD9MONPG876cwsbm1vZOcbe0t39weOQen7R1nCpCWyTmseqGWFPOJG0ZZjjtJopiEXLaCSc3eb3zQJVmsbw304QGAo8kixjBJrfuKunlwC17VW8utA7+Esp1t/n9AQCNgfvZH8YkFVQawrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsSiyoDrL5rjN0YZ0himJlnzRo7v6eyLDQeipC2ymwGevVWm7+V+ulJroOMiaT1FBJFh9FKUcmRvnhaMgUJYZPLWCimN0VkTFWmBgbT8mG4K+evA7tq6pvuWnT8GChIpzBOVTAhxrU4RYa0AICY3iEZ3hxhPPkvDpvi9aCs5w5hT9y3n8AYmOP9Q==</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="jXeb9jsS1aMe5B3/8EKEUHgI9uk=">AAAB63icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBtdFty4cNGKvUA7lEyatqFJZkgyQhn6BIIbF4q49Ul8A3e+hY9gpu1CW38IfPznHHLOH8acaeN5X05uZXVtfSO/Wdja3tndc/cPGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go6us3rynSrNI3plxTAOBB5L1GcEms25LyVnXLXplbyq0DP4cihW39v1xc/RQ7bqfnV5EEkGlIRxr3fa92AQpVoYRTieFTqJpjMkID2jbosSC6iCd7jpBp9bpoX6k7JMGTd3fEykWWo9FaDsFNkO9WMvM/2rtxPQvg5TJODFUktlH/YQjE6HscNRjihLDxxYwUczuisgQK0yMjadgQ/AXT16GxnnZt1yzaXgwUx6O4QRK4MMFVOAaqlAHAkN4hGd4cYTz5Lw6b7PWnDOfOYQ/ct5/AKgxkOk=</latexit><latexit sha1_base64="PdLcRdvxsudx11NwKHVDN3lGaBg=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2bbQM2FhGMRdIljA7mU2GzGWZmRXCklewsVDE1hey822cTbbQxB8GPv5zDnPOHyWcGev7315pY3Nre6e8W9nbPzg8qh6fdIxKNaFtorjSvQgbypmkbcssp71EUywiTrvR9Davd5+oNkzJRztLaCjwWLKYEWxz66GeXg6rNb/hL4TWISigBoVaw+rXYKRIKqi0hGNj+oGf2DDD2jLC6bwySA1NMJniMe07lFhQE2aLXefowjkjFCvtnrRo4f6eyLAwZiYi1ymwnZjVWm7+V+unNr4JMyaT1FJJlh/FKUdWofxwNGKaEstnDjDRzO2KyARrTKyLp+JCCFZPXofOVSNwfO/Xmn4RRxnO4BzqEMA1NOEOWtAGAhN4hld484T34r17H8vWklfMnMIfeZ8/QpyNpA==</latexit>

TL(u)
<latexit sha1_base64="V/jL8j7ziCDxxBJnZfmWD/Hzd6k=">AAAB73icbZC7SgNBFIbPxluMt6iV2AwGITZhN42WARsLiwi5QbKE2ckkGTI7u86cFcKSl7CxUMTWh7Gx80HsnVwKTfxh4OM/5zDn/EEshUHX/XIya+sbm1vZ7dzO7t7+Qf7wqGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P680Hro2IVA3HMfdDOlCiLxhFa7Vq3fS2mFxMuvmCW3JnIqvgLaBQOfn+IABQ7eY/O72IJSFXyCQ1pu25Mfop1SiY5JNcJzE8pmxEB7xtUdGQGz+d7Tsh59bpkX6k7VNIZu7viZSGxozDwHaGFIdmuTY1/6u1E+xf+alQcYJcsflH/UQSjMj0eNITmjOUYwuUaWF3JWxINWVoI8rZELzlk1ehUS55lu9sGmWYKwuncAZF8OASKnADVagDAwmP8Awvzr3z5Lw6b/PWjLOYOYY/ct5/AGCPka4=</latexit><latexit sha1_base64="AhJjANM4dNCOiasO7Rg2P5g0owE=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARsLiwi5QbKE2clsMmR2dp2LEJa8hI2FIra+gG9hY+dDWNo7uRSa+MPAx3/OYc75g4QzpV3301lZXVvf2MxsZXPbO7t7+f2DhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8HJSb95RqVgsanqUUD/CfcFCRrC2VqvWTa+L5mzczRfckjsVWgZvDoXK0fd77u2rX+3mPzq9mJiICk04VqrtuYn2Uyw1I5yOsx2jaILJEPdp26LAEVV+Ot13jE6t00NhLO0TGk3d3xMpjpQaRYHtjLAeqMXaxPyv1jY6vPBTJhKjqSCzj0LDkY7R5HjUY5ISzUcWMJHM7orIAEtMtI0oa0PwFk9ehka55Fm+sWmUYaYMHMMJFMGDc6jAFVShDgQ43MMjPDm3zoPz7LzMWlec+cwh/JHz+gP+IJOj</latexit><latexit sha1_base64="AhJjANM4dNCOiasO7Rg2P5g0owE=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARsLiwi5QbKE2clsMmR2dp2LEJa8hI2FIra+gG9hY+dDWNo7uRSa+MPAx3/OYc75g4QzpV3301lZXVvf2MxsZXPbO7t7+f2DhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8HJSb95RqVgsanqUUD/CfcFCRrC2VqvWTa+L5mzczRfckjsVWgZvDoXK0fd77u2rX+3mPzq9mJiICk04VqrtuYn2Uyw1I5yOsx2jaILJEPdp26LAEVV+Ot13jE6t00NhLO0TGk3d3xMpjpQaRYHtjLAeqMXaxPyv1jY6vPBTJhKjqSCzj0LDkY7R5HjUY5ISzUcWMJHM7orIAEtMtI0oa0PwFk9ehka55Fm+sWmUYaYMHMMJFMGDc6jAFVShDgQ43MMjPDm3zoPz7LzMWlec+cwh/JHz+gP+IJOj</latexit><latexit sha1_base64="/bKeSdnznbONQuPSmtTAJGpoKM4=">AAAB73icbZA9SwNBEIbn/IzxK2ppsxiE2IS7NFoGbCwsIuQLkiPsbeaSJXt75+6eEI78CRsLRWz9O3b+GzfJFZr4wsLDOzPszBskgmvjut/OxubW9s5uYa+4f3B4dFw6OW3rOFUMWywWseoGVKPgEluGG4HdRCGNAoGdYHI7r3eeUGkey6aZJuhHdCR5yBk11uo2B9l9Jb2aDUplt+ouRNbBy6EMuRqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIexYljVD72WLfGbm0zpCEsbJPGrJwf09kNNJ6GgW2M6JmrFdrc/O/Wi814Y2fcZmkBiVbfhSmgpiYzI8nQ66QGTG1QJnidlfCxlRRZmxERRuCt3ryOrRrVc/yg1uu1/I4CnAOF1ABD66hDnfQgBYwEPAMr/DmPDovzrvzsWzdcPKZM/gj5/MHXRiPcw==</latexit>

TL(u)
<latexit sha1_base64="V/jL8j7ziCDxxBJnZfmWD/Hzd6k=">AAAB73icbZC7SgNBFIbPxluMt6iV2AwGITZhN42WARsLiwi5QbKE2ckkGTI7u86cFcKSl7CxUMTWh7Gx80HsnVwKTfxh4OM/5zDn/EEshUHX/XIya+sbm1vZ7dzO7t7+Qf7wqGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P680Hro2IVA3HMfdDOlCiLxhFa7Vq3fS2mFxMuvmCW3JnIqvgLaBQOfn+IABQ7eY/O72IJSFXyCQ1pu25Mfop1SiY5JNcJzE8pmxEB7xtUdGQGz+d7Tsh59bpkX6k7VNIZu7viZSGxozDwHaGFIdmuTY1/6u1E+xf+alQcYJcsflH/UQSjMj0eNITmjOUYwuUaWF3JWxINWVoI8rZELzlk1ehUS55lu9sGmWYKwuncAZF8OASKnADVagDAwmP8Awvzr3z5Lw6b/PWjLOYOYY/ct5/AGCPka4=</latexit><latexit sha1_base64="AhJjANM4dNCOiasO7Rg2P5g0owE=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARsLiwi5QbKE2clsMmR2dp2LEJa8hI2FIra+gG9hY+dDWNo7uRSa+MPAx3/OYc75g4QzpV3301lZXVvf2MxsZXPbO7t7+f2DhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8HJSb95RqVgsanqUUD/CfcFCRrC2VqvWTa+L5mzczRfckjsVWgZvDoXK0fd77u2rX+3mPzq9mJiICk04VqrtuYn2Uyw1I5yOsx2jaILJEPdp26LAEVV+Ot13jE6t00NhLO0TGk3d3xMpjpQaRYHtjLAeqMXaxPyv1jY6vPBTJhKjqSCzj0LDkY7R5HjUY5ISzUcWMJHM7orIAEtMtI0oa0PwFk9ehka55Fm+sWmUYaYMHMMJFMGDc6jAFVShDgQ43MMjPDm3zoPz7LzMWlec+cwh/JHz+gP+IJOj</latexit><latexit sha1_base64="AhJjANM4dNCOiasO7Rg2P5g0owE=">AAAB73icbZC7SgNBFIbPeo2Jl6iV2AwGITZhN42WARsLiwi5QbKE2clsMmR2dp2LEJa8hI2FIra+gG9hY+dDWNo7uRSa+MPAx3/OYc75g4QzpV3301lZXVvf2MxsZXPbO7t7+f2DhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8HJSb95RqVgsanqUUD/CfcFCRrC2VqvWTa+L5mzczRfckjsVWgZvDoXK0fd77u2rX+3mPzq9mJiICk04VqrtuYn2Uyw1I5yOsx2jaILJEPdp26LAEVV+Ot13jE6t00NhLO0TGk3d3xMpjpQaRYHtjLAeqMXaxPyv1jY6vPBTJhKjqSCzj0LDkY7R5HjUY5ISzUcWMJHM7orIAEtMtI0oa0PwFk9ehka55Fm+sWmUYaYMHMMJFMGDc6jAFVShDgQ43MMjPDm3zoPz7LzMWlec+cwh/JHz+gP+IJOj</latexit><latexit sha1_base64="/bKeSdnznbONQuPSmtTAJGpoKM4=">AAAB73icbZA9SwNBEIbn/IzxK2ppsxiE2IS7NFoGbCwsIuQLkiPsbeaSJXt75+6eEI78CRsLRWz9O3b+GzfJFZr4wsLDOzPszBskgmvjut/OxubW9s5uYa+4f3B4dFw6OW3rOFUMWywWseoGVKPgEluGG4HdRCGNAoGdYHI7r3eeUGkey6aZJuhHdCR5yBk11uo2B9l9Jb2aDUplt+ouRNbBy6EMuRqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIexYljVD72WLfGbm0zpCEsbJPGrJwf09kNNJ6GgW2M6JmrFdrc/O/Wi814Y2fcZmkBiVbfhSmgpiYzI8nQ66QGTG1QJnidlfCxlRRZmxERRuCt3ryOrRrVc/yg1uu1/I4CnAOF1ABD66hDnfQgBYwEPAMr/DmPDovzrvzsWzdcPKZM/gj5/MHXRiPcw==</latexit>

TL(R(u))
<latexit sha1_base64="hpkzg6RAFVJH25fgGavElQHKg7Q=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWFlFyETZLmJ3MJkNmZ5aZWSEseQwbC0VsfRUbOx/E3sml0MQfBj7+cw5zzh8mnGnjul9Obm19Y3Mrv13Y2d3bPygeHrW1TBWhLSK5VPch1pQzQVuGGU7vE0VxHHLaCUdX03rngSrNpGiacUKDGA8EixjBxlp+s5fdlO/KaaUy6RVLbtWdCa2Ct4BS/eT7AwFAo1f87PYlSWMqDOFYa99zExNkWBlGOJ0UuqmmCSYjPKC+RYFjqoNstvIEnVunjyKp7BMGzdzfExmOtR7Hoe2MsRnq5drU/K/mpya6DDImktRQQeYfRSlHRqLp/ajPFCWGjy1gopjdFZEhVpgYm1LBhuAtn7wK7VrVs3xr06jBXHk4hTMogwcXUIdraEALCEh4hGd4cYzz5Lw6b/PWnLOYOYY/ct5/AM5tkm8=</latexit><latexit sha1_base64="gjguZ5SY9DyBHMQTWHntPmaTU1c=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS7dlpJyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsDZRk</latexit><latexit sha1_base64="gjguZ5SY9DyBHMQTWHntPmaTU1c=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS7dlpJyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsDZRk</latexit><latexit sha1_base64="w9M/I42A1U7+jL8mYIDUf++CYpg=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cuKjSG0yHkkkzbWgmGZKMUIY+hhsXirj1adz5NqbtLLT1h8DHf84h5/xhwpk2rvvtFLa2d3b3ivulg8Oj45Py6VlXy1QR2iGSS9UPsaacCdoxzHDaTxTFcchpL5zeLuq9J6o0k6JtZgkNYjwWLGIEG2v57WF2X32sprXafFiuuHV3KbQJXg4VyNUalr8GI0nSmApDONba99zEBBlWhhFO56VBqmmCyRSPqW9R4JjqIFuuPEdX1hmhSCr7hEFL9/dEhmOtZ3FoO2NsJnq9tjD/q/mpiW6CjIkkNVSQ1UdRypGRaHE/GjFFieEzC5goZndFZIIVJsamVLIheOsnb0K3UfcsP7iVZiOPowgXcAlV8OAamnAHLegAAQnP8ApvjnFenHfnY9VacPKZc/gj5/MHyvaQNA==</latexit> TL(R(u))

<latexit sha1_base64="hpkzg6RAFVJH25fgGavElQHKg7Q=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzYWFlFyETZLmJ3MJkNmZ5aZWSEseQwbC0VsfRUbOx/E3sml0MQfBj7+cw5zzh8mnGnjul9Obm19Y3Mrv13Y2d3bPygeHrW1TBWhLSK5VPch1pQzQVuGGU7vE0VxHHLaCUdX03rngSrNpGiacUKDGA8EixjBxlp+s5fdlO/KaaUy6RVLbtWdCa2Ct4BS/eT7AwFAo1f87PYlSWMqDOFYa99zExNkWBlGOJ0UuqmmCSYjPKC+RYFjqoNstvIEnVunjyKp7BMGzdzfExmOtR7Hoe2MsRnq5drU/K/mpya6DDImktRQQeYfRSlHRqLp/ajPFCWGjy1gopjdFZEhVpgYm1LBhuAtn7wK7VrVs3xr06jBXHk4hTMogwcXUIdraEALCEh4hGd4cYzz5Lw6b/PWnLOYOYY/ct5/AM5tkm8=</latexit><latexit sha1_base64="gjguZ5SY9DyBHMQTWHntPmaTU1c=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS7dlpJyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsDZRk</latexit><latexit sha1_base64="gjguZ5SY9DyBHMQTWHntPmaTU1c=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYWETJDTZLmJ3MJkNmZ5aZs0JY8hg2ForYWvsWNnY+hKW9k0uhiT8MfPznHOacP4g50+A4n1ZmbX1jcyu7ncvv7O7tFw4OW1omitAmkVyqToA15UzQJjDgtBMriqOA03YwupzW23dUaSZFA8Yx9SM8ECxkBIOxvEYvvS7dlpJyedIrFJ2KM5O9Cu4CirXj7/f829eg3it8dPuSJBEVQDjW2nOdGPwUK2CE00mum2gaYzLCA+oZFDii2k9nK0/sM+P07VAq8wTYM/f3RIojrcdRYDojDEO9XJua/9W8BMILP2UiToAKMv8oTLgN0p7eb/eZogT42AAmipldbTLEChMwKeVMCO7yyavQqlZcwzcmjSqaK4tO0CkqIRedoxq6QnXURARJdI8e0ZMF1oP1bL3MWzPWYuYI/ZH1+gNsDZRk</latexit><latexit sha1_base64="w9M/I42A1U7+jL8mYIDUf++CYpg=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25cuKjSG0yHkkkzbWgmGZKMUIY+hhsXirj1adz5NqbtLLT1h8DHf84h5/xhwpk2rvvtFLa2d3b3ivulg8Oj45Py6VlXy1QR2iGSS9UPsaacCdoxzHDaTxTFcchpL5zeLuq9J6o0k6JtZgkNYjwWLGIEG2v57WF2X32sprXafFiuuHV3KbQJXg4VyNUalr8GI0nSmApDONba99zEBBlWhhFO56VBqmmCyRSPqW9R4JjqIFuuPEdX1hmhSCr7hEFL9/dEhmOtZ3FoO2NsJnq9tjD/q/mpiW6CjIkkNVSQ1UdRypGRaHE/GjFFieEzC5goZndFZIIVJsamVLIheOsnb0K3UfcsP7iVZiOPowgXcAlV8OAamnAHLegAAQnP8ApvjnFenHfnY9VacPKZc/gj5/MHyvaQNA==</latexit>

TR(R(u))
<latexit sha1_base64="tYqWOzDxfnbZLrtqw5bnpVeGLh4=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzaWMeQibJYwO5lNhszOLDOzQljyGDYWitj6KjZ2Poi9k0uhiT8MfPznHOacP0w408Z1v5zcxubW9k5+t7C3f3B4VDw+6WiZKkLbRHKp7kOsKWeCtg0znN4niuI45LQbjm9m9e4DVZpJ0TKThAYxHgoWMYKNtfxWP2uWm+W0Upn2iyW36s6F1sFbQql+9v2BAKDRL372BpKkMRWGcKy177mJCTKsDCOcTgu9VNMEkzEeUt+iwDHVQTZfeYourTNAkVT2CYPm7u+JDMdaT+LQdsbYjPRqbWb+V/NTE10HGRNJaqggi4+ilCMj0ex+NGCKEsMnFjBRzO6KyAgrTIxNqWBD8FZPXodOrepZvrNp1GChPJzDBZTBgyuowy00oA0EJDzCM7w4xnlyXp23RWvOWc6cwh857z/Xr5J1</latexit><latexit sha1_base64="+UPAZj+QWZIE445xB2y8c2qR8mU=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYxpAbbJYwO5lNhszOLDNnhbDkMWwsFLG19i1s7HwIS3snl0ITfxj4+M85zDl/EHOmwXE+rczG5tb2TnY3l9/bPzgsHB23tUwUoS0iuVTdAGvKmaAtYMBpN1YURwGnnWB8Pat37qjSTIomTGLqR3goWMgIBmN5zX7aKDVKSbk87ReKTsWZy14HdwnF2un3e/7ta1jvFz56A0mSiAogHGvtuU4MfooVMMLpNNdLNI0xGeMh9QwKHFHtp/OVp/aFcQZ2KJV5Auy5+3sixZHWkygwnRGGkV6tzcz/al4C4ZWfMhEnQAVZfBQm3AZpz+63B0xRAnxiABPFzK42GWGFCZiUciYEd/XkdWhXK67hW5NGFS2URWfoHJWQiy5RDd2gOmohgiS6R4/oyQLrwXq2XhatGWs5c4L+yHr9AXVPlGo=</latexit><latexit sha1_base64="+UPAZj+QWZIE445xB2y8c2qR8mU=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYxpAbbJYwO5lNhszOLDNnhbDkMWwsFLG19i1s7HwIS3snl0ITfxj4+M85zDl/EHOmwXE+rczG5tb2TnY3l9/bPzgsHB23tUwUoS0iuVTdAGvKmaAtYMBpN1YURwGnnWB8Pat37qjSTIomTGLqR3goWMgIBmN5zX7aKDVKSbk87ReKTsWZy14HdwnF2un3e/7ta1jvFz56A0mSiAogHGvtuU4MfooVMMLpNNdLNI0xGeMh9QwKHFHtp/OVp/aFcQZ2KJV5Auy5+3sixZHWkygwnRGGkV6tzcz/al4C4ZWfMhEnQAVZfBQm3AZpz+63B0xRAnxiABPFzK42GWGFCZiUciYEd/XkdWhXK67hW5NGFS2URWfoHJWQiy5RDd2gOmohgiS6R4/oyQLrwXq2XhatGWs5c4L+yHr9AXVPlGo=</latexit><latexit sha1_base64="oWQ72nFEFUH/8RXURlbgMdTsnfQ=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25c1tIbTIeSSTNtaCYZkoxQhj6GGxeKuPVp3Pk2pu0stPWHwMd/ziHn/GHCmTau++0Udnb39g+Kh6Wj45PTs/L5RU/LVBHaJZJLNQixppwJ2jXMcDpIFMVxyGk/nN0v6/0nqjSTomPmCQ1iPBEsYgQba/mdUdautqtprbYYlStu3V0JbYOXQwVytUblr+FYkjSmwhCOtfY9NzFBhpVhhNNFaZhqmmAywxPqWxQ4pjrIVisv0I11xiiSyj5h0Mr9PZHhWOt5HNrOGJup3qwtzf9qfmqiuyBjIkkNFWT9UZRyZCRa3o/GTFFi+NwCJorZXRGZYoWJsSmVbAje5snb0GvUPcuPbqXZyOMowhVcQxU8uIUmPEALukBAwjO8wptjnBfn3flYtxacfOYS/sj5/AHUOJA6</latexit>

TR(R(u))
<latexit sha1_base64="tYqWOzDxfnbZLrtqw5bnpVeGLh4=">AAAB8nicbZC7SgNBFIbPxluMt6iV2AwGIWnCbhotAzaWMeQibJYwO5lNhszOLDOzQljyGDYWitj6KjZ2Poi9k0uhiT8MfPznHOacP0w408Z1v5zcxubW9k5+t7C3f3B4VDw+6WiZKkLbRHKp7kOsKWeCtg0znN4niuI45LQbjm9m9e4DVZpJ0TKThAYxHgoWMYKNtfxWP2uWm+W0Upn2iyW36s6F1sFbQql+9v2BAKDRL372BpKkMRWGcKy177mJCTKsDCOcTgu9VNMEkzEeUt+iwDHVQTZfeYourTNAkVT2CYPm7u+JDMdaT+LQdsbYjPRqbWb+V/NTE10HGRNJaqggi4+ilCMj0ex+NGCKEsMnFjBRzO6KyAgrTIxNqWBD8FZPXodOrepZvrNp1GChPJzDBZTBgyuowy00oA0EJDzCM7w4xnlyXp23RWvOWc6cwh857z/Xr5J1</latexit><latexit sha1_base64="+UPAZj+QWZIE445xB2y8c2qR8mU=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYxpAbbJYwO5lNhszOLDNnhbDkMWwsFLG19i1s7HwIS3snl0ITfxj4+M85zDl/EHOmwXE+rczG5tb2TnY3l9/bPzgsHB23tUwUoS0iuVTdAGvKmaAtYMBpN1YURwGnnWB8Pat37qjSTIomTGLqR3goWMgIBmN5zX7aKDVKSbk87ReKTsWZy14HdwnF2un3e/7ta1jvFz56A0mSiAogHGvtuU4MfooVMMLpNNdLNI0xGeMh9QwKHFHtp/OVp/aFcQZ2KJV5Auy5+3sixZHWkygwnRGGkV6tzcz/al4C4ZWfMhEnQAVZfBQm3AZpz+63B0xRAnxiABPFzK42GWGFCZiUciYEd/XkdWhXK67hW5NGFS2URWfoHJWQiy5RDd2gOmohgiS6R4/oyQLrwXq2XhatGWs5c4L+yHr9AXVPlGo=</latexit><latexit sha1_base64="+UPAZj+QWZIE445xB2y8c2qR8mU=">AAAB8nicbZC7SgNBFIZn4y0mXqJWYrMYhKQJu2m0DNhYxpAbbJYwO5lNhszOLDNnhbDkMWwsFLG19i1s7HwIS3snl0ITfxj4+M85zDl/EHOmwXE+rczG5tb2TnY3l9/bPzgsHB23tUwUoS0iuVTdAGvKmaAtYMBpN1YURwGnnWB8Pat37qjSTIomTGLqR3goWMgIBmN5zX7aKDVKSbk87ReKTsWZy14HdwnF2un3e/7ta1jvFz56A0mSiAogHGvtuU4MfooVMMLpNNdLNI0xGeMh9QwKHFHtp/OVp/aFcQZ2KJV5Auy5+3sixZHWkygwnRGGkV6tzcz/al4C4ZWfMhEnQAVZfBQm3AZpz+63B0xRAnxiABPFzK42GWGFCZiUciYEd/XkdWhXK67hW5NGFS2URWfoHJWQiy5RDd2gOmohgiS6R4/oyQLrwXq2XhatGWs5c4L+yHr9AXVPlGo=</latexit><latexit sha1_base64="oWQ72nFEFUH/8RXURlbgMdTsnfQ=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EitJsy040uC25c1tIbTIeSSTNtaCYZkoxQhj6GGxeKuPVp3Pk2pu0stPWHwMd/ziHn/GHCmTau++0Udnb39g+Kh6Wj45PTs/L5RU/LVBHaJZJLNQixppwJ2jXMcDpIFMVxyGk/nN0v6/0nqjSTomPmCQ1iPBEsYgQba/mdUdautqtprbYYlStu3V0JbYOXQwVytUblr+FYkjSmwhCOtfY9NzFBhpVhhNNFaZhqmmAywxPqWxQ4pjrIVisv0I11xiiSyj5h0Mr9PZHhWOt5HNrOGJup3qwtzf9qfmqiuyBjIkkNFWT9UZRyZCRa3o/GTFFi+NwCJorZXRGZYoWJsSmVbAje5snb0GvUPcuPbqXZyOMowhVcQxU8uIUmPEALukBAwjO8wptjnBfn3flYtxacfOYS/sj5/AHUOJA6</latexit>

< u
<latexit sha1_base64="Du9s4WeM5ENWpQ7fmgrBvHy0y3Q=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdXdJ0l6x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9d2j6k=</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="ggX+PtJP5EJiepoxdOT+nlNVK8o=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPNyQbVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCxgI1V</latexit>

< u
<latexit sha1_base64="Du9s4WeM5ENWpQ7fmgrBvHy0y3Q=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdXdJ0l6x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9d2j6k=</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="VVJ43DnICbVqgF1vLf/1IqX0BDM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01v0VSfvlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx94cJDh</latexit><latexit sha1_base64="ggX+PtJP5EJiepoxdOT+nlNVK8o=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPNyQbVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCxgI1V</latexit>

u <
<latexit sha1_base64="f9zW5BzsXiwrLYu0HLBv1RyiScw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdZeSy16x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9foj6k=</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="BN6ujg0O8blxQ7Ymatij/Sp8kXo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPGbkZVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCx8o1V</latexit> u <

<latexit sha1_base64="f9zW5BzsXiwrLYu0HLBv1RyiScw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGlMIBmwsI5oLJEucncwmQ2Znl5mzQljyCDYWitj6RHY+gm/h5FJo4g8DH/9/DnPOCRIpDLrul5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hqatx65NiJW9zhOuB/RgRKhYBStdZeSy16x5JbdmcgqeAsoXX2H4QMA1HvFz24/ZmnEFTJJjel4boJ+RjUKJvmk0E0NTygb0QHvWFQ04sbPZqNOyJl1+iSMtX0Kycz93ZHRyJhxFNjKiOLQLGdT87+sk2JY9TOhkhS5YvOPwlQSjMl0b9IXmjOUYwuUaWFnJWxINWVor1OwR/CWV16FZqXsWb51S7UKzJWHEziFc/DgAmpwA3VoAIMBPMELvDrSeXbenPd5ac5Z9BzDHzkfP9foj6k=</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="RwW+3cCkzuMYNAtm02tveOn7dvY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuGi0EAzaWEc0FkiXMTmaTIbOzy8xZISx5BBsLRWx9IjsfwbdwskmhiT8MfPz/Ocw5J0ikMOi6X05hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45tZ3n7k2ohYPeAk4X5Eh0qEglG01n1Krvrlilt1c5FV8BZQuf4OczX65c/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71pUNOLGz/JRp+TMOgMSxto+hSR3f3dkNDJmEgW2MqI4MsvZzPwv66YYXvqZUEmKXLH5R2EqCcZktjcZCM0ZyokFyrSwsxI2opoytNcp2SN4yyuvQqtW9SzfuZV6DeYqwgmcwjl4cAF1uIUGNIHBEJ7gBV4d6Tw7b877vLTgLHqO4Y+cjx944pDh</latexit><latexit sha1_base64="BN6ujg0O8blxQ7Ymatij/Sp8kXo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFpYBGwsI3pJIDnC3mYvWbK3d+zOCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxhKoVB1/12ShubW9s75d3K3v7B4VH1+KRtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSe383rniWsjEvWI05QHMR0pEQlG0VoPGbkZVGtu3V2IrINXQA0KtQbVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWVQ05ibIF6vOyIV1hiRKtH0KycL9PZHT2JhpHNrOmOLYrNbm5n+1XobRdZALlWbIFVt+FGWSYELmd5Oh0JyhnFqgTAu7K2FjqilDm07FhuCtnrwO7Ubds3zv1pqNIo4ynME5XIIHV9CEO2iBDwxG8Ayv8OZI58V5dz6WrSWnmDmFP3I+fwCx8o1V</latexit>

< R(u)
<latexit sha1_base64="vav6AXq6s5kirx8kSVoCQ7S9E8o=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGMoq5QLKE2clsMmR2dpk5K4QlD2FjoYitz2Pn2zi5FJr4w8DHf85hzvmDRAqDrvvt5La2d3b38vuFg8Oj45Piaalt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jczuudJ66NiNUjThPuR3SkRCgYRWt1bshDJa2SQbHs1tyFyCZ4Kyg3Sv0qWDUHxa/+MGZpxBUySY3peW6CfkY1Cib5rNBPDU8om9AR71lUNOLGzxbrzsildYYkjLV9CsnC/T2R0ciYaRTYzoji2KzX5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5reTodCcoZxaoEwLuythY6opQ5tQwYbgrZ+8Ce16zbN8b9Oow1J5OIcLqIAHV9CAO2hCCxhM4Ble4c1JnBfn3flYtuac1cwZ/JHz+QOUJ48X</latexit><latexit sha1_base64="pQF75cUldR0bEO0CUEjcNr3C2Ec=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1L9FtxZyhXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxnGkbg=</latexit><latexit sha1_base64="pQF75cUldR0bEO0CUEjcNr3C2Ec=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1L9FtxZyhXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxnGkbg=</latexit><latexit sha1_base64="R3GdqC9IMnVr6Ja62HitgPtFkOw=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjGcV8QHKEvc1esmRv79idE8KRH2FjoYitv8fOf+MmuUITX1h4eGeGnXmDRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5ndc7T1wbEatHnCbcj+hIiVAwitbq3JCHanpJBuWKW3MXIuvg5VCBXM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEexYVjbjxs8W6M3JhnSEJY22fQrJwf09kNDJmGgW2M6I4Nqu1uflfrZdieO1nQiUpcsWWH4WpJBiT+e1kKDRnKKcWKNPC7krYmGrK0CZUsiF4qyevQ7te8yzfu5VGPY+jCGdwDlXw4AoacAdNaAGDCTzDK7w5ifPivDsfy9aCk8+cwh85nz9xGY5A</latexit> < R(u)

<latexit sha1_base64="vav6AXq6s5kirx8kSVoCQ7S9E8o=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGMoq5QLKE2clsMmR2dpk5K4QlD2FjoYitz2Pn2zi5FJr4w8DHf85hzvmDRAqDrvvt5La2d3b38vuFg8Oj45Piaalt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jczuudJ66NiNUjThPuR3SkRCgYRWt1bshDJa2SQbHs1tyFyCZ4Kyg3Sv0qWDUHxa/+MGZpxBUySY3peW6CfkY1Cib5rNBPDU8om9AR71lUNOLGzxbrzsildYYkjLV9CsnC/T2R0ciYaRTYzoji2KzX5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5reTodCcoZxaoEwLuythY6opQ5tQwYbgrZ+8Ce16zbN8b9Oow1J5OIcLqIAHV9CAO2hCCxhM4Ble4c1JnBfn3flYtuac1cwZ/JHz+QOUJ48X</latexit><latexit sha1_base64="pQF75cUldR0bEO0CUEjcNr3C2Ec=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1L9FtxZyhXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxnGkbg=</latexit><latexit sha1_base64="pQF75cUldR0bEO0CUEjcNr3C2Ec=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1L9FtxZyhXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxnGkbg=</latexit><latexit sha1_base64="R3GdqC9IMnVr6Ja62HitgPtFkOw=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjGcV8QHKEvc1esmRv79idE8KRH2FjoYitv8fOf+MmuUITX1h4eGeGnXmDRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5ndc7T1wbEatHnCbcj+hIiVAwitbq3JCHanpJBuWKW3MXIuvg5VCBXM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEexYVjbjxs8W6M3JhnSEJY22fQrJwf09kNDJmGgW2M6I4Nqu1uflfrZdieO1nQiUpcsWWH4WpJBiT+e1kKDRnKKcWKNPC7krYmGrK0CZUsiF4qyevQ7te8yzfu5VGPY+jCGdwDlXw4AoacAdNaAGDCTzDK7w5ifPivDsfy9aCk8+cwh85nz9xGY5A</latexit>

R(u) <
<latexit sha1_base64="l+tTlqzLhxa3bz7jebz6t/0ENX0=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGMoq5QLKE2clsMmR2dpk5K4QlD2FjoYitz2Pn2zi5FJr4w8DHf85hzvmDRAqDrvvt5La2d3b38vuFg8Oj45Piaalt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jczuudJ66NiNUjThPuR3SkRCgYRWt1HippldyQQbHs1tyFyCZ4Kyg3Sv0qWDUHxa/+MGZpxBUySY3peW6CfkY1Cib5rNBPDU8om9AR71lUNOLGzxbrzsildYYkjLV9CsnC/T2R0ciYaRTYzoji2KzX5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5reTodCcoZxaoEwLuythY6opQ5tQwYbgrZ+8Ce16zbN8b9Oow1J5OIcLqIAHV9CAO2hCCxhM4Ble4c1JnBfn3flYtuac1cwZ/JHz+QOUy48X</latexit><latexit sha1_base64="vTjzul0GQt2x1FETRaLSfBICCK8=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1byvmDF2iXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxpqkbg=</latexit><latexit sha1_base64="vTjzul0GQt2x1FETRaLSfBICCK8=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1byvmDF2iXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxpqkbg=</latexit><latexit sha1_base64="jKzsXNmmFkwNjsfyYEl6ZKjtXA0=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjGcV8QHKEvc1esmRv79idE8KRH2FjoYitv8fOf+MmuUITX1h4eGeGnXmDRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5ndc7T1wbEatHnCbcj+hIiVAwitbqPFTTS3JDBuWKW3MXIuvg5VCBXM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEexYVjbjxs8W6M3JhnSEJY22fQrJwf09kNDJmGgW2M6I4Nqu1uflfrZdieO1nQiUpcsWWH4WpJBiT+e1kKDRnKKcWKNPC7krYmGrK0CZUsiF4qyevQ7te8yzfu5VGPY+jCGdwDlXw4AoacAdNaAGDCTzDK7w5ifPivDsfy9aCk8+cwh85nz9xvY5A</latexit>

R(u) <
<latexit sha1_base64="l+tTlqzLhxa3bz7jebz6t/0ENX0=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgJE3YTaOFRcDGMoq5QLKE2clsMmR2dpk5K4QlD2FjoYitz2Pn2zi5FJr4w8DHf85hzvmDRAqDrvvt5La2d3b38vuFg8Oj45Piaalt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jczuudJ66NiNUjThPuR3SkRCgYRWt1HippldyQQbHs1tyFyCZ4Kyg3Sv0qWDUHxa/+MGZpxBUySY3peW6CfkY1Cib5rNBPDU8om9AR71lUNOLGzxbrzsildYYkjLV9CsnC/T2R0ciYaRTYzoji2KzX5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5reTodCcoZxaoEwLuythY6opQ5tQwYbgrZ+8Ce16zbN8b9Oow1J5OIcLqIAHV9CAO2hCCxhM4Ble4c1JnBfn3flYtuac1cwZ/JHz+QOUy48X</latexit><latexit sha1_base64="vTjzul0GQt2x1FETRaLSfBICCK8=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1byvmDF2iXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxpqkbg=</latexit><latexit sha1_base64="vTjzul0GQt2x1FETRaLSfBICCK8=">AAAB7nicbZC7SgNBFIbPxluMtxhLm8EgxCbsptHCImBjGcVcILuE2clsMmR2dpmLEJY8g9hYKGLrc/gIdj6IvZNLoYk/DHz85xzmnD9MOVPadb+c3Nr6xuZWfruws7u3f1A8LLVUYiShTZLwRHZCrChngjY105x2UklxHHLaDkdX03r7nkrFEnGnxykNYjwQLGIEa2u1byvmDF2iXrHsVt2Z0Cp4CyjXS37l++PBb/SKn34/ISamQhOOlep6bqqDDEvNCKeTgm8UTTEZ4QHtWhQ4pirIZutO0Kl1+ihKpH1Co5n7eyLDsVLjOLSdMdZDtVybmv/VukZHF0HGRGo0FWT+UWQ40gma3o76TFKi+dgCJpLZXREZYomJtgkVbAje8smr0KpVPcs3No0azJWHYziBCnhwDnW4hgY0gcAIHuEZXpzUeXJenbd5a85ZzBzBHznvPxpqkbg=</latexit><latexit sha1_base64="jKzsXNmmFkwNjsfyYEl6ZKjtXA0=">AAAB7nicbZA9SwNBEIbn4leMX1FLm8UgxCbcpdHCImBjGcV8QHKEvc1esmRv79idE8KRH2FjoYitv8fOf+MmuUITX1h4eGeGnXmDRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKlmvMViGetuQA2XQvEWCpS8m2hOo0DyTjC5ndc7T1wbEatHnCbcj+hIiVAwitbqPFTTS3JDBuWKW3MXIuvg5VCBXM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEexYVjbjxs8W6M3JhnSEJY22fQrJwf09kNDJmGgW2M6I4Nqu1uflfrZdieO1nQiUpcsWWH4WpJBiT+e1kKDRnKKcWKNPC7krYmGrK0CZUsiF4qyevQ7te8yzfu5VGPY+jCGdwDlXw4AoacAdNaAGDCTzDK7w5ifPivDsfy9aCk8+cwh85nz9xvY5A</latexit>

h+1 h+1

Figure 7.12: AVL case 6
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Chapter 8

Algorithms that implement operations

8.1 Types of algorithms and results

When assessing an algorithm, both the algorithm and its analysis will depend on assumptions
made about the data and the type of algorithm. When the sequence of steps taken by an
algorithm on a particular input is fixed (as is the case in most of the course), the algorithm
is deterministic. We will also briefly discuss using randomization, where the behaviour of
an algorithm or structure of a data structure may depend on the outcome of various random
choices. In the two remaining sections of the chapter, we focus on searching (Section 8.2) and
sorting (Section 8.3).

8.2 Searching

8.2.1 Basic search algorithms

We observe that for many ADTs, multiple operations rely on being able to find a specified data
item. Such operations may include searching for a data item, adding a data item (where the
search may determine whether the data item is already present or where the data item should
be added), and deleting a data item.

The cost of a search algorithm may depend on the type of data and the type of search.
For example, when data items are orderable (Section 7.2), the placement of data items and the
algorithm used may rely on the order. In addition, at times we will distinguish between the
costs of a successful search (the search for a data item that is present) and an unsuccessful
search (the search for a data item that is not present). In designing algorithms, we might focus
on improving the cost of one type of search, perhaps at the expense of the other.

The algorithm linear search can be employed for any type of data, as it entails checking
each data item in turn (typically in a linear order for a sequence-like structure) to determine
whether it matches the data item being sought. When used on general data or on orderable
data that is not stored in sorted order, it may be necessary to examine all the data items to
determine whether or not a specified data item is present. If instead the data is orderable and
stored in order, it might be possible to conclude that a data item is absent without examining
all data items, since as soon as a data item larger than that sought is detected, it is clear that
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the search is unsuccessful.
When data is orderable, it is possible to use binary search (covered in greater detail in

the notes for first-year computer science courses) to repeatedly check the middle element in the
remaining section to be searched. However, such a strategy requires not only that the data
is orderable and stored in sorted order, but also that it is possible to access elements without
scanning through from the first data item, implying the use of a contiguous rather than a
linked data structure. As seen in the pseudocode for binary search presented in Section 2.2,
the algorithm proceeds recursively by searching in a subsection of the data by comparing the
data item being sought to the data item in position Mid, defined to be approximately half-way
between the first and last positions in the sequence.

8.2.2 Interpolation search

The idea behind interpolation search is that if data items are reasonably evenly spaced, then
the outcome of a previous comparison can be used to determine which comparison to make
next. In contrast to binary search, in which at each step the sought value is compared to the
element in the middle of the remaining sequence of values, here the choice of the position Mid
is calculated based on where the data item being sought falls in the interval between the first
and the last data item in the sequence.

In more detail, for Low the position of the first data item and for High the position of the
last data item, we set Mid to be Low plus the “weight” multiplied by the size of the interval.
The size of the interval is the difference between High and Low. The “weight” is the difference
between the value in position Low and the value being sought divided by the total range of
values stored in positions Low through High, where the total range of values is the difference
between the values stored in positions High and Low.

For example, if we are using the ADT Indexed Sequence, then we could define Mid as follows,
where the sought value is Sought and the indexed sequence is I:

Mid = Low + b(Sought− Look Up(I, Low)) · (High− Low)

Look Up(I, High)− Look Up(I, Low)
c

8.2.3 Search in a static array

As a special case, we consider the best arrangement of data items in a static unordered array,
where we search items in order by position, from first to last. We first observe that an unsuc-
cessful search always results in the search of all positions. To determine the best ordering for
successful search, we observe that the number of items checked in order to find the data item
in position i is i + 1; we use this number as the cost. Thus, if each item is equally likely to be
searched, the average cost of a search will be the sum of the product of each position and the
cost of searching for the data item stored at that position, or

n−1∑
i=0

(i + 1) · 1

n
=

1

n

n−1∑
i=0

(i + 1) =
1

n
(
n(n + 1)

2
) =

n + 1

2
.
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The calculation above uses the result, established in Appendix B.2, that

n∑
i=1

i =
n(n + 1)

2

as well as the fact that
∑n−1

i=0 (i + 1) =
∑n

i=1 i.
If we knew the probability distribution of the likelihood of searching for each item, we would

be able to minimize the average cost by placing the items in order of nonincreasing probability.
In that way, the most likely events would be the ones with the smallest costs, as they would
entail comparing the smallest numbers of data items.

8.2.4 Self-organizing heuristics

In contrast to an algorithm, a heuristic is a problem-solving approach for which there may
be no guarantee on either correctness or running time. For the purposes of searching for items
in an unordered array, our goal is to try to minimize the average running time even when the
probabilities of searching for data items are unknown. Our heuristics entail reorganizing data
items after each search is executed, based on the assumption that a data item that was sought
is more likely to be sought again.

In the move to front heuristic, after an item has been found, it is moved to the front of the
sequence, whereas in the transpose heuristic, after an item has been found it is exchanged with
the item that precedes it (if any). Known results, details of which are beyond the scope of the
course, include the fact that the average case cost of move to front is no worse than twice the
average case cost of search in the optimal static data structure, and that except in special cases
(when there are only two data items or when all data items are equally likely to be sought),
transpose performs better than move to front.

8.3 Sorting

8.3.1 Types of sorting

Sorting may play a role either in the use of an ADT, where ADT operations may be used to
extract the data items in sorted order, or in the implementation of an ADT, such as for an
operation that consumes a sorted sequence of data items and creates a new ADT storing those
data items.

When the input data items may not be distinct, instead of there being one correct ordering
of the inputs, there may be multiple ways in which identical data items appear in the output.
A sorting algorithm is stable if it guarantees that the order among identical items is the same
in the input and the output to the algorithm.

8.3.2 Heapsort

The heapsort algorithm consists of adding n items to a heap and then repeatedly executing
Delete Min to extract the items in sorted order. As there are a linear number of Add and
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Delete Min operations, each of which can be executed in time Θ(log n) in the worst case, the
total cost of the algorithm is in Θ(n log n).

The initial construction of the heap can be improved by introducing a new operation
Heapify that consumes n items and constructs a heap that contains them all. We will show
that in contrast to executing Add n times, Heapify can be executed in linear time.

The idea behind the linear-time execution of Heapify is that first all data items are placed
in the tree, and then, in a series of phases, values are rearranged to ensure that the heap-order
property is satisfied. In particular, in phase i, pairs of heaps of height at most i− 1 are joined
with roots to form heaps of height at most i, where the heaps are formed from the nodes at
levels 0 through i in the tree.

By observing that the leaves of the tree are at level 0 and each one forms a heap of height 0,
we can begin our processing at phase 1, ending after a logarithmic number of iterations due to
the logarithmic height of the tree. Each joining is equivalent to the bubble-down procedure, as
for each heap being formed, the heap-order property holds in each subtree of the root but not
necessarily at the root itself.

To determine the total cost, we need to figure out the cost of each phase, which entails the
joining of pairs of heaps. To obtain an upper bound, we can assume that the height is a perfect
binary tree. At phase i, our task is to join together pairs of heaps of height at most i − 1 by
giving each pair a new root to form a heap of height i. Each joining can be accomplished in
time O(i), as the bubble-down procedure can be executed in time linear in the height of the
heap. In the details in the next paragraph (not required for the course), we can show that the
number of joinings at height i is at most n/2i. From this observation, we can then show that
the total cost of all the joinings is in O(n).

In the rest of this subsection are the details of the calculation; you are not required to know
them for the course. The number of joining tasks is the number of subtrees of height i, which
as discussed in Appendix B.5 is 2h−i for h the height of the heap. As also shown in the same
appendix, the number n of vertices in the heap satisfies n = 2h+1 − 1 ≥ 2h, and hence the
number of joinings is at most 2h−i = 2h

2i
≤ n

2i
.

The total cost of all the phases can thus be bounded above by the sum, over all phases, of
the number of heaps formed in a phase multiplied by the cost of one joining, or

∑dlogne
i=1 ci · n

2i

for some constant c. Our sum can be expressed as cn
∑dlogne

i=1
i
2i

; using the fact that
∑∞

i=0
i
2i

= 2

(Appendix B.2), we can show that cn
∑dlogne

i=1
i
2i
≤ cn

∑∞
0

i
2i
≤ 2cn, which is in O(n).

8.3.3 Bucket sort

Borrowing terminology from hashing (Section 7.7.4) and the idea of a bit vector (Section 7.3),
we develop a way of sorting nonnegative integers in a fixed range. By creating an array entry,
or bucket, for each possible value, we can sort the data items by processing each data item in
turn, where for a data item with value i, we set array entry i to be 1.

In more detail, in bucket sort we first initialize all array entries to 0 in time linear in the
size of the range. Next, we process each of the data items in constant time, at a cost linear
in the number of data items. Finally, we can construct the ordered list of items by scanning
through the array in order by index, adding an item i for each array entry i containing a 1; this
final step can also be accomplished in time linear in the size of the range. Since the number of
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data items is at most the size of the range, the total cost is linear in the size of the range.
Various variants of bucket sort have been considered in which multiple items are mapped to

the same bucket, for example by having each bucket correspond to a range of values rather than
a single value. In such situations, the data items in each bucket are sorted before the results of
each bucket are joined to form the final output.

8.3.4 Radix sort

The radix sort algorithm makes use of the idea of bucket sort, forming an algorithm on digital
data. Here, functions are used to split a data item into multiple pieces, and then to sort data
items in a series of phases based on the pieces. By sorting in order from least signficant to
most signficant information, by the end of all the phases, all the data items will be sorted in
nondecreasing order.

As an example, suppose that the data items were all dates, including day, month, and year.
Because the day is the least significant piece of information, we first sort on the basis of the
day. After that, we sort based on the month, ensuring that we use a stable sorting algorithm
to preserve the order of data items that resulted from the first phase. In the last phase, we
sort by year. Figure 8.1 shows the ordering of the data after each phase, where the first column
represents the input, the second column the ordering after sorting by day, the third column
after sorting by month, and the fourth column after sorting by year. Due to the use of stable
sorting algorithms, data items with pieces of the same value for one phase maintain the order
established in the previous phase. Thus, 2 January 1900 appears before 4 January 2000 in the
third column, retaining the order established in the second column, since they both have the
same value of January in this phase.

2 March 2000

2 January 1900

10 March 1900

10 April 2000

4 January 2000

2 March 2000

4 January 2000

10 April 2000

2 January 1900

10 March 1900

2 January 1900

2 March 2000

10 March 1900

4 January 2000

10 April 2000

2 January 1900

4 January 2000

2 March 2000

10 March 1900

10 April 2000

Figure 8.1: Sorting data items using different pieces of information

To analyze the cost of the sorting algorithm, we need to know the number of phases we use.
In radix sort, we divide the bits into chunks. If we have n items, each of at most ` bits each,
then to use chunks of b bits will result in a total of d`/be phases (or equivalently, d`/be chunks of
size at most b). The cost of a single phase is the cost of bucket sort on n items using 2b buckets,
since b bits can express 2b different numbers. The cost is thus O(n+ 2b) per phase; by choosing
b carefully, we can assume the cost is O(n). Since the total number of phases is the number of
chunks, the total cost is O(n`/b) or O(`n).
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Appendix A

Other sources of information

You are also welcome (but not required) to use other sources, subject to the warnings below:

• Terminology may be not consistent from source to source; such inconsistencies may even
apply to such basic terms as abstract data type and data structure.

• Different sources may use the same name for abstract data types that use different sets of
operations, or different names for the same concept. In addition, the preconditions and
postconditions of operations may differ from those used in the course.

• Material on data structures and algorithms may be interwoven. Although algorithms
arise naturally in the implementations of operations supported by abstract data types,
algorithm paradigms are covered in CS 231, not CS 234.

• Some sources are overreliant on the choice of a particular programming language, blurring
the distinction between planning and coding.

• Algorithm analysis in the course will be based on a specific set of assumptions about
underlying costs; this model (and the memory model) may vary from source to source. As
the details are less important than the process, such sources may be useful in providing
additional examples of the reasoning used in analysis.

• Various concepts covered in the course will use terms and categories that are unlikely to
be found elsewhere, such as the roles of user and provider and the stages of planning and
coding. In addition, the groups into which ADTs are placed for pedagogical purposes are
unlikely to be presented in other sources.

The main utility of other sources is to find examples that demonstrate the concepts covered in
the course, such as selection of an ADT, design of a data structure, and analysis of pseudocode.
The details of the ADTs, data structures, and costs of operations are less important than the
ideas used. That said, in any exam or assignment question for which the definition is not
provided, you are expected to use definitions given in the course (either in class or here, as
appropriate).

In the rest of this appendix, a few different sources are discussed.
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A.1 Necaise textbook

Rance D. Necaise’s “Data Structures and Algorithms Using Python”, Wiley, 2011, was used
as a textbook for the course until it went out of print. Errata for the textbook can be found
at the textbook’s student companion site, linked off the course web page on resources; further
comments on its limitations can be found below.

Material to ignore

Many textbooks that teach this material using a specific programming language end up being
driven by the language chosen; this often ends up resulting in a blurring of the distinctions
between the planning and coding phases. We will de-emphasize Python lists and provide an
alternate way of coding arrays.

Terminology to ignore

As a general guideline, if terminology is not introduced in lecture, you do not need to be
concerned about learning it. Examples include the terms “simple” and “complex” as types of
ADTs and the “base” of a stack.

The book uses the misspelling “psuedocode” instead of “pseudocode” and the phrase “run
time” instead of “running time”. Please do not emulate these errors.

For other errors, please see the textbook site. As one example, on page 22, “bagVector”
should be “bagItems” in the figure.

Style to ignore

The Python code in the textbook does not conform to standard conventions. Examples of non-
standard style include indenting by two spaces, adding extra spaces before and after parentheses,
and using “magic numbers” instead of defining constants.

As noted on page 13, comments are often omitted to save space, so be aware that examples
may not be complete.

Examples to ignore

Except for the purpose of exercises, for the most part the course will focus on standard ADTs.
The special-purpose Student file ADT introduced on page 24 is a particularly confusing example,
as the implementation depends on how a date is stored.

A.2 CS 240 textbooks and recommended books

Although we will not typically go as far into analysis as is done in CS 240, the same basic
concepts are covered in both courses. Textbooks for CS 240 are good sources for examples of
both ADTs and data structures, as are many other textbooks on the subject.
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A.3 Handbook of Data Structures and Applications

For surveys on various topics by experts in the field, you may wish to consult the appropriate
chapters in the “Handbook of Data Structures and Applications,” available as an electronic
resource at the University of Waterloo library. You can think of it as an encyclopedia: It can
give you a sense of the breadth of the field while providing references for more depth. Most of the
contents are beyond the scope of the course, but serve as a great starting point for explorations
by those who wish to know more.
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Appendix B

Math overview

As students in the course have varying amounts of background in mathematics, this appendix
has been designed for those who could use strengthening of various mathematical concepts
used in the course as well as those who may wish to see a deeper explanation of some of the
foundational material used in the course.

B.1 Floors and ceilings

In expressing running times as a function of the number of data items, we often use a function
f(n) that is defined on all non-negative values n, without being concerned that for our applica-
tions, n is always an integer. However, when referring explicitly to the number of data items,
we need to ensure that we are using an integer value. For example, when we are splitting an
integer number of data items into two or more groups of roughly the same size, we might need
a way to express “almost half” (or, more generally, “almost n/k” for various integer values k)
as an integer.

If we have n numbers that we wish to split into two groups, then using n
2

as the size of each
group works only if n is even. If instead n is odd, then one group will have n

2
− 1

2
= n−1

2
numbers

and the other will have n
2

+ 1
2

= n+1
2

numbers, for a total of n−1
2

+ n+1
2

= 2n
2

= n numbers.
To express both the even and the odd cases at the same time, we can refer to the sizes as

bn
2
c and dn

2
e, the floor and ceiling of n

2
, respectively. The floor and ceiling functions produce

the nearest integer below or above, respectively, what is enclosed in the symbols. Thus, when
n is even, bn

2
c = dn

2
e = n

2
, since n

2
is already an integer. When n is odd, bn

2
c = n

2
− 1

2
, as that is

the closest integer below n
2

and dn
2
e = n

2
+ 1

2
, as that is the closest integer above n

2
.

Because floors and ceilings “move” a value by less than one to reach the nearest integer, we
know that n

2
− 1 < bn

2
c ≤ n

2
and that n

2
≤ dn

2
e < n

2
+ 1. In particular, if we are using order

notation, we can drop the floors and ceilings as we are only shifting the value by a constant.

B.2 Summation

In class we discuss a simple way of calculating the cost of a loop in pseudocode. When the
costs of bodies of loops differ at each iteration, instead of taking the product of the number
of iterations and the cost of each iteration, we instead calculate the summation of a series of
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terms. Although in general such calculations can become quite complicated, in this course we
will typically have relatively simple sums to calculate.

An arithmetic sequence is a sequence of numbers in which each number differs from the
previous number by the addition of some fixed quantity. The simplest one, in which the quantity
is 1, can be expressed as follows:

n∑
i=1

i = 1 + 2 + 3 + · · ·+ n =
n(n + 1)

2

In a geometric sequence, each number in the sequence differs from the previous number by
the multiplication of some fixed quantity. The following sum is a simple example:

n∑
i=1

ci−1 = 1 + c + c2 + c3 + · · ·+ cn−1 =
1− cn

1− c

Sometimes you will remove a term from a sum, such as removing the term for i = 1 in the
previous sum to obtain:

n∑
i=2

ci−1 = c + c2 + c3 + · · ·+ cn−1 =
1− cn

1− c
− 1

When using sums, you can easily make a substitution of variables, such as setting j = i− 1
to show that

n∑
i=1

ci−1 =
n−1∑
j=0

cj.

More complex summations may require more complex techniques; although we will see an
occasional summation in lecture, you will not be expected to solve anything more complex than
those mentioned above. In the discussion below, you are not responsible for understanding
omitted details.

In the remainder of this section, we discuss a result used to analyze the operation Heapify
used in heapsort (Section 8.3.2). The details given here are for those who are interested, and
are not considered to be testable material for the course. We first observe that when |d| < 1,
we can modify the geometric sequence to become infinite

∞∑
i=0

di =
1

d

and we can differentiate both sides of the result to obtain

∞∑
i=0

idi =
d

(1− d)2
.

By setting d = 1
2
, we thus obtain

∞∑
i=0

i

2i
=

1
2

(1− 1
2
)2

= 2.
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B.3 Logarithms

All logarithms used in the course are logarithms base 2, which arise naturally in computer
science; because of their prevalence, the notation log is typically used instead of log2. Intuitively,
the logarithm of a number base 2 is the number of times the number can be divided by 2 before
1 is reached. Unless n is a power of 2, log n will not be an integer; if you need an integer value,
you might need to use floors or ceilings, discussed in Section B.1.

The ceiling of the logarithm base two of a number is the length of its binary representation.
To see why, you can observe that just like the digits in a decimal number give the quantities
of powers of 10, the bits in a binary number give the quantities of powers of 2. When there
are k bits, the numbers represented are 0 through 2k − 1, for a total of 2k different numbers.
To see why the largest value is 2k − 1, we observe that it is represented by k 1’s, where each 1
corresponds to a power of 2. That is, the largest value is the sum (using the formula seen in

Section B.2)
∑k

i=1 2i−1 = (1−2k)
(1−2) = 2k − 1.

When discussing lower bounds, we will take the logarithms of various functions. Here are
some formulas you might wish to use in manipulating logarithms:

• log xy = log x + log y

• log(x/y) = log x− log y

• log xk = k log x

B.4 Mapping digital data

When handling digital data, we often wish to map numerical data items to a smaller range. To
correlate the number of bits used to store binary numbers and the number of values that can be
represented, we observe that if we have 1 bit to represent numbers, there are two numbers that
can be represented, namely 0 and 1 by setting the bit to 0 or 1. If we have two bits, then we
have two choices for the first bit (0 or 1) and two choices for the second bit (0 or 1), for a total
of four different binary numbers. Using this argument, in general we can represent 2k different
binary numbers using k bits.

We can also use modular arithmetic to map data items to integers from 0 to M − 1, for
a positive integer M . To map a data item a to an integer in the desired range, we use the
modulo operation a mod M , which produces the remainder obtained when dividing a by M .
As a simple example, when M = 2, the value of a mod M is either 0, if a is even, or 1, if a is
odd. The notation a ≡ b (mod M) is used to show that a and b are congruent modulo M ,
that is, that a mod M and b mod M are equal.

In forming a probe sequence for double hashing, the effectiveness of the sequence depends on
the relationship between the size of the hash table and the value of the secondary hash function,
as discussed in more detail in Section 7.7.4. Two numbers a and b are relatively prime if their
only common divisor is the number 1. It is not hard to see that any prime number p and any
integer q < p are relatively prime. However, pairs of integers do not need to include primes to
be relatively prime: for example, neither 14 nor 35 is prime, but they are still relatively prime.
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B.5 Trees

We use trees as the basis of many data structures. To assess a particular implementation, we
are often concerned about the height of the tree (as it gives an indication of the number of data
items to be searched) as well as the relationship between the height of a tree and the number
of nodes or leaves it contains. At times we will also consider the number of nodes that appear
on a particular level.

To determine the maximum number of nodes in a binary tree of a particular height, we
consider a perfect binary tree. In such a tree, the number of nodes at each level is exactly
double the number of nodes at the previous level, with 2i nodes at level i. The total is then∑h

i=0 2i =
∑h+1

j=1 2j−1 = 2h+1 − 1; replacement of variables is discussed in Section B.2 and the
solution to the second summation is discussed in Section B.3. The number of leaves of this tree
is the number of nodes at level h, or 2h. For ` the number of leaves, this tree has height dlog `e.

By considering the levels of the tree from top to bottom, we can determine the number of
subtrees rooted at the nodes at each level of a perfect binary tree of height h. The root is at
level 0, forming the root of the entire tree, a tree of height h. At level 1 are two nodes, each the
root of a subtree of height h − 1. Continuing in this way, we observe that at level i there are
2i nodes, each a root of a subtree of height h− i. At level h there are thus 2h leaves, each the
root of a subtree of height 0.

Suppose instead that we focus on the number of leaves `, and wish to create the tree of
minimum height that has exactly ` leaves. When ` is a power of two, we know the answer from
our previous discussion. But if ` is not a power of two, we cannot place all leaves in the same
level in the tree. Instead, we can fit all the leaves into the last two levels of a tree of height
dlog `e.

B.6 Average-case analysis

At times we will consider the average-case behaviour of a data structure or an algorithm. Here we
consider a generic way of looking at probability in terms of events. Each event is associated with
a probability (a number in the range between 0 and 1) such that the sum of the probabilities of
all events is equal to 1. As a very simple example, for a fair coin, the probability of heads is 1/2
and the probability of tails is 1/2, together summing to 1. The term probability distribution
refers to the set of all probabilities for all events; if all probabilities are equal, as in our example,
it is a uniform distribution.

We will often have a cost associated with an event, so that if we know both the probability
distribution and the cost of each event, we can determine the average-case cost as

∑
e Pr[e] ·

Cost[e] where Pr[e] is the probability of event e and Cost[e] is the cost of event e. For example,
if we are determining the average-case cost of an algorithm, for a particular input size, there
is a probability and a cost associated with each input. Similarly, when considering a search
algorithm, we can associate a probability and a cost with each data item.
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Appendix C

Computer basics overview

In our assessment of the time and memory costs (using a model of computation to capture the
essence of computation and a memory model to capture the essence of memory), we are making
a rough translation from the ideas behind our data structures and algorithms to the physical
properties of the underlying machine. In doing so, we are simplifying a complex, multi-stage
relationship between idea and machine, focusing on the commonalities in hardware and software
design rather than taking into account a myriad of details.

When you code an algorithm or a data structure, exactly how it performs depends not only
on your choice of a programming language and the design of the machine on which you run your
program, but also on several layers of software. The prospect of trying to analyze performance
may seem daunting, given the number of details that are out of your control. The outline that
follows is intended to give you a sense of ideas common across various designs of hardware and
software, providing both a justification of the simplying assumptions made in our models and
assurance that our way of estimating costs is justified. For a more in-depth discussion, please
consider taking CS 230.

At the most basic level, the hardware of the computer can be seen as consisting of a central
processing unit (CPU) and memory. We can think of the individual units of memory as
each being big enough to store only a single bit (more specifically, as an electronic circuit using
high voltage to denote 1 and low voltage to denote 0); we call such a unit a cell. Without going
into technical details, we can think of each cell as having an address which indicates where in
memory it is stored. In general we will be interested in grouping together cells to store more
complex information. To reduce the amount of terminology we need, instead of being concerned
with names for groupings of specific numbers of cells, we will use the term chunk to refer to
any contiguous sequence of memory cells. (The choice of the non-technical term “chunk” is to
avoid confusion with such terms as word and block, which have specific meanings outside of
the scope of this course.) Depending on how memory is allocated, there might be different sizes
of chunks used for different types of data. For simplicity, we’ll assume that we have chunks that
are big enough for what we want to store.

The role of the CPU is to follow a sequence of instructions, where both the input data
and the instructions themselves are stored in memory. Although various hardware designs (or
architectures) may differ in the choice of specific sets of instructions supported by the machine
language (the language used to express the instructions read by the CPU), all seek to be as
efficient as possible. Accordingly, operations that occur frequently can be executed quickly.
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These include simple modifications to data, such as addition and subtraction, and simple ways
of determining which instruction to execute next. A key idea used in processing instructions
is that addresses can be handled like other types of data. An instruction is identified by its
address, with the default being to execute the next instruction in order by address. It is also
possible to navigate through instructions by making use of the addresses in a more complex
way; for example, branching can be implemented by specifying which instruction to execute
depending on the value of a condition.

In much of our analysis, we ignore the existence of different levels of memory, which range
from registers (small chunks of memory that are stored within the CPU itself, and where
all modifications by the CPU are executed) to external memory (large chunks of memory
that are stored externally, such as on hard disks or in the cloud), with various other levels in
between. For much of our computation, we will view the cost of accessing all memory as the
same, covering situations in which the fine distinctions between faster and slower memory are
not important. At other times, we may take into account the memory hierarchy, that is, the
idea that the time to access a particular kind memory is inversely proportional to the amount of
that kind of memory. For example, there are only a few fast registers but a lot of slow external
memory. For most situations, it suffices to consider just two layers, typically viewed as main
memory (or primary storage) and external memory (or secondary storage). Memory is
moved between the two layers in fixed-size chunks (pages), where various paging algorithms
are used to determine which page or pages to move out of main memory when a new page is
moved in.

To manage the use of the machine by various programs and to translate from a high-level
programming language (like Python) down to machine code, various intervening levels of soft-
ware are used. A program is translated into a lower-level code by means of either a compiler
(which translates the entire program at once and then executes it) or an interpreter (which
translates and then executes one line at a time); without knowing details of such software, the
writer of the program may not know exactly how the program is to be translated. In addition,
the operating system has the task of managing the use of memory and allocating resources
to various processes running on the same machine. Typically the writer of a program does not
have control of the exact translation of lines of code to specific machine language instructions
or to particular locations in memory. In most cases, programs can only access addresses given
in virtual memory, maintained by the operating system, and have no information about the
physical location of chunks of memory being used.
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Appendix D

Python modules for data structures

The intention of the course is to teach the basic concepts of ADTs and data structures so that
they can be applied in any programming language. The use of Python in the course has both
advantages and disadvantages in the study of manipulation of data.

The idea of an ADT as an interface lines up nicely with the concepts of classes, objects, and
methods; the user of the ADT can use methods without knowing how they are implemented,
and the provider of a class and methods can create them without knowing how they are to be
used.

More challenging is the implementation of a data structure using contiguous or linked mem-
ory. Python has been designed to support sophisticated data types such as the Python list and
the Python dictionary rather than to allow access to the memory at a bit-by-bit level. (Note:
Because both lists and dictionaries are common types of ADTs, the prefix “Python” will be
used whenever the reference is to a Python data type instead of an ADT.)

To allow the design of data structures in a straightforward way, you have been provided
with modules that simulate the manipulation of contiguous and linked memory. The modules
contiguous.py and linked.py, described in the next sections, are available on the course
website. Although these modules will in fact be implemented using Python data types, you will
be able to simulate more direct access to memory by restricting your access to the data by using
only the operations provided by the modules.

In assigning costs to operations in Tables D.1, D.2, and D.3, we are deliberately ignoring how
memory is used in Python, as our intention is to be able to design data structures independent
of the programming language being used. We instead assign costs based on what the costs
would be if we were able to manipulate data more directly. Throughout the course, we assume
that each of the following are constant-time operations:

• Allocating a chunk of memory of any size (but not initializing it)

• Using a pointer to move to a chunk of linked memory

• Writing a pointer

• Using an index to find the location of an item in contiguous memory

• Reading or writing a simple value such as a number or string

82



In contrast, the cost of initializing newly-allocated memory to empty will be linear in the size
of the chunk.

D.1 Contiguous memory

The module contiguous.py provides the class Contiguous which can be used to simulate
contiguous memory. Table D.1 indicates the methods and their worst-case costs; we use the
term size to refer to the number of data items that can be stored in the contiguous memory.
Note: For simplicity, the creation and initialization operation are joined into one.

Method What it does Cost

Contiguous(s) produces contiguous memory of size s Θ(s)
and initializes all entries to None

repr(array) produces a string with the values in array Θ(s)
array.size() produces the size of array Θ(1)
array one == array two produces True if both arrays have the same length Θ(s)

and the same values at each index, else False

array one != array two produces True if the two arrays differ in length Θ(s)
or the values at some index, else False

array.access(i) produces the value stored at index i in array; Θ(1)
requires 0 ≤ i < size

array.store(i, value) stores value at index i in array; Θ(1)
requires 0 ≤ i < size

Table D.1: Code interface for module contiguous.py

D.2 Linked memory

The module linked.py provides various types of nodes for linked memory. Table D.2 gives the
methods and worst-case costs of methods for nodes with a single link each, defined using the
class Single, and Table D.3 gives the methods and worst-case costs of methods for nodes with
two links each, defined using the class Double.
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Method What it does Cost

Single(value, produces a node storing value linked to node after or None; Θ(1)
after) if omitted, default value for after is None

repr(node) produces a string with the value in node Θ(1)
node.access() produces the value stored in node Θ(1)
node.next() produces the node to which node is linked, if any, else None Θ(1)
node.store(value) stores value in node Θ(1)
node.link(other) links node to other, which can be a node or None Θ(1)

Table D.2: Code interface for Single

Method What it does Cost

Double(value, produces a node storing value linked to next node after Θ(1)
after, before) or None and previous node before or None; if omitted,

default values for after and before are None

repr(node) produces a string with the value in node Θ(1)
node.access() produces the value stored in node Θ(1)
node.next() produces the node to which node is linked Θ(1)

using the next pointer, if any, else None

node.prev() produces the node to which node is linked Θ(1)
using the prev pointer, if any, else None

node.store(value) stores value in node Θ(1)
node.link next(other) links node to other, which can be a node Θ(1)

or None, using the next pointer
node.link prev(other) links node to other, which can be a node Θ(1)

or None, using the prev pointer

Table D.3: Code interface for Double
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Appendix E

Pseudocode style examples

Various styles of pseudocodes can be observed in these examples of the binary search algorithm.
Not all of these examples are worth emulating, as some are too detailed and some are hard to
understand.
Example 1 The Design and Analysis of Computer Algorithms, Aho, Hopcroft, and Ullman,
1974, page 114.

procedure SEARCH(a, f, `):
if f > ` then return "no"

else

if a = A[b(f+`)/2c] then return "yes"

else

if a < A[b(f+`)/2c] then

return SEARCH(a, f, b(f+`)/2c - 1)

else return SEARCH(a, b(f+`)/2c + 1, `)

Example 2 Algorithms, Robert Sedgewick, 1988, p. 198.

function binarysearch(v:integer):integer;

var x, `, r:integer;

begin

`:=1; r:=N;

repeat

x:=(`+r)div 2;

if v<a[x].key then r:=x-1 else `:=x+1
until (v=a[x].key) or (` >r);
if v=a[x].key

then binarysearch:=x

else binarysearch:=N + 1

end;

Example 3 Data Structures and Their Algorithms, Lewis and Denenberg, 1991, p. 182.
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function BinarySearchLoopUp(key K, table T[0..n-1]): info

{Return information stored with key K in T, or Λ if K is not T}
Left ← 0

Right ← n-1

repeat forever

if Right < Left then

return Λ
else

Middle ← b (Left + Right)/2 c
if K = Key(T[Middle]) then return info(T[Middle])

else if K < Key(T[Middle]) then Right ← Middle - 1

else Left ← Middle + 1

Example 4 Computer Algorithms: Introduction to Design and Analysis, Baase and Van Gelder,
2000, p. 129

int binarySearch(int[], E, int first, int last, int K)

if (last < first)

index = -1;

else

int mid - (first + last)/2;

if (K == E[mid])

index = mid;

else if (K < E[mid])

index = binarySearch(E, first, mid-1, K);

else

index = binarySearch(E, mid+1, last, K);

return index;
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