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Selection Problem

0 1 2 3 4 5 6 7 8 9

30 60 10 0 50 80 90 20 40 70

Á Special case: median  finding  Ὧ

Á Heap-based selection can be done in ɡὲ ὯÌÏÇὲ

Á this is ɡὲÌÏÇὲ for median finding

Á the same cost as our best sorting algorithms

Á Question: can we do selection in linear time?

Á yes, with quick-select(average case analysis)

Á subroutines for quick-selectalso useful for sorting algorithms

selectς

Á Given array ὃof ὲnumbers, and  π Ὧ ὲ, find the element that 
would be at position Ὧif ὃwas sorted

Á ‘select Ὧ’   
Á Ὧelements are smaller or equal, ὲ ρ Ὧelements are larger or equal 



Crucial Subroutines

Á quick-select and related algorithm quick-sort rely on two subroutines

Á choose-pivot ὃ

Á return an index ὴin A 

0 1 2 3 4 5 6 7 8 9

30 60 10 0 50 80 90 20 40 70

ὴ τ

Áuse  pivot-value  ὺᴺὃὴ to rearrange the array

○ 50

0 1 2 3 4 5 6 7 8 9Ὥ υ

30 10 0 20 40 ○ 50 60 80 90 70

Á all items in ὃὭ ρȟȣȟὲ ρ are ὺ

Á partition ὃȟὴ rearranges ὃso that

Á all items in ὃπȟȣȟὭ ρ are  ὺ

Á pivot-value ὺis in ὃὭ

Á Ὥis a correct location of ὺin sorted  ὃ

Á index Ὥis called  pivot-index Ὥ

Á partition ὃȟὴ returns  pivot-index Ὥ

Á if we were interested in selectὭ, then ὺwould be the answer



Choosing Pivot

choose-pivot1ὃ
return A.size ɀρ

ÁWill consider more sophisticated ideas later

ÁSimplest idea for choose-pivot

Á always select rightmost element in array

0 1 2 3 4 5 6 7 8 9

30 60 10 0 50 80 90 20 40 70
ὴ ω
○ 70



PartitionAlgorithm

Á More challenging: partition in-place, i.e. /ρ auxiliary space

Á Easy linear-time implementation using extra (auxiliary) ɡὲ space 

partition ὃȟὴ

A: array of size ὲȟὴ: integer s.tȢπ ὴ ὲ

create empty lists ίάὥὰὰȟὩήόὥὰand ὰὥὶὫὩ

ὺᴺ ὃὴ

for each element ὼinὃ

if ὼ ὺthenίάὥὰὰȢὥὴὴὩὲὨὼ

else if ὼ ὺthenὰὥὶὫὩȢὥὴὴὩὲὨὼ

else ὩήόὥὰȢὥὴὴὩὲὨὼ

ὭN ίάὥὰὰȢίὭᾀὩ

ὮN ὩήόὥὰȢίὭᾀὩ

overwrite ὃπȢȢȢὭ ρ by   elements in ίάὥὰὰ

overwrite  ὃὭȣὭ Ὦ ρ by elements in  Ὡήόὥὰ

overwrite ὃὭ ὮȢȢȢὲ ρ by elements in ὰὥὶὫὩ

return i



i = -1 j = 9

Efficient In-Place partition (Hoare)

30 60 10 0 50 80 90 20 40 ὺ=70

30 60 10 0 50 80 90 20 40 ὺ=70

i = 0 j = 9

30 60 10 0 50 80 90 20 40 ὺ=70

i = 1 j = 9

30 60 10 0 50 80 90 20 40 ὺ=70

i = 2 j = 9

30 60 10 0 50 80 90 20 40 ὺ=70

i = 3 j = 9

30 60 10 0 50 80 90 20 40 ὺ=70

i = 4 j = 9

30 60 10 0 50 80 90 20 40 ὺ=70

i = 5 j = 9i = 5 j = 8

30 60 10 0 50 80 90 20 40 ὺ=70

i = 5 j = 8

30 60 10 0 50 40 90 20 80 ὺ=70

i = 5 j = 8

30 60 10 0 50 40 90 20 80 ὺ=70

i = 6 j = 7

30 60 10 0 50 40 90 20 80 ὺ=70

i = 6 j = 7

30 60 10 0 50 40 20 90 80 ὺ=70

j = 6 i = 7

j = 6 i = 7
30 60 10 0 50 40 20 ὺ=70 80 90

almost done, 
just swap with  
pivot ὺ

30 60 10 0 50 40 20 90 80 ὺ=70



Efficient In-Place partition (Hoare)

Á One possible implementation

do ὭN Ὥ ρwhile  Ὥ ὲandὃὭ ὺ

do ὮN Ὦ ρwhile Ὦ πand  ὃὮ ὺ

Á More efficient (for quickselectand quicksort) when many repeating elements

do ὭN Ὥ ρwhile Ὥ ὲand  ὃὭ ὺ

do ὮN Ὦ ρwhile Ὦ πand  ὃὮ ὺ

Òv ? Óv v

i j

Á Idea Summary: Keep swapping the outer-most wrongly-positioned pairs

Á Can simplify the loop bounds 

do ὭN Ὥ ρwhile  ὃὭ ὺ

do ὮN Ὦ ρwhile Ὦ Ὥand ὃὮ ὺ



Efficient In-Place partition (Hoare)

partition ὃȟὴ

ὃ: array of size ὲ

ὴȡinteger s.t. π ὴ ὲ

swapὃὲ ρȟὃὴ
ὭN ρȟ ὮN ὲ ρȟ ὺN ὃὲ ρ

loop

do ὭN Ὥ ρwhile ὃὭ ὺ

do ὮN Ὦ ρwhile Ὦ Ὥand  ὃὮ ὺ

if  Ὥ Ὦthen break

else  swapὃὭȟὃὮ

end loop

swapὃὲ ρȟὃὭ

return   Ὥ

ÁRunning time is ɡὲ



Efficient In-Place partition (Hoare)

partition ὃȟὴ

ὃ: array of size ὲ

ὴȡinteger s.t. π ὴ ὲ

swapὃὲ ρȟὃὴ
ὭN ρȟ ὮN ὲ ρȟ ὺᴺὃὲ ρ

loop

do ὭN Ὥ ρwhile ὃὭ ὺ

do ὮN Ὦ ρwhile Ὦ Ὥand  ὃὮ ὺ

if  Ὥ Ὦthen break

else  swapὃὭȟὃὮ

end loop

swapὃὲ ρȟὃὭ

return   Ὥ

ÁRunning time is ɡὲ



Quick Select Algorithm

30 60 10 0 50 80 90 20 40 70

Á Find item that would be in ὃὯ if ὃwas sorted

Á Similar to quick-sort, but recurseonly on one side (“quick-sort with pruning”)

Á Example: select(Ὧ τ)

ὺ=70

Ὥ=7

30 60 10 0 50 40 20 70 80 90

χπ χπ
Á Ὥ ὯȟsearchrecursivelyintheleftsidetoselectὯ

7 smallest items 

p
a
rt

it
io

n
, ὺ

=
7
0

Á [the correct answer is 40  in this case]



Quick Select Algorithm

ÁExamplecontinued: select(Ὧ τ)

Ὥ=2

ςπ ςπ

ÁὭ Ὧȟsearchrecursivelyontheright,select▓ ░
Á Ὧ ρin our example

3 smallest items 

30 60 10 0 50 40 20ὺ=20

p
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n
, ὺ

=
2
0

0 10 20 30 50 40 60



Quick Select Algorithm

ÁExample continued: select(Ὧ ρ)

Ὥ=3

φπ
Á Ὥ Ὧȟsearch on the left toselectὯ

p
a
rt

it
io

n
, ὺ

=
6
0

30 50 40 60ὺ=60

30 50 40 60

3 smallest items 



Quick Select Algorithm

ÁExample continued: select(Ὧ ρ)

Ὥ=1

p
a
rt

it
io

n
,ὺ

=
4
0

30 50 40ὺ=40

30 40 50

Á Ὥ Ὧȟfoundouritem,done!

Á In our example, we got to subarray of size 3

ÁOften stop much sooner than that

Á running time?



QuickSelectAlgorithm

quick-select1ὃȟὯ
ὃȡarray of size ὲ,  Ὧ: integer s.t. π Ὧ ὲ

ὴN choose-pivot1ὃ

ὭN partition ὃȟὴ

if Ὥ Ὧthen

return ὃὭ

else if Ὥ Ὧthen

return quick-select1ὃπȟρȟȣȟὭ ρȟὯ

else if  Ὥ Ὧ then

return quick-select1(ὃὭ ρȟȣȟὲ ρȟὯ Ὥ ρ

Ὕὲ
ὧὲὝὲ ρ ὲ ρ

ὧ ὲ ρ
Á Worst case:   recurrence equation

ÁBest case

Á first chosen pivot could have pivot-index  Ὧ

Á no recursive calls, total cost ɡὲ



QuickSelect Algorithm
Á Worst case:   recurrence equation Ὕὲ

ὧὲὝὲ ρ ὲ ρ
ὧ ὲ ρ

ÁSolution:  repeatedly expand until we see a pattern forming

Ὕὲ ὧὲὧὲ ρ Ὕὲ ς

Ὕὲ ς ὧὲ ς Ὕὲ σ

Ὕὲ ὧὲὧὲ ρ ὧὲ ς Ὕὲ σ

ÁAfter Ὥexpansions                                                                                   

Á Ὕὲ ὧὲὧὲ ρ ὧὲ ς Ễ ὧὲ Ὥ Ὕὲ Ὥ ρ

ÁStop expanding when get to base case   Ὕὲ Ὥ ρ Ὕρ

ÁHappens when ὲ Ὥ ρ ρ, or, rewriting,  Ὥ ὲ ς

ÁThus    Ὕὲ ὧὲὧὲ ρ ὧὲ ς Ễ ὧɇς Ὕρ
ὧὲὧὲ ρ ὧὲ ς Ễ ὧɇς ὧ

ὧὲ ὲ ρ Ễ ς ρᶰɡὲς

Ὕὲ ὧὲὧὲ ρ Ὕὲ ς

Ὕὲ ὧὲὝὲ ρὝὲ ὧὲὝὲ ρ

Ὕὲ ρ ὧὲ ρ Ὕὲ ς

after 2 expansions

after 1 expansion



Average-Case Analysis of quick-select1

Ὕ ὲ
ρ

ΠÉÎÓÔÁÎÃÅÓÏÆÓÉÚÅὲ
ȡ

ὝὍ

infinitely many

ÁNeed to make some assumptions

ÁFirst assumption

Áall input numbers are distinct

Áthis assumption is just for simpler analysis, can prove the same thing 
without this assumption



Á QuickSelectis comparison-based 

Áonly cares if ὃὭ ὃὮ for Ὥ,Ὦ

Ádoes not care what the actual values of ὃὭȟὃὮare

30 60 0 10Ὅρ 20 50 10 15Ὅ2

Á QuickSelectmakes exactly the same sequences of steps on Ὅρand  Ὅς
Á therefore ὝὍρ ὝὍς

Á Any comparison based algorithm has exactly the same running time for arrays 
that have the same relative order of elements, regardless of actual array values

Average-Case Analysis of quick-select1

ÁSecond assumption: we are sorting integers πȟȣȟὲ ρ

Ánow there are ὲȦpossible input instances Ὅ

Ámore formal proof uses sorting permutations

Ápermutation “for which ὃ“π ὃ“ρ … ὃ“ὲ ρ

Á for Ὅρ(and Ὅς) sorting permutation is “ ςȟσȟπȟρ

Áassumeeach sorting permutation is equally likely

ÁὲȦpossible permutations



Average-Case Analysis of quick-select1

Ὕ ὲ
ρ

ΠÉÎÓÔÁÎÃÅÓÏÆÓÉÚÅὲ
ȡ

ὝὍ

ÁExample for  ὲ σ, using all the assumptions

Ὕὥὺὶσ
ρ

σȦ
Ὕ πȟρȟς Ὕ πȟςȟρ Ὕ ρȟπȟς Ὕ ρȟςȟπ Ὕ ςȟπȟρ Ὕ ςȟρȟπ



ÁPartition sum over different pivot indexes

Average-Case Analysis of quick-select1

Ὕ ὲ
ρ

ὲȦ
ȡ

ὝὍ

0 1 2 3

2 3 0 1ὃ ὺ=1

ÁRecall that pivot is last array element

ÁPivot index is equal to pivot value due to assuming we sort πȟȣȟὲ ρ

for ὺ=1, pivot index Ὥ ρ

ÁExample for  ὲ σ

Ὕὥὺὶσ
Ȧ
Ὕ ρȟςȟ Ὕ ςȟρȟ

Ὕ πȟςȟ Ὕ ςȟπȟ

Ὕ πȟρȟ Ὕ ρȟπȟ

ρ

ὲȦ
ȡ ȟ

ὝὍ

Ὕὥὺὶσ
ρ

σȦ
Ὕ πȟρȟς Ὕ πȟςȟρ Ὕ ρȟπȟς Ὕ ρȟςȟπ Ὕ ςȟπȟρ Ὕ ςȟρȟπ



Average-Case Analysis of quick-select1

ÁThere are ὲ ρȦinput instances Ὅwith pivot index Ὥ

choice of  ὲ ςitems: 
anything but Ὥandὃπ

…
no choice

ὃ
choice of ὲ ρ

items: anything but Ὥ

░

‘choice’ of 
1 items

ÁPartition sum over different pivots     Ὕ ὲ
Ȧ
В Вȡ ȟὝὍ

ȡ ȟ
░

ὝὍ ὲ ρȦὧὲ ὲ ρȦάὥὼὝ ὭȟὝ ὲ Ὥ ρ

ÁOne can show 
Á )

ÁTherefore    Ὕ ὲ ὧὲ В άὥὼὝ ὭȟὝ ὲ Ὥ ρ

(will only hint at the proof with example  forὲ τȟὭ ρ)



Average-Case Analysis of quick-select1

ÁLet ὲ τȟὭ ρ
ȡ ȟ

ὝὍ
Ὕ πȟςȟσȟ Ὕ πȟσȟςȟ
Ὕ ςȟπȟσȟ Ὕ ςȟσȟπȟ
Ὕ σȟπȟςȟ Ὕ σȟςȟπȟ

ÁTotal work is proportional to comparisons, will count comparisons

πȟςȟσȟ πȟσȟςȟ ςȟπȟσȟ ςȟσȟπȟ σȟπȟςȟ σȟςȟπȟ

comparisons to
partition: σ σ σ σ σ σ

instances

Total: 
σσȦ

partitions
(assume stable 
order)

π ςȟσ π σȟς π ςȟσ π ςȟσ π σȟς π σȟς



Average-Case Analysis of quick-select1

ÁLet ὲ τȟὭ ρ
ȡ ȟ

ὝὍ
Ὕ πȟςȟσȟ Ὕ πȟσȟςȟ
Ὕ ςȟπȟσȟ Ὕ ςȟσȟπȟ
Ὕ σȟπȟςȟ Ὕ σȟςȟπȟ

ÁTotal work is proportional to comparisons, will count comparisons

πȟςȟσȟ πȟσȟςȟ ςȟπȟσȟ ςȟσȟπȟ σȟπȟςȟ σȟςȟπȟ

comparisons to
partition: σ σ σ σ σ σ

instances

Total: 
σσȦ

partitions π ςȟσ π σȟς π ςȟσ π ςȟσ π σȟς π σȟς

Case 1: Ὧ Ὥ Ὕ ςȟσ Ὕ σȟς Ὕ ςȟσ Ὕ ςȟσ Ὕ σȟς Ὕ σȟς

= Ὕ πȟρ Ὕ ρȟπ Ὕ πȟρ Ὕ πȟρ Ὕ ρȟπ Ὕ ρȟπ

since only 
relative order 
matters

swap



Average-Case Analysis of quick-select1

ÁLet ὲ τȟὭ ρ
ȡ ȟ

ὝὍ
Ὕ πȟςȟσȟ Ὕ πȟσȟςȟ
Ὕ ςȟπȟσȟ Ὕ ςȟσȟπȟ
Ὕ σȟπȟςȟ Ὕ σȟςȟπȟ

ÁTotal work is proportional to comparisons, will count comparisons

πȟςȟσȟ πȟσȟςȟ ςȟπȟσȟ ςȟσȟπȟ σȟπȟςȟ σȟςȟπȟ

comparisons to
partition: σ σ σ σ σ σ

instances

Total: 
σσȦ

partitions π ςȟσ π σȟς π ςȟσ π ςȟσ π σȟς π σȟς

Case 1: Ὧ Ὥ Ὕ ςȟσ Ὕ σȟς Ὕ ςȟσ Ὕ ςȟσ Ὕ σȟς Ὕ σȟς

= Ὕ πȟρ Ὕ ρȟπ Ὕ πȟρ Ὕ ρȟπ Ὕ πȟρ Ὕ ρȟπ

Ὕ ς ςȦὝ ς ςȦὝ ς

since only 
relative order 
matters

σȦ

ςȦ
σȦὝ ςTotal recursive comparisons

ςȦ

ςȦὝ ς



Average-Case Analysis of quick-select1

ÁLet ὲ τȟὭ ρ
ȡ ȟ

ὝὍ
Ὕ πȟςȟσȟ Ὕ πȟσȟςȟ
Ὕ ςȟπȟσȟ Ὕ ςȟσȟπȟ
Ὕ σȟπȟςȟ Ὕ σȟςȟπȟ

ÁTotal work is proportional to comparisons, will count comparisons

πȟςȟσȟ πȟσȟςȟ ςȟπȟσȟ ςȟσȟπȟ σȟπȟςȟ σȟςȟπȟ

comparisons to
partition: σ σ σ σ σ σ

instances

Total: 
σσȦ

partitions π ςȟσ π σȟς π ςȟσ π ςȟσ π σȟς π σȟς

Case 2: Ὧ Ὥ Ὕ π Ὕ π Ὕ π Ὕ π Ὕ π Ὕ π

σȦ

ρȦ
ρȦὝ ρ σȦὝ ρTotal recursive comparisons

ρȦὝ ρ ρȦὝ ρ ρȦὝ ρ ρȦὝ ρ ρȦὝ ρ ρȦὝ ρ

[Case 1, total recursive comparisons:                                                  ]σȦὝ ς

Combining both cases, total recursive comparisons : σȦÍÁØὝ ρȟὝ ς

Adding comparisons to partition: σσȦ σȦÍÁØὝ ρȟὝ ς



Average-Case Analysis of quick-select1

ÁLet ὲ τȟὭ ρ
ȡ ȟ

ὝὍ
Ὕ πȟςȟσȟ Ὕ πȟσȟςȟ
Ὕ ςȟπȟσȟ Ὕ ςȟσȟπȟ
Ὕ σȟπȟςȟ Ὕ σȟςȟπȟ

ÁTotal work is proportional to comparisons, will count comparisons

πȟςȟσȟ πȟσȟςȟ ςȟπȟσȟ ςȟσȟπȟ σȟπȟςȟ σȟςȟπȟ

comparisons to
partition: σ σ σ σ σ σ

instances

Total: 
στ ρȦ

partitions π ςȟσ π σȟς π ςȟσ π ςȟσ π σȟς π σȟς

Case 2: Ὧ Ὥ Ὕ π Ὕ π Ὕ π Ὕ π Ὕ π Ὕ π

σȦ

ρȦ
ρȦὝ ρ σȦὝ ρTotal recursive comparisons

ρȦὝ ρ ρȦὝ ρ ρȦὝ ρ ρȦὝ ρ ρȦὝ ρ ρȦὝ ρ

[Case 1, total recursive comparisons:                                                  ]σȦὝ ς

Combining both cases, total recursive comparisons : σȦÍÁØὝ ρȟὝ ς

Adding comparisons to partition: σσȦ σȦÍÁØὝ ρȟὝ ς

ȡ ȟ
░

ὝὍ ὲ ρȦὧὲ ὲ ρȦάὥὼὝ ὭȟὝ ὲ Ὥ ρ



Theorem: Ὕὲצɨὲ

Proof: 

Á will prove Ὕὲ τὧὲby induction on ὲ

Á base case, ὲ ρ:  Ὕρ ὧ

Ὕὲ ὧɇὲ
ρ

ὲ
άὥὼὝὭȟὝὲ Ὥ ρ

ὧɇὲ
ρ

ὲ
άὥὼτὧὭȟτὧὲ Ὥ ρ

Ὕὲ ὧɇὲ
ρ

ὲ
άὥὼὝὭȟὝὲ Ὥ ρ

induction hypothesis applies 
to each one of these

ὧɇὲ
τὧ

ὲ
άὥὼὭȟὲ Ὥ ρ

Average-Case Analysis of quick-select1

τὧẗρ

Á induction hypothesis: assume  Ὕά τὧά for all ά ὲ

Á need to show  Ὕὲ τὧὲ



Proof: (cont.) Ὕὲ ὧɇὲ
τὧ

ὲ
άὥὼὭȟὲ Ὥ ρ

άὥὼὭȟὲ Ὥ ρ άὥὼὭȟὲ Ὥ ράὥὼὭȟὲ Ὥ ρ

άὥὼρȟὲ ςάὥὼπȟὲ ρ άὥὼςȟὲ σ Ễ άὥὼ
ὲ

ς
ρȟ
ὲ

ς

άὥὼ
ὲ

ς
ρȟ
ὲ

ς
ςάὥὼ

ὲ

ς
ȟ
ὲ

ς
ρ Ễ άὥὼὲ ρȟπ

ὲ ρ ὲ ς Ễ
ὲ

ς

ὲ

ς

ὲ

ς
ρ Ễ ὲ ρ

σὲ

ς
ρ
ὲ

τ

σὲ

ς
ρ
ὲ

τ σ

τ
ὲς

σὲ

ς
ρ
ὲ

ς

ὧɇὲ
τὧ

ὲ
ɇ
σ

τ
ὲς τὧὲ

exactly what we 
need for the proof

Average-Case Analysis of quick-select1



ÁProved average case time ὝὲÉÓɨὲ

ÁAverage case is also ɱὲ since have to performpartition ὃȟὴ

ÁTherefore average case is ὝὲÉÓɡὲ

Average-Case Analysis of quick-select1
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Randomized Algorithms
ÁA randomized algorithm is one which relies on some 

random numbers  in addition to the input

ÁThe cost will depend on both the input and the random 
numbersused

ÁGoal
Á shift the dependency of run-time from what we cannot control (the 

input),  towhat we can control (random numbers)

Á no more bad instances, just unlucky numbers

Á if running time is long on some instance, it’s because we generated 
unlucky random numbers, not because of the instance itself

ÁSide note
Á computers cannot generate truly random numbers

Á we assume there is a pseudo-random number generator (PRNG), a 
deterministic program that uses an initial value or seedto generate a 
sequence of seemingly random numbers

Á quality of randomized algorithm depends on the quality of the PRNG



Expected Running Time
Á How do we measure the running time of a randomized algorithm?

Á it depends on the input Ὅand on Ὑ, the sequence of random numbers an 
algorithm choses during execution

Á Define ὝὍȟὙ to be running time of randomized algorithm for instance Ὅand Ὑ

Á The expected running time ὝὩὼὴὍfor instance Ὅis expected value for ὝὍȟὙ

ὝὩὼὴὍ ╔ὝὍȟὙ ὝὍȟὙ ɇ0ÒὙ

Á Worst-case expected running time   

Á Average-case expected running time  

ὝὩὼὴὲ ÍÁØ
ȡ

ὝὩὼὴὍ

ὝὩὼὴὲ
ρ

ὍȡίὭᾀὩὍ ὲ
ȡ

ὝὩὼὴὍ

Á Usually design ὃso that all instances of size ὲhave the same expected run time

Á Thus the average and worst case expected run times are the same, and we just 
compute the worst case expected time



Expected Running Time
Á How do we measure the running time of a randomized algorithm?

Á it depends on the input Ὅand on Ὑ, the sequence of random numbers an algorithm 
choses during execution

Á Define ὝὍȟὙ to be running time of randomized algorithm for instance Ὅand Ὑ

Á The expected running time ὝὩὼὴὍfor instance Ὅis expected value for ὝὍȟὙ

ὝὩὼὴὍ ╔ὝὍȟὙ ὝὍȟὙ ɇ0ÒὙ

Á Worst-case expected running time        ὝὩὼὴὲ ÍÁØ
ȡ

ὝὩὼὴὍ

Á Average-case expected running time    ὝὩὼὴὲ
ȡ

Вȡ ὝὩὼὴὍ

Á Usually design ὃso that all instances of size ὲhave the same expected run time

Á Thus average and worst case expected run times are usually the same

Á just compute the worst case expected time

Á Sometimes we also want to know the running time if we got really unlucky with the 
random numbers Ὑwe generate during the execution, or, formally

ÍÁØÍÁØ
ȡ

ὝὍȟὙ



Randomized QuickSelect: Shuffle
Á Goal: create a randomized version of QuickSelectfor which all input has the same 

expected run-time

Á First idea: first randomly permute input using shuffle and then run selection 
algorithm

shuffle(ὃ)

ὃ: array of size ὲ

for Ὥ 0  to  ὲ ρdo

swap(ὃὭȟὃὶὥὲὨέάὭ ρ )

Á ὶὥὲὨέάὲ returns an integer uniformly sampled from πȟρȟςȟȣȟὲ ρ

Á can show that expected running time is ɡὲȟthe same as average running time



Randomized QuickSelect: Shuffle
Á Goal: create a randomized version of QuickSelectfor which all input has the same 

expected run-time

Á First idea: first randomly permute input using shuffle and then run selection 
algorithm

shuffle(ὃ)

ὃ: array of size ὲ

for Ὥ 0  to  ὲ ρdo

swap(ὃὭȟὃὶὥὲὨέάὭ ρ )

Á ὶὥὲὨέάὲ returns an integer uniformly sampled from πȟρȟςȟȣȟὲ ρ

Á can show that expected running time is ɡὲȟthe same as average running time

Á if we get very unlucky with random numbers, we could get a sorted or almost 
sorted array after shuffle, resulting in ὕὲ performance for selection algorithm

Á probability of this happening is almost zero

Á whereas the user is quite likely to give instance which is sorted or almost sorted 
to the selection algorithm

Á probability is far from zero, humans often produce almost sorted data



Randomized QuickSelect: Random Pivot

ÁSecond idea: select a random pivot from πȟρȟςȟȣȟὲ ρ

ÁSimpler and more efficient than shuffling the array

ÁUsually fastest in practice

ÁExpected running time is again ɡὲ

choose-pivot2(ὃ)

return ὶὥὲὨέάὃȢίὭᾀὩ



Efficiency of Randomized QuickSelect

Á Assume all elements of ὃare distinct

Á Select pivot with equal probability at each recursive call, and independently 
from other recursive calls

Á ὖpivothasindexὭ for any instance of size ὲ

Á ὝὩὼὴὍdepends only on the size of Ὅ, not the contents of Ὅ

Á Let ὝὩὼὴὲ be expected time on an instance of size ὲ

Á Running time to partition array is ὧὲ, and with probability ρȾὲpivot-index is Ὥ

choose-pivot2(ὃ)

return ὶὥὲὨέάὃȢίὭᾀὩ

quick-select2(ὃ, Ὧ)

ὴ choose-pivot2(ὃ)
“the rest”

ὺ

░

ὝὩὼὴὲ Ὥ ρ

sizeὭ

ὝὩὼὴὭ

sizeὲ Ὥ ρ

running time if pivot index is Ὥ ὧɇὲ άὥὼὝὩὼὴὭȟὝὩὼὴὲ Ὥ ρ



Efficiency of Randomized QuickSelect

Á Taking expectation over pivot index Ὥ

ὝὩὼὴὲ ὶόὲὲὭὲὫὸὭάὩὭὪὴὭὺέὸὭὲὨὩὼὭίὭὖÉÎÄÅØÏÆÐÉÖÏÔÉÓὭ

ὧὲάὥὼὝὩὼὴὭȟὝὩὼὴὲ Ὥ ρ
ρ

ὲ

running time if pivot-index is Ὥ ὧɇὲ άὥὼὝὩὼὴὭȟὝὩὼὴὲ Ὥ ρ

ὧὲ
ρ

ὲ
άὥὼὝὩὼὴὭȟὝὩὼὴὲ Ὥ ρ

Á Same recurrence as for non-randomized average case 

Á Resolves to ɡὲ expected time on instance of size ὲ

Á Side note

Á there is selection algorithm “Median of Medians” (cs341) that has 
worst-case running time ὕὲ

Á uses double recursion

Á slower in practice



QuickSelect: Badly Designed Randomization

Á Worst instance is sorted array  Ὅὲ πȟρȟȣȟὲ ρ

Á ὝὩὼὴὍὲ
ὧὲ ὝὩὼὴὍ ὝὩὼὴὍ ὝὩὼὴὍ ifὲ σ

ὧ ifὲ σ

Á ὝὩὼὴὍὲ ὧὲὝὍ if ὲ σ

Á Resolves to ɡὲ

Á Worst case expected time is ɡὲ

choose-random-pivot-badly(ὃ)

ifὃȢίὭᾀὩσreturn ὶὥὲὨέάσ

else returnπ

ὝὩὼὴὲ ÍÁØ
ȡ

ὝὩὼὴὍ
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QuickSort
Á Hoare developed partition and quick-select in 1960

Á He also used them to sortbased onpartitioning

quick-sort1(ὃ)
Input: array A of size n

if ὲ 1 then return

ὴN choose-pivot1(ὃ)

ὭN partition ὃ,ὴ

quick-sort1 ὃπȟρȟȣȟὭ ρ

quick-sort1 ὃὭ ρȟȣȟὲ ρ

Á Let Ὕὲ to be the runtime on size ὲarray

Á If we know pivot-index Ὥ, then Ὕὲ ὧὲ ὝὭ Ὕὲ Ὥ ρ

Á Worst case   Ὕὲ Ὕὲ ρ ὧὲ

Á recurrencesolvedinthesamewayasquick−select1,ɡὲς

Á Best case Ὕὲ Ὕ ὲȾς Ὕ ὲȾς ὧὲ

Á solved in the same way as merge-sort, ɡὲÌÏÇὲ



Average-case analysis of quick-sort1

Á Using the same approach as for quick-select1, average running time is

1 0 ὺ ς 3 5 8 9 6 4 7

i=2

recurse recurse

Ὕὲ
ρ

ὲ
ὧὲ ὝὭ Ὕὲ Ὥ ρ ȟ ὲ ς

Á Make the same assumptions as for quick-select1

Á Deriving recurrence equation is similar to quick-select1, but recurseon both sides 

Á Running time is proportional to the number of comparisons

Á Recurrence for counting comparisons

Ὕὲ
ρ

ὲ
ὲ ὝὭ Ὕὲ Ὥ ρ ȟ ὲ ς



Average-case analysis of quick-sort1

Ὕὲ
ρ

ὲ
ὲ ὝὭ Ὕὲ Ὥ ρ

Ὕπ Ὕρ Ễ Ὕὲ ρ

ὲ
ς

ὲ
ὝὭ

ÁFirst let us get a simpler recursive expression for Ὕὲ

ÁThus Ὕὲ ὲ
ς

ὲ
ὝὭ

ὲ
ρ

ὲ
ὝὭ

ρ

ὲ
Ὕὲ Ὥ ρ

Ὕὲ ρ Ὕὲ ς Ễ Ὕπ



Average-case analysis 
of quick-sort1

Proof 

ὲὝὲ

ὲ ρὝὲ ρ ὲ ρς ς ὝὭ

Subtract:

Plug in  ὲ ρ:

Multiply by  ὲ:

ὲὝὲ ὲ ρὝὲ ρ ςὲ ρ

Rearrange Ḋ

Ὕὲ

ὲ ρ

Let  ὃὲ Ḋ ὃὲ ὃὲ ρ
ςὲ ρ

ὲὲ ρ

Ễ
ςὭ ρ

ὭὭ ρ

ς

Ὥ ρ

ρ

ὭὭ ρ

ɡÌÏÇὲ ɡρ

FinallyȡὝὲ ὲ ρὃὲ ὧὲ ρÌÏÇὲ

Therefore: ὃὲ ὧÌÏÇὲ

Ὕὲ ὲ
ς

ὲ
ὝὭ isɡὲÌÏÇὲ

Divide by  ὲ ρὲȡ

ὲὝὲ ὲ ρὝὲ ρ

ὃὲ ς
ςὲ ρ ρ

ὲ ρὲ

ςὲρ

ὲὲ ρ

ςὝὲ ρὲὝὲ ὲ ρὝὲ ρ ςὲ ρ ςὝὲ ρ

ὲς ς ὝὭὲς ς ὝὭ

ὲ ρὝὲ ρ ὲ ρς ς ὝὭ

ςὲ ρὲὝὲ ὲ ρὝὲ ρ

Ὕὲ ρ

ὲ

ςὲ ρ

ὲὲ ρ

ɡὲÌÏÇὲצ



Improvement ideas for QuickSort
Á Randomize by using choose-pivot2, giving  ɡὲÌÏÇὲ expected time  

for  quick-sort2

Á The auxiliary space is Џ(recursion depth)

Á ɡὲ in the worst-case

Á can be reduce to ɡÌÏÇὲ worst-case by

Á recursein smaller  sub-array first 

Á replacing the other recursion by a while-loop (tail call elimination)

Á Stop recursion when, say  ὲ ρπ

Á array is not completely sorted, but almost sorted 

Á at the end, run insertionSort, it sorts in just ὕὲ time since all items 
are within 10 units of the required position

Á Arrays with many duplicates sorted faster by 
changing  partition to produce three subsets

Á Programming tricks

Á instead of passing full arrays, pass only the range of indices

Á avoid recursion altogether by keeping an explicit stack

○ ○ ○



QuickSortwith Tricks

quick-sort3ὃȟὲ
initialize a stack Ὓof index-pairs with πȟὲ ρ

while Ὓis not empty

ὰȟὶᴺὛȢὴέὴ

while ὶ ὰ ρ ρπ

ὴN choose-pivot2ὃȟὰȟὶ

ὭN partition ὃ,ὰȟὶȟὴ
if Ὥ ὰ ὶ Ὥdo

ὛȢὴόίὬὰȟὭ ρ

ὰN Ὥ ρ
else

ὛȢὴόίὬὭ ρȟὶ

ὶN Ὥ ρ
InsertionSortὃ

ÁThis is often the most efficient sorting algorithm in practice

// store larger  problem in Ὓfor later

// store larger problem in Ὓfor later

// next work on the right side

// next work on the left side

// is left side larger than right?

// work on it if it’s larger than 10

// get the next subproblem
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Lower bounds for sorting

Á Question: Can one do better than ɡὲÌÏÇὲ running time?

Á Answer: It depends on what we allow

Á No: comparison-based sorting lower bound is ɱὲÌÏÇὲ
Á no restriction on input, just must be able to compare 

Á Yes: non-comparison-based sorting can achieve /ὲ
Á restrictions on input

Á We have seen many sorting algorithms

Sort Running Time Analysis

Selection Sort ɡὲς worst-case

Insertion Sort ɡὲς worst-case

MergeSort ɡὲÌÏÇὲ worst-case

Heap Sort ɡὲÌÏÇὲ worst-case

quick-sort1
quick-sort2

ɡὲÌÏÇὲ
ɡὲÌÏÇὲ

average-case
expected



The Comparison Model

Á All sorting algorithms seen so far are in the comparison model

Á In the comparison model data can only be accessed in two ways

Á comparing two elements
Á ὃὭ ὃὮ

Á moving elements around (e.g. copying, swapping)

Á This makes very few assumptions on the things we are sorting

Á just count the number of above operations

Á Under comparison model, will show that any sorting algorithm 
requires ɱὲÌÏÇὲ comparisons

Á This lower bound is not for an algorithm, it is for the sorting 
problem

Á How can we talk about problem without algorithm?
Á count number of comparisons any sorting algorithm has to perform



Decision Tree

ÁDecision tree succinctly describes all the decisions that are taken 
during the execution of an algorithm and the resulting outcome

ÁFor each sorting algorithm we can construct a corresponding 
decision tree

ÁGiven decision tree, we can deduce the algorithm

ÁDecision tree can be constructed for any algorithm, not just sorting



Decision TreeExample
Á Decision treefor a concrete comparison based sorting algorithm, with  σnon-

repeating elementsὼπ,ὼρ,ὼς]

0, 1, 2
0, 2, 1
1, 0, 2
1, 2, 0
2, 0, 1
2, 1, 0

ὼπ ὼρ ὼς

ὼπ ὼς ὼρ

output ὼπ,ὼρ,ὼς]

output ὼπ,ὼς,ὼρ]

ὼς ὼπ ὼρ output ὼς,ὼπ,ὼρ]

ὼρ ὼπ ὼς output ὼρ,ὼπ,ὼς]

ὼρ ὼς ὼπ output ὼρ,ὼς,ὼπ]

ὼς ὼρ ὼπ output ὼς,ὼρ,ὼπ]

Á Have to determine which of the 6 inputs we are given before can give output

Á unique output for each distinct input

Set of all possible inputs



Decision Tree
Á Decision treefor a concrete comparison based sorting algorithm, with 3 non-repeating elements 

0, 1, 2 2, 1,0

0, 2,1 1, 2,0 1, 0,2 2, 0,1

0, 1, 2
0, 2, 1
1, 0, 2
1, 2, 0
2, 0, 1
2, 1, 0

0, 1,2
0, 2, 1
1, 2, 0

1, 0, 2
2, 0, 1
2, 1, 0

0, 2, 1
1, 2, 0

1, 0, 2
2, 0, 1

ὼπ ὼρ ὼς

ὼπȡὼρ

ὼρȡὼς

ὼπȡὼς ὼπȡὼς

ὼρȡὼς

Á Root corresponds to the set of all possible inputs

Á Interior nodes are comparisons: each comparison splits the set of possible inputs into two 

Á Know correct sorting order only when the set of possible inputs shrinks to size one
Á nodes where possible input shrunk to size one are leaves, when reach them, can output sorting result

ὼπ ὼς ὼ1 ὼρ ὼς ὼ0 ὼρ ὼπ ὼ2 ὼς ὼπ ὼ1

ὼς ὼρ ὼ0

Á Sorting algorithm will traverse a path starting at root and ending at a leaf
Á length of the path is the number of comparisons to be made

Á Tree height is the number of comparisons required for sorting in the worst case



Decision Tree
Á Decision treefor a concrete comparison based sorting algorithm, with 3 non-repeating elements 

Á Algorithm could do more comparisons than necessary

Á Thus can have more leafs than possible inputs

Á But the number of leaves must be at leastthe number of possible inputs

0, 1, 2

0, 2,1 1, 2,0 1, 0,2 2, 0,1

0, 1, 2
0, 2, 1
1, 0, 2
1, 2, 0
2, 0, 1
2, 1, 0

0, 1,2
0, 2, 1
1, 2, 0

1, 0, 2
2, 0, 1
2, 1, 0

0, 2, 1
1, 2, 0

1, 0, 2
2, 0, 1

ὼπ ὼρ ὼς

ὼπȡὼρ

ὼρȡὼς

ὼπȡὼς ὼπȡὼς

ὼρȡὼς

ὼπ ὼς ὼ1 ὼρ ὼς ὼ0 ὼρ ὼπ ὼ2 ὼς ὼπ ὼ1

2,1,0

ὼς ὼρ ὼ0

ὼρȡὼς

2, 1, 0



Decision Tree
Á Decision treefor any comparison-based sorting algorithm,  ὲnon-repeating elements

one possible 
input

ὲȦpossible 
inputs

ȩȡȩ ȩȡȩ

ȩȡȩ

Ὓ

subset of ὲȦ
possible inputs

subset of ὲȦ
possible inputsὃ ὄ

Ὓ ὃ᷾ὄ

subset of ὃ subset of ὃ subset of ὄ subset of ὄ

one possible 
input

one possible 
input

one possible 
input

Á Tree must have at least ὲȦleaves

Á Binary tree with height Ὤhas at most ςὬleaves

Á Height Ὤmust be at least such that ςὬ ὲȦ

Á Tree height is the number of comparisons required in the worst case

one possible 
input



Lower bound for sorting in the comparisonmodel
Theorem:Any correct comparison-based sorting algorithm requires at  least 
ɱὲÌÏÇὲ comparisons

Proof:

Á There exists a set of ὲȦpossible inputs s.t.each leads to a different output

Á Decision tree must have at least ὲȦleaves

Á Binary tree with height Ὤhas at most ςὬleaves

Á Height Ὤmust be at least such that ςὬ ὲȦ

Á Taking logs of both sides

ÌÏÇὲȦ ÌÏÇὲὲ ρȣẗρ ÌÏÇὲ Ễ ÌÏÇ ρ ÌÏÇ Ễ ÌÏÇρ

ÌÏÇ
ὲ

ς
Ễ ÌÏÇ

ὲ

ς

ὲ

ς
ÌÏÇ
ὲ

ς

ὲ

ς
ÌÏÇὲ

ὲ

ς
ᶰɱὲÌÏÇὲ

Ὤ

ÌÏÇ
ὲ

ς

ὲ

ς
ÏÆÔÈÅÍ
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Non-Comparison-Based Sorting

ÁSort without comparing items to each other

ÁNon-comparison based sorting is less general than comparison 
based

Á In particular, we need to make assumptions about items we sort

Áunlike in comparison based sorting, which sorts any data, 
as long as it can be compared

ÁWill assume we are sorting non-negative integers

Ácan adapt to negative integers 

Áalso to some other data types, such as strings

Ábut cannot sort arbitrary data



Non-Comparison-Based Sorting

ÁSimplest example

Ásuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁFor non-comparison sorting, running time depends on both 

Áarray size ὲ

Áὒ



0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Bucket Sort

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of initially empty linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

A

12

14

7

6

7

0

10

B
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Bucket Sort

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

A
12

14

7

6

7

0

10

12

Ὧ π B
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Bucket Sort

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

A
12

14

7

6

7

0

10

12 14Ὧ ρ

B
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Bucket Sort

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

A
12

14

7

6

7

0

10

12 14

Ὧ ς

7

B
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Bucket Sort

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

A
12

14

7

6

7

0

10

12 14

Ὧ σ

76

B
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Bucket Sort

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

A
12

14

7

6

7

0

10

12 14

Ὧ τ

76

7

B



0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Bucket Sort

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

A
12

14

7

6

7

0

10

12 14

Ὧ υ

760

7

B
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Bucket Sort

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

A
12

14

7

6

7

0

10

12 14

Ὧ φ

760 10

7

B
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Bucket Sort

ÁTime complexity is ɡὒ ὲ

Á ὲis size of ὃ

A
12

14

7

6

7

0

10

12 14760 10

7

0

6

7

7

10

12

14

ÁSuppose all keys in ὃare integers in range πȟȣȟὒ ρ

ÁUse an axillary bucket array ὄπȟȣȟὒ ρ to sort
Á i.e. array of linked lists, initialization is ɡὒ

ÁExample with ὒ ρυ

ÁNow iterate through ὄand copy non-empty buckets to ὃ

B



Digit Based Non-Comparison-Based Sorting

123 230 21 320 210 232 101

ÁRunning time of bucket sort is ɡὒ ὲ
Á ὲis size of ὃ

Á ὒis range πȟὒ of integers in ὃ

ÁWhat if ὒis much larger than ὲ?
Á i.e. ὃhas size ρππ, range of integers in ὃis πȟȣȟωωωωω

Á Can sort ‘digit by digit’, can go

Á forward, from digit ρO ά(more obvious)

Á backward, from from digit άᴼρ(less obvious)

Á bucketsortis perfect for sorting ‘by digit’

Á Example: ὃhas size 100, range of integers in ὃis [0,…,99999]

Á integers have at most υdigits, need only υiterations of bucketsort

021

Á pad with leading 0s

ÁAssume at most άdigits in any key



Bucket Sorton Last Digit
Á Equivalent to normal bucket  sort if we redefine comparison 

Á ὥ ὦif the last digit of ὥis smaller than (or equal) to the last digit of ὦ

A

123

230

121

320

210

232

101

B[0]

B[1]

B[2]

B[3]

B

123

230

121

320 210

232

101

A

230

320

210

121

101

232

123

0

0

0

1

2

3

1

Á Bucket sort is stable: equal items stay in original order

Á crucial for developing LSD radix sort later

230

320

210

230

320

210



Base Ὑnumber representation
Á Number of distinct digits gives the number of buckets Ὑ

Á Useful to control number of buckets

Á larger Ὑmeans less digits (less iterations), but more work per 
iteration (larger bucket array)

Á may want exactly ς, or τ,  or even ρςψbuckets

Á Can do so with base Ὑrepresentation

Á digits go from πto Ὑ ρ

Á Ὑbuckets

Á numbers are in the range πȟρȟȣȟὙ ρ

Á From now on, assume keys are numbers in base Ὑ(Ὑ: radix)

Á Ὑ ςȟρπȟρςψȟςυφare common

ρςσ ςσπ ςρ σςπ ςρπ ςσς ρπρ

Á Example (Ὑ τ)



Single Digit BucketSort
Bucket-sort ὃȟὨ
ὃ: array of size  ὲ, contains numbers with digits in πȟȣȟὙ ρ

Ὠ:   index of digit by which we wish to sort

initialize array ὄπȟȣȟὙ ρof empty lists (buckets)

for Ὥ πto ὲ ρdo

ὲὩὼὸὃὭ

append ὲὩὼὸat end of ὄὨth digit of ὲὩὼὸ

Ὥ π

for Ὦ πto Ὑ ρdo

while ὄὮis non-empty do

move first element of ὄὮto ὃὭ

Á Sorting is stable: equal items stay in original order

Á Run-time ɡὲ Ὑ

Á Auxiliary space ɡὲ Ὑ
Á ɡὙ for array ὄ, and linked lists are  ɡὲ



Single Digit BucketSort
Bucket-sort ὃȟὨ
ὃ: array of size  ὲ, contains numbers with digits in πȟȣȟὙ ρ

Ὠ:   index of digit by which we wish to sort

initialize array ὄπȟȣȟὙ ρof empty lists (buckets)

for Ὥ πto ὲ ρdo

ὲὩὼὸὃὭ

append ὲὩὼὸat end of ὄὨth digit of ὲὩὼὸ

Ὥ π

for Ὦ πto Ὑ ρdo

while ὄὮis non-empty do

move first element of ὄὮto ὃὭ

Á Sorting is stable: equal items stay in original order

Á Run-time ɡὲ Ὑ

Á Auxiliary space ɡὲ Ὑ
Á ɡὙ for array ὄ, and linked lists are  ɡὲ

A

123

230

121

320

210

232

101

B[0]

B[1]

B[2]

B[3]

B

123

230

121

320 210

232

101230

320

210

Á Can replace lists by two auxiliary arrays of size Ὑand ὲ, resulting in  count-sort

Á no details



MSD-Radix-Sort
Á Sorts multi-digit numbers from the most significant to the least significant

Á Start by sorting the whole array by the first digit

123

232

021

320

210

230

101



MSD-Radix-Sort

123

232

021

320

210

230

101

Á Sorts multi-digit numbers from the most significant to the least significant

Á Start by sorting the whole array by the first digit



MSD-Radix-Sort

021

123

101

232

210

230

320

Á Cannot sort the whole array by the second digit, will mess up the order

101

210

021

123

232

230

320

Á Have to break down in groups by the first digit

Á each group can be safely sorted by the second digit

Á call sort recursively on each group, with appropriate array bounds

sort the whole array 
by the second digit

group 1

group 2

group 3

group 4

Á Sorts multi-digit numbers from the most significant to the least significant

Á Start by sorting the whole array by the first digit



MSD-Radix-Sort

021

123

101

232

210

230

320

021
0

0

recursion 
depth 1

recursion 
depth 0

Á Recursively sorts multi-digit numbers

Á sort by leading digit, group by next digit, then call sort recursively on each group

group 1

group 2

group 3

group 4



MSD-Radix-Sort

021

123

101

232

210

230

320

021
0

0

recursion 
depth 1

recursion 
depth 0

group 1

group 2

group 3
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MSD-Radix-SortSpace Analysis

021

123

101

232

210

230

320

021
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123

320

210

232

230

101

123

210

230

232

recursion 
depth 1

recursion 
depth 0

recursion 
depth 2

Á Bucket-sort 

Á auxiliary space  ɡὲ Ὑ

Á Recursion depth is ά ρ

Á auxiliary space  ɡά

Á Total auxiliary space ɡὲ Ὑ ά



MSD-Radix-SortTime Analysis
Á Time spent for each recursion depth

Á Depth π

Á one bucket sort on ὲitems

Á ɡὲ Ὑ

Á All other depths

Á lets Ὧbe the number of bucket sorts 
at each depth

Á Ὧ ὲ

Ácannot have more bucket sorts than 
the array size

Á each bucket sort is on ὲ items

Á В ὲ ὲ

Á each bucket sort is ὲ Ὑ

Á В ὲ Ὑ ὲ В Ὑ ὲ ὲὙ

Á total time at any depth is ὕὲὙ

Á Number of depths is at most ά ρ

Á Total timeὕάὲὙ

021
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230

320

021

101

123

320

210

232

230

101

123

210

230

232

recursion 
depth 1

recursion 
depth 0

recursion 
depth 2



MSD-Radix-SortTime Analysis
ÁTotal timeὕάὲὙ

ÁThis is ὕὲ if sort items in limited range 
Á suppose  Ὑ ς, and we sort are ὲintegers in the range πȟς )

Á then ά ρπȟὙ ςȟand sorting is ὕὲ

Á note that ὲ, the number of items to sort, can be arbitrarily large



MSD-Radix-SortTime Analysis
ÁTotal timeὕάὲὙ

ÁThis is ὕὲ if sort items in limited range 
Á suppose  Ὑ ς, and we sort are ὲintegers in the range πȟς )

Á then ά ρπȟὙ ςȟand sorting is ὕὲ

Á note that ὲ, the number of items to sort, can be arbitrarily large

ÁThis does not contradict ɱὲÌÏÇὲ bound on the sorting problem, 
since the bound applies to comparison-based sorting



MSD-Radix-SortPseudocode
Á Sorts array of ά-digit radix-Ὑnumbersrecursively

Á Sort by leading digit, then each group by next  digit, etc.

MSD-Radix-sort ὃȟὰN πȟὶN ὲ ρȟὨᴺὰὩὥὨὭὲὫὨὭὫὭὸὭὲὨὩὼ

ὰȟὶ:  indexes between which to sort, π ὰȟὶ ὲ ρ

if ὰ ὶ

bucket-sort ὃὰȣὶȟὨ

if  there are digits left

ὰᴂNὰ

while ὰ ὶ do

let ὶ ὰᴂbe the maximal s.t ὃὰᴂȣὶᴂhave the same Ὠth digit

MSD-Radix-sort ὃȟὰȟὶȟὨ ρ

ὰᴺὶ ρ

Á Run-time ὕάὲὙ

Á Auxiliary space is  ɡά ὲ Ὑ for bucket sort and recursion stack

Á Drawback of MSD-Radix-sort is many recursions



LSD-Radix-Sort

Á Idea: apply single digit bucket sort from least significant digit 
to the most significant digit

ÁObserve that digit bucket sort is stable

Áequal elements stay in the original order

Á therefore, we can apply single digit bucket sort to the 
whole array, and the output will be sorted after 
iterations over all digits
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230

320

210

121

101

232

123

101

210

320

121

123

230

232

123

230

121

320

210

232

101

123

230
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320

210

232
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230

320

210

121

101

232

123

101

210

320

121

123

230

232

101 

121

123

210

230

232

320

last digit 
sorted

last two 
digits 
sorted

last three 
digits 
sorted

prepare 
to sort by 
last digit

prepare to 
sort by 

middle digit

prepare 
to sort by 
first digit

Á άbucket sorts, on ὲitems each, one bucket sort is ɡὲ Ὑ

Á Total time cost ɡάὲ Ὑ



LSD-Radix-Sort

LSD-radix-sort ὃ

ὃ: array of size n, contains m-digit radix-R numbers

for Ὠᴺleast significantdown to most significant digit  do

bucket-sort ὃȟὨ

Á Loop invariant: after iteration Ὥ,  ὃis sorted w.r.t. the last  Ὥdigits of each entry

Á Time cost ɡάὲ Ὑ

Á Auxiliary space ɡὲ Ὑ



Summary

ÁSorting is an important and very well-studied problem

ÁCan be done inɡὲÌÏÇὲ time

Á faster is not possible for general input  

ÁHeapSortis the only ɡὲÌÏÇὲ time algorithm we have seen with 
ɨρ auxiliary space

ÁMergeSort is also ɡὲÌÏÇὲ time

ÁSelection and insertion sorts are ɡὲς

ÁQuickSort is worst-case ɡὲς , but often the fastest in practice  

Á BucketSortand RadixSortcan achieve ÏὲÌÏÇὲ if the input is 
special

ÁBest-case, worst-case, average-case can all differ

ÁRandomized algorithms can eliminate “bad cases”, resulting in the 
same expected time for all cases


