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Selection Problem

A Given arrayd of ¢ numbers, andit  'Q ¢, find the element that
would be at positionQif 6 was sorted
A "selNect
A "Qelements are smaller or equal, p “Qelements are larger or equal

0 1 2 3 4 S 6 I 8 9
30 |60 |10 O |50 |80 (90 (20 |40 |70

T

select¢

A Special casenedian finding Q H

~ N\

A Heapbased selection can be donegngé Q 1¢C
A thisisg(¢1 T£Efor median finding
A the same cost as our best sorting algorithms
A Question can we do selection in linear time?
A vyes, withquickselect(average case analysis)
A subroutines forquickselectalso useful for sorting algorithms



Crucial Subroutines

0 1 2 3 N T 5 6 7 8 9
30 60 10 0O |o 50 80 90 20

A qwckselectand related algorrthnqurcksort reJy on two subroutmes
A chooseprvot e XX |

A return an mdexr] inA- P N .
A use prvot—value N o rﬂ tQ rearrange the ’array

9,

oi 1/ 2/ 3,7 4, 0 b .6 “‘z “&

30( 10 0| 20 4 |o 50 60| 8 | 90| 70
A partition 6 rearranged so that

A allitemsind B HQ p are U

A pivot-valuev is in6 "Q

A allitemsind Q plBhR p are U

A index"Qis calledpivot-index 'Q

A partition(6f) returns pivotindex Q

A Qs a correct location a¥ in sorted 6
A if we were interested in select, then would be the answer



Choosing Pivot

A Simplest idea fochoosepivot
A always select rightmost element in array

choosepivotl 0
return Asize z p

4 5 6

30| 60| 10

O [w

S50 80| 90

20

Qg

A Will consider more sophisticated ideas later



Partition Algorithm

partition 6
A: array of siz&h n: integer s&t 1 &
create empty list$ & @ i 6 abdit i "QQ
ON B
for each elementoin 0
iféy Otheni & cBb RN Qd Q
elseifw  Othenda @i&RN Qd Q
elseQn 68w n Q® Q
‘O a GE R Q
A QR édORG Q
overwrite0 T&83Q p by elementsim & wa &
overwrite 0 ‘B 'Q Q p by elementsinQnR 6 ®a
overwrited ‘Q ‘B3t p byelementsit ©i "QQ
return i

A Easy lineatime implementation using extra (auxiliang)¢ space
A More challenging: partitiom-placei.e. / p auxiliary space



Efficient InPlace partition (Hoare)

1 =-1

J=9

30 60 10 50 80 90 20 40 | v=70
1=5 ]=8
30 60 10 50 80 90 20 40 | v=70
|=5 ]=8
30 60 10 50 40 90 20 80 | v=70
1=6 =7
30 60 10 50 40 90 20 80 | v=70
=6 =7
30 60 10 50 40 20 90 80 | v=70
J]=6 1=7
almost done, -
just swap wit] 30 60 10 50 40 20 90 80 | v=70
pivot U =6 j=7 _
30 60 10 50 40 20 [ v=70| 80 J0




Efficient InPlace partition (Hoare)

A Idea SummaryKeep swapping the outenost wronglypositioned pairs

Ov ? Ov Vv
i j

A One possible implementation
do'® Q p while ' Q ¢ ando[Q v
do’® Q p while™@ mand 6[Q U
A More efficient (forquickselectand quicksort) when many repeating element

do'® Q p while™Q € and 0[Q U
do’® Q p while’Q mand 6[Q U

A Can simplify the loop bounds

do® "Q p while 6['Q 0
do’® Q p while™Q "Qand 6[Q U



Efficientin-Placepartition (Hoare)

partition O
0: array of siz&
ndintegers.t. 1 n €
swap(0[€ Np]ﬁi‘)[r‘]])v
‘D ph O & ph ONBd[E p]
loop
do'® "Q p whileo[Q v
do'® Q p while™Q ‘Qand 6[Q U
if 'Q "Qthen break
else swap 6[¢ho Q
end loop
swapo[¢ plhd Q
return Q

A Running time ig £



Efficientin-Placepartition (Hoare)

partition O
0: array of siz&
ndintegers.t. 1 n €
swap(0[€ p]ﬁﬁ[r‘]])v
‘D ph Q& ph ON B[ p]
loop
do'® "Q p whileo[Q v
do'® Q p while™Q ‘Qand 6[Q U
if 'Q "Qthen break
else swap 6[¢ho Q
end loop
swapo[¢ plhd Q
return Q

A Running time ig £



Quick Select Algorithm

A Find item that would be 8 Qif 6 was sorted
A Similar to quicksort, butrecurseonl y on on-sostdwi t hgp

A Exampleselect(Q 1)
A [the correct answer is 40 in this case]

30 60 10 0 50 80 90 20 | 40 |0=70

=70

értition, 0

7 smallest items

, &7 -
70 90

20

N
o

30 60 10 0 50

X T

A Q seareduristihteedfiydeel @ ct




Quick Select Algorithm

A Examplecontinued:select(Q 1)

30 | 60 | 10 | 0 | 50 | 40 [0=20
S
]
>
S
3 smallest items X%/
Qo
( ‘92)
0 |™16-7 20 | 30 | 50 | 40 | 60

C TI

AQ Osearebturami kreilgyhetl

A "Q pinour example




Quick Select Algorithm

A Example continuedselect(Q p)

30 50 40 | V=60
3
]
-
S
H\g
3 smallest items
A |3
30 | 50 | 40 | 60
P T

A Q “hsearchontheleft s el™@ ct




Quick Select Algorithm

A Example continuedselect(Q p)

30 50 | 0v=40

=40

értition, v

0
=

AN
o

50

30

AQ &f ounurt eome!
A In our example, we got to subarray of size 3
A Often stop much sooner than that

A running time?



QuickSelecAlgorithm

quickselect1dhQ
odarray of siz&, ‘Qintegers.t.m Q ¢
NN choosepivotl 0
O partition 6M
if ‘Q "Qthen
return o Q
else if'Q "Qthen
return quickselect16[riphB HQ plhQ
else if ‘Q "Q then

return quickselectl6[Q pB E plh'Q Q p
A Best case
A first chosen pivot could have pivaidex Q
A no recursive calls, total cosj €
A Worst case recurrence equation”Y¢) We \g' P) z




QuickSelect Algorithm

A Worst case recurrence equatiofN¢) we \(f P) i g
A Solution: repeatedly expand until we see a pattern forming

&) wé \(sgp\k
e p) @t & Q)

&) wé ot p) A)@ C) after 1 expansion

&) wE ot p) wE ¢ Y& 0 after 2 expansions

A After ‘&xpansions
Y8 wE wE p) WE ¢ E dE QR E Qp)
A Stop expanding when getto basecas¢ Q p) “Yp)
A Happens where  “Q p  p, or, rewriting,"Q ¢ ¢
AThus &) @& G& p) & o E O "YXp)

we e p) wEe ¢) E wfg w

w¢ (& p) E ¢ prgEs



AverageCase Analysis gluickselectl

P
nel OOATEETEKJ?;\

infinitely many

VO

Yo(8)

A Need to make some assumptions
A First assumption

A all input numbers are distinct

A this assumption is just for simpler analysis, can prove the same thing
without this assumption



AverageCase Analysis gluickselectl

A QuickSelecis comparisorbased
A only cares ib['Q 0 Q for QQ
A does not care what the actual valuesaf¢h® 'Q are

O 30 | 60| 0| 10] G 2|5 | 10] 15

A QuickSelecimakes exactly the same sequences of step%$oand Q
A therefore’™YQ  "Y'Q

A Any comparison based algorithm has exactly the same running time for arr.
that have the same relative order of elements, regardless of actual array va

A Second assumption: we are sorting integaf8 ¢ p
A now there aret Apossible input instance®
A more formal proof usesorting permutations
A permutation® for which6[“ ] O6[* p] ...
A for Q(and’Q sorting permutation i§  ¢hottp
A assumeeach sorting permutation is equally likely
A ¢ Apossible permutations

o[* ¢ p]



AverageCase Analysis gluickselectl

VO

wr \ p
Y Z ~ Z A 5 A 7~ 7
€) FAET 30X %Mé\ |

A Example for¢ o, using all the assumptions

o) .

Wolo) o ATRY AR et {pRfY)  {chip) (o)



AverageCase Analysis gluickselectl

A Recall that pivot is last array element

A Pivot index is equal to pivot value due to assuming wes@tre p
0 1 2 3

O 2 3 0 0=1 | for 0=1, pivot indeXQ p

A Partition sum over different pivot indexes

‘ o p o
Y (@) éﬂA Yo YO
4 O 4 O

¢

A Example fort o

Polo) L Wi} (i) dpfte)  fpRit)  N(chtpY)  "X{cph)

oA
"Polo) - "pflth 1) "YX{chph )
“X{rich )  “Y{cmh })
“X{riph }) “Y{ptmh })



AverageCase Analysis gluickselectl

A Partition sum over different pivots “Y (&) -B Bg () #YO

A There are(¢  p)Ainput instancesQuith pivot indexQ

(3}

O

choice ofe p choice of¢ ¢ items: “choi ce’ adchoice
items: anything butQ anything but@ do 1 items

A One can show(will only hint at the proof with example far THQ p)

YO (¢ pAdE & pAOBY (QAY ¢ Q p )
4 () h

A Therefore 'Y (¢) @& -B  a OY (QAY ¢ Q p)}



AverageCase Analysis gluickselectl
“{rfton }) “X{rfofgh })

Alett¢ ThQ p Yo {chtoh ) "Y{chofrh )
@ O h “Y{ofmich })  "Y{okghth })

A Total work is proportional to comparisons, will count comparisons
comparisons to Total:
partition: o o o 9 o o) o(0)A
instances {nigioh } {mofch } {g¢mioh } {qloimh } {omigch } {ofgimh }

SN N SN N N N
partitions { covo {m ok {M co {M cw { ok {m} okt
(assume stable
order)



AverageCase Analysis gluickselectl
“{rfton }) “X{rfofgh })

Alete ThHQ p Y0 “{cfrioh ) "Y{choimh })

4 O h “Y{ofmigh }) "{okghh })

A Total work is proportional to comparisons, will count comparisons
comparisons to Total:
0] o 0] 0] 0] 0] o(0)A

partition:

instances {migloh } {molth } {qioh } {¢lotmh } {oimigh } {ofgimh }

partitions {ni/ {ni/ {ni/ {ni/ {ni/ {ni/

Case 10 @ "Y{cw}) "Y{ot}) "Y{ch}) "Y{ch}) "Y{o}) “Y{ot})~ since only

relative order

="Y{mp}) "Y{pm) "{mp}) “{mph) e "Y{phg){ maters

u
swap



AverageCase Analysis gluickselectl
“{rfton }) “X{rfofgh })

Alett¢ ThQ p Yo {chtoh ) "Y{chofrh )
@ O h “Y{ofmich })  "Y{okghth })

A Total work is proportional to comparisons, will count comparisons
comparisons to Total:
partition: o o o 9 o o) o(0)A
instances {nigfoh } {moich } {q¢ioh } {cloimh } {ofmgh } {ofghmh }

partitions {ni/ {ni/ {ni/ {ni/ {Tti/ {ni/

Case 10 @ "Y{cw}) "Y{ot}) "Y{ch}) "Y{ch}) "Y{o}) “Y{ot})~ since only

relative order

="Y{mp}) "Y{pm) "{mp}) e "{mp}) "{phg){ maters

cAY () CAY (Q) CAY ()

Total recursive comparisonsgﬁ QA'Y () oAY C



AverageCase Analysis gluickselectl

o » {rftoh })  "Y{rivith })
Alet¢ THQ p Y0 “Y{chmtoh }) "“Y{clotmh })
4 O Hh “Y{ofmch }) “{orgimh })

A Total work is proportional to comparisons, will count comparisons

comparisons to Total:
partition: o o o 9 o) o o(0)A
instances {nigfoh } {moich } {qioh } {cloimh } {ofmgh } {ofghmh }

partitions QEU Gﬁ; cﬁﬁ (EU Oﬁ; Gﬁ;

Case20 0 "Y{mh) " " " Y Y
PAY (P PAY (p)  PAY (P PAY (P PAY (P PAY (p)

oA . .
Total recursive comparisons _ApA’Y (p) oAY P
P
[Case 1, total recursive comparisons: oAY C ]

Combining both cases, total recursive comparisons : oA A QY (p) hY C

Adding comparisons to partition: o)A cA Ay (phY ¢



AverageCase Analysis gluickselectl
“X{rftfoh }) “X{rfofgh })

Alett THQ p Y0 {chmoh })  "Y{chtmh })
@ O h “Y{ofmich })  "Y{okghth })

A Total work is proportional to comparisons, will count comparisons |
comparisons to Total:
partition: o o Y Y 0 o ot pA
instances {nigfoh } {moich } {qioh } {cloimh } {ofmgh } {ofghmh }
partitions QEU Oﬁ; cﬁﬁ (EU Oﬁ; Oﬁ;

Case20 0 "Y{mh) " " " Y Y
PAY (P PAY (p)  PAY (P PAY (P PAY (P PAY (p)

. _ oA . .
Total recursive comparisons—pAY (0) alfy¥Y 0

YO (¢ pAdE ¢E pAa oY (RAY ¢ Q p )
4 () h

Coml

Adding comparisons to partition: o()A oA A@Y (phY ¢



AverageCase Analysis gluickselectl

Ve G T G GB(GTYE Qp)
Theorem "Y&€) Xt €
Proof.
A will prove"Y¢) T o #y induction org
A basecasg p:"Yp) @ T dp
A induction hypothesisassume”Ya) Ttwd forall & &

A needtoshow'Y¢) TwéE induction hypothesis applies
to each one of these

Ve o Goge g & GENPIYE Q p)

e

‘I

a0 drdde Q p}

~
€

¥ . L Lo
WeEe T awiE Q p}



AverageCase Analysis glickselectl — sadywhaiwe

need for the proof

: ~

?"T rw Xy . T‘TNO- T N
Proof (cont.) "Y&¢  w¢e T aifE Q p} weée ?¢; TW €

a OEE  Q p} aOEE Qp  aof’E Q p)




AverageCase Analysis guickselect

A Proved average case tim€¢) EO ¢
A Average case is alsg¢) since have to performartition 0

A Therefore average case’¢) E Q ¢



Outline

A SortingandRandomized\Igorithms

A Randomized\Igorithms



Randomizedigorithms

A Arandomized algorithnis one which relies on some
random numbers in addition to the input

A The cost will depend oboth the input and therandom
numbersused

A Goal

A shift the dependency ofun-time from what we canot control (the
iInput), towhat we can control (random numbers)
A no more bad instances, just unlucky numbers

Aif running time is long on so0me
unlucky random numbers, not because of the instance itself

A Side note
A computers cannot generate truly random numbers

A we assume there is a pseusandom number generator (PRNG), a
deterministic program that uses an initial valuessedto generate a
sequence of seemingly random numbers

A quality of randomized algorithm depends on the quality of the PRNG



ExpectedRunningTime

A How do we measure the running time of a randomized algorithm?

A it depends on the inpuiGand on', the sequence of random numbers an
algorithm choses during execution

A Define "Y'@Y to be running time of randomized algorithm for instariGend'Y
A Theexpected running timé&R®Ofor instanceTs expected value foN"@Y)
POt U YEY ) CEY) g0 Or

A Worstcase expected running time

T | A@ "Ra
(E) B {©

A Averagecase expected running time

~pogg) p

G o, "o

)

A Usually desigio so that all instances of sizehave the same expected run time

A Thus the average and worst case expected run times are the same, it we
compute the worst case expected time



ExpectedRunningTime

A How do we measure the running time of a randomized algorithm?

A it depends on the inputGand on'Y, the sequence of random numbers an algorithm
choses during execution

A Define "Y'@Y to be running time of randomized algorithm for instariGend'Y
A Theexpected running timéY ®YOfor instanceOs expected value fo"@Y)

POQ  HYEY ] "(EY) g0 O

A Worstcase expected running time “Yot) doi fA\) @ "R oMY

A Averagecase expected running time Y (%) O |Bd° O PQ

A Usually desigd so that all instances of sizehave the same expected run time
A Thus average and worst case expected run times are usually the same
A justcompute the worst case expected time

A Sometimes we also want to know the running time if we got really unlucky with the
random numbersY we generate during the execution, or, formally

| Agl A@ "yay
d O



Randomized QuickSelect: Shuffle

A Goal create a randomized version QluickSeledor which all input has the same
expected rurtime

A First idea first randomly permute input usinghuffleand then run selection
algorithm

shufflg0)
O : array of siz&
forQ Oto&e pdo
swapOo[tho | @& AQ0p) )
A 1 ©& Q& deturns an integer uniformly sampled frofmphch8 i p}
A can show that expected running timeg§¢ )hthe same as average running time




Randomized QuickSelect: Shuffle

A Goal create a randomized version QluickSeledor which all input has the same
expected rurtime

A First idea first randomly permute input usinghuffleand then run selection
algorithm

shufflg0)
O : array of siz&
forQ Otoe pdo
swapOo[tho | @& AQ0p) )
A 1 ®& Q& deturns an integer uniformly sampled frofmphch8 lE p}
A can show that expected running timeg§¢ )hthe same as average running time
A if we get very unlucky with random numbers, we could get a sorted or almos
sorted array after shuffle, resulting in € performance for selection algorithrr
A probability of this happening is almost zero

whereas the user is quite likely to give instance which is sorted or almost sor
to the selection algorithm
A probability is far from zero, humans often produce almost sorted data

>\



Randomized QuickSelect: Random Pivot
A Second ideaselect a random pivot frofriphc8 it p}

choosepivot2(0)
return i we Qodr "Qa)

Q

A Simpler and more efficient than shuffling the array

A Usually fastest in practice
A Expected running time is againé



Efficiency oRandomizeduickSelect

quickselecl(d, Q | ‘ choosepivot2(d)
‘r‘]th ch(z’osep|vot2(o) return i we A6d QA)Q
eres

A Assume all elements @f are distinct

A Select pivot with equal probability at each recursive call, and independently
from other recursive calls

A O(pi vioaisn d@® x-for any instance of size
A "o depends only on the size @not the contents ofO

A Let Yo%) be expected time on an instance of size
A Running time to partition array____ft_% ¢ and with probabilitypFe pivot-index isQ

) 0 PoE Q p)

Y !
sizeQ sizeze Q p

running time if pivot index i€ g & @ HRMPIROE  Q p)}




Efficiency oRandomizeduickSelect
running time if pivotindex isQ g & O PRAMPIRAE  Q p)}
A Taking expectation over pivot indéx

"Pogg) 16 ¢ & "OFOGXN QU0 (E T AlABE GEIGD
B¢ @ dEPAGIYGE 0 phy

Y S8 6 EPargiTReE 0 p )
A Same recurrence as for naandomized average case
A Resolves t@ (&) expected time on instance of size

A Side note

Athere is selection algorithm *
worst-case running time (€)
A uses double recursion
A slower in practice



QuickSelectBadly Designed Randomization

chooserandomypivot-badly(0)
ifod Qa @return i we AH)a
else returntt

Vo) 1 AG PO

A Worst instance is sorted arrd® 1dptB e p
A popg G TPA0 ) TR0 ) PO )ifE o

W if¢ o
PO & YO )ife o

A Resolves tg (€ )

A Worst case expected time gg& )

\ >\
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QuickSort

A Hoare developegbartition and quickselectin 1960
A He also used them teort based orpartitioning

quicksort1(0)
Input: arrayA of sizen
if ¢ 1 then return
NN choosepivotl(0)
" partition 0 ,n
quicksortl o [rtpH8 FQ p]
quicksortl 6[Q pMB FE  p]

A Let"Y%) to be the runtime on sizé array
A 1f we know pivotindexQthen"Y¢) @& "YQ “Y¢ Q p
A Worstcase"™Y¢) "Y&¢ p) ¢

A recurgelnweeltsea mea § s U i—scek|1ay(Es)
A BestcaséYt) “Y[EXc]) YIETc) wé

A solved in the same way asergesort, g(¢1 1&g



Averagecase analysis of qukdortl

A Make the same assumptions as for qusekectl
A Deriving recurrence equation is similar to qussectl, butrecurseon both sides
1I=2

1 0 L ( 3 5 8 9 6 4 7

! |
recurse recurse

A Using the same approach as for qusgkectl, average running time is

&) 2 (@ YR & Q)R &

€

A Running time is proportional to the number of comparisons
A Recurrence for counting comparisons

O I G I oI LI



Averagecase analysis of qukdortl

A First let us get a simpler recursive expressiori Yar

A Thus

Ye) €

@ G e e Q)

Yo 2 v 9

v N

NDOp) EOYE P p) & Q) E YW

. P
E .
e

Qo
€ 3 Y'Q

N

M- N



Averagecase analysis . Y

of quicksortl Xe) & = Qi gelleC

Proof
Multiply by €: £"Y¢E) £¢ ¢ “Y'Q
Pluging p: e pYe P & pc ¢ R
Subtract: eYe) (& PYe P ¢c& p CYVE p
Rearrang® EYE) (¢ PYE p) CcE p

e v |
Divide by¢  p)ed —° * P SE P

E p € cee P
€ P .. CeE p p CEP
Leto(¢) —D O0&e o0& p T o(¢ Q) E i it p
z cQ p G P
QQ p Qp QQ p
e 1T e \ J }
Therefore: 0(¢) wl 1€C g1 feC gYp

Finald "Y&) (¢ p)d@E) O& pl ieQgei itC



Improvement ideas foQuickSort
A Randomize by usinthoosepivot2, givingg (¢ I T&¢Texpected time
for quicksort2
A The auxiliary space ligrecursion depth)
A g(¢&)in the worstcase

A can be reduce tg (I |¢Tworst-case by
A recursein smaller sukarray first
A replacing the other recursion by a whileop (tail call elimination)

A Stop recursion when, sa§y p Tt
A array is not completely sorted, but almost sorted

A at the end, rurinsertionSort it sorts in just (£) time since all items
are within10units of the required position

A Arrays with many duplicates sorted faster -
changingpartition to produce three subset

A Programming tricks
A instead of passing full arrays, pass only the range of indices
A avoid recursion altogether by keeping an explicit stack



QuickSortvith Tricks

quicksort3 O
Initialize a stackYof indexpairs with (Ttre P)

while "Yis not empty
()N "8 €1 /I get the nextsubproblem

whilei & p pm// work on it if if"
AN choosepivot2 dhchi
‘@ partition 0, ¢h
fOoa i Qo /1 is left side larger than right?

ﬂ’] 0 l(((ﬁQ p)) /l store larger problem inYfor later
aN "Q p /I next work on the right side
else

) 0 l((Q ph )) /| store larger problem iriYfor later
iN"Qp /I next work on the left side

InsertionSorto

A This is often the most efficient sorting algorithm in practice



Outline

A SortingandRandomized\Igorithms

A LowerBoundfor ComparisorBasedsorting



Lower bounds for sorting

A We have seen many sorting algorithms

Sort Running Time Analysis
Selection Sort g ¢ worst-case
Insertion Sort g €S worst-case

Merge Sort gtl IeC worst-case
Heap Sort gtl IeC worst-case
quicksortl gl Teg averagecase
quicksort2 gel leC expected

A Question Can one do better thag(¢ | T£Lrunning time?
A Answer. It depends on what we allow
A No: comparisotrbased sorting lower bound ig(¢ | 1¢T
A no restriction on input, just must be able to compare
A Yes: norcomparisonbased sorting can achieve ¢
A restrictions on input




The Comparison Model

A All sorting algorithms seen so far are in the comparison model
A In thecomparison modeadata can only be accessed in two ways

A comparing two elements
A 060Q 07Q
A moving elements around (e.g. copying, swapping)
A This makes very few assumptions on the things we are sorting
A just count the number of above operations
A Under comparison model, will show that any sorting algorithm
requiresm £1 T&Ccomparisons
A This lower bound is not for an algorithm, it is for the sorting
problem

A How can we talk about problem without algorithm?
A count number of comparisons any sorting algorithm has to pezform



Decisionlree

A Decision tree succinctly describes all the decisions that are tak
during the execution of an algorithm and the resulting outcome

A For each sorting algorithm we can construct a corresponding
decision tree

A Given decision tree, we can deduce the algorithm
A Decision tree can be constructed for any algorithm, not just sor



Decisionlree Example

A Decision treefor a concrete comparison based sorting algorithm, withon-
repeating elementsay, o,

Set of all possible inputs

012 —— & @ o output @a&]
0,21 —— & & 06, output i,6,c)
1,02 —— W G . output @,a0]
1,20 ——q @ o output &G
2,01 —— W @ W, output G600
2,1,0 — Q@ W G output G0}

A Have to determine which of the 6 inputs we are given before can give outpu
A unique output for each distinct input



Decisionlree

A Decision treefor a concrete comparison based sorting algorithm, \@ition-repeating elements

0,12 012 1,0,2
021 021 201
120 10,2 210
@0y 561 Q&)
) 210 “
021 1,0,2
120 201
0.1.2 QFD GED 21.0
W W@ 0 QR w W
021 1,20 1,02 2,01

G Q@ g Qg 6 0 Q g O
Root corresponds to the set of all possible inputs
Interior nodes are comparisons: each comparison splits the set of possible inputs into two

Know correct sorting order only when the set of possible inputs shrinks to size one
A nodes where possible input shrunk to size one are leaves, when reach them, can output sorting

Sorting algorithm will traverse a path starting at root and ending at a leaf
A length of the path is the number of comparisons to be made
A Tree height is the number of comparisons required for sorting in the worst case

> >

pN



Decisionlree

A Decision treefor a concrete comparison based sorting algorithm, with 3-repeating elements

01,2 0,12
021 021
120 %8’8\
0 20,1
Q) %
021 1
1,20 2
0172
O G W
0,21 1,2,0 1,0,2 2,0,1
G Q@ g Qg 0 0 Q g O
2,1,0
A Algorithm could do more comparisons than necessary ®Ronw

A Thus can have more leafs than possible inputs
A But the number of leaves must la¢ leastthe number of possible inputs



Decisionlree

A Decision treefor any comparisotbased sorting algorithmé non-repeating elements

Y ¢ Apossible

inputs

subset ot A

6 subset oft A possible inputs b

possible inputs

subset ofo subset of®

subset ofo subset ofd
_ one possible T one possible
one possible irlloput one possible input
: input :
Lol & one possible
input

A Tree must have at leastleaves

A Binary tree with heightOhas at most¢@leaves

A Height'Qmust be at least such tha® &A

A Tree height is the number of comparisons required in the worst case



Lowerboundfor sortingin the comparisonmodel

Theorem:Any correctcomparisonbasedsorting algorithm requires at least
m ¢l T£¢Ccomparisons
Proof:

A There exists a set @fApossible inputs.t. each leads to a different output
A Decision tree must have at leastleaves

A Binary tree with heighiChas at mostc“leaves
A Height'Omust be at least such thaf® &A

A

Taking logs of both sides i '|'é—c;
| Q
s e - . [L .. e | . .
Q I1aa |1 p8tp leCE I G p | pC
. .€ . . .E €. & E. . & .
| I-CE || —1 I-C =1 leC— "mel 1eC
Cg E% C Cg Q C

\

o
E .. . . ,
— T mE A
C



Outline

A SortingandRandomized\Igorithms

A NonComparisorBasedSorting



Non-ComparisorBased Sorting

A Sort without comparing items to each other

A Non-comparison based sorting is less general than comparison
based

A In particular, we need to make assumptions about items we sor

A unlike in comparison based sorting, which sorts any data
as long as it can be compared

A Will assume we are sorting naregative integers
A can adapt to negative integers
A also to some other data types, such as strings
A but cannot sort arbitrary data



Non-ComparisorBased Sorting

A Simplest example
A suppose all keys id are integers in rangatB8 ) p
A For norcomparison sorting, running time depends on both
A array size
A O



Bucket Sort

A Suppose all keys ihare integers in rangatB8 D p
A Use an axillanypucket arrayd 8 i) p to sort
A i.e. array of initially empty linked lists, initializatiorgis)
A Example witth p v
A

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12

s 4 1 1 1 4 1 1 &£ 1 1 L 1 1 L

14

10




Bucket Sort

A Suppose all keys ihare integers in rangad8 ) p

A Use an axillanypucket arrayd 8 i) p to sort
A i.e. array of linked lists, initializationgs 0

A Example witth p v

A o 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Q m 12
l L 1 1+ 1r 1 1 1 £ 1 1 1 1 1 1
14 12

10




Bucket Sort

A Suppose all keys ihare integers in rangad8 ) p

A Use an axillanypucket arrayd 8 i) p to sort
A i.e. array of linked lists, initializationgs 0

A Example witth p v

A o 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12

s 4L 1 1 1 4 1 1 £ 1 1 L_1 1 1

Q p| 14 12 14

10




Bucket Sort

A Suppose all keys ihare integers in rangad8 ) p

A Use an axillanypucket arrayd 8 i) p to sort
A i.e. array of linked lists, initializationgs 0

A Example witth p v

A o 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12

. 1 1 1 1 1L 1 L 1 L 1 1 |

14 7 12 14

10




Bucket Sort

A Suppose all keys ihare integers in rangad8 ) p

A Use an axillanypucket arrayd 8 i) p to sort
A i.e. array of linked lists, initializationgs 0

A Example witth p v

A o 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12

4 1 1 &£ 1 1 1 1 4 L 1 1 1 |

14 6 || 7 12 14

10




Bucket Sort

A Suppose all keys ihare integers in rangad8 ) p

A Use an axillanypucket arrayd 8 i) p to sort
A i.e. array of linked lists, initializationgs 0

A Example witth p v

A o 1 2 3 4 5 6 v 8 9 10 11 12 13 14
12
4 L 1 L L L+ 1 1 1 L1 1 1
14 6 || 7 12 14
7 v
7
6
Q 1| 7
0)
10




Bucket Sort

A Suppose all keys ihare integers in rangad8 ) p

A Use an axillanypucket arrayd 8 i) p to sort
A i.e. array of linked lists, initializationgs 0

A Example witth p v

A o 1 2 3 4 5 6 v 8 9 10 11 12 13 14
12
| 1 L 1L 1 1 [ 1 1 L1 1 1
14 0 6 || 7 12 14
7 v
7
6
I
Q v| O
10




Bucket Sort

A Suppose all keys ihare integers in rangad8 ) p

A Use an axillanypucket arrayd 8 i) p to sort
A i.e. array of linked lists, initializationgs 0

A Example witth p v

A o 1 2 3 4 5 6 v 8 9 10 11 12 13 14
12
| 1 L 1L 1 1 [ 1 1 11 1 1
14 0 6 || 7 10 12 14
7 v
7
6
7
0)
~Q(p 10




Bucket Sort
A Suppose all keys ihare integers in rangad8 ) p

A Use an axillanpucket arrayd 8 h)  p to sort
A i.e. array of linked lists, initializationgs 0
A Example with p v
A Now iterate throughd and copy norempty buckets t@®

A
6 v
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14
.
[ T I T LT I 1 T T T T T I 1
I 0 6| 7 10 12 14
10 |
-
12 o Lo
A Time complexityig U €
14 A ¢ is size ob




Digit BasedNon-ComparisorBased Sorting

A Running time of bucket sortgs 0 ¢
A ¢ is size ob
A 0Oisrange ) of integers ind
A What if0 is much larger thag ?
A i.e.0 has sizp 1, mange of integers id is T8 o w w W W
A Assume at mogh digits in any key
A pad with leading 0s

123 | 230 | 021 | 320 | 210 | 232 101

A Can sort ‘digit by digit:?’
A forward, from digitp © & (more obvious)
A backward, from from digic © p (less obvious)
A bucketsorti s perfect for sortin
A ExampleD has size 100, range of integerim s [ 0, ..., 99
A integers have at mosi digits, need only iterations ofbuckeisori

, C a



Bucket Sorbn Last Digit

A Equivalent to normal bucket sort if we redefine comparison
A & wif the last digit ofdis smaller than (or equal) to the last digit®f

A B A
——| 123 B[O] 230 320 210 230
—| 230 B[1] 101 320
. 121 B[2 210
—| 320 B[3 123 121
—| 210 101
—| 232 232
—| 101 123

A Bucket sort is stable: equal items stay in original order
A crucial for developing LSD radix sort later



BaseY number representation

A Number of distinct digits gives the number of buck¥ts
A Useful to control number of buckets

A larger'Ymeans less digits (less iterations), but more work per
iteration (larger bucket array)

A may want exactly, ort, or everp ¢ luckets
A Can do so with bas¥ representation
A digits go frommto'Y p
A 'Y buckets
A numbers are in the rangatpt8 iY  p
A From now on, assume keys are numbers in B4§¥: radix)

A Y c¢hp tp ¢chp v gre common
A Example'y 1)

PCOGOT GPp | OCT CPT GOG| PTIP




Single DigiBucketSort

Bucketsort 0hQ

0 : array of sizet, contains numbers with digits imt8 RY p
Q2 index of digit by which we wish to sort

initialize array6 [Tt8 AY p] of empty lists(buckets)
forQ mtoe p do

E QwooQ

appende Q atéend ofdo Cth digit of¢ Qw0
Q m
for'Q mto'Y pdo

while 6 "Qis nonemptydo

move first element 0 Qto 0 "Q

A Sorting is stable: equal items stay in original order
A Runtimeg &€ Y
A Auxiliary spacg ¢ 'Y

A g 'Y for array6, and linked lists arey (¢)



Single DigiBucketSort

A

Buckets
0 : array

‘2 Index

123

230

121

320

W| W W W
WIN|IE O

210

232

101

A Sorting i
A Runtimeg &

A Auxiliary spaceg &
A g Y for array®, and linked lists arey (&)

Y

230
121
232

123

320
101

210

/

A Can replace lists by two auxiliary arrays of ¥and¢, resulting incountsort

A no details



MSDRadixSort

A Sorts multidigit numbers from the most significant to the least significant
A Start by sorting the whole array by the first digit

123
232
021
320
210
230
101




MSDRadixSort

A Sorts multidigit numbers from the most significant to the least significant
A Start by sorting the whole array by the first digit

123
232
021
320
210
230
101




MSDRadixSort

A Sorts multidigit numbers from the most significant to the least significant
A Start by sorting the whole array by the first digit

group 14| 021 101
| 123 2
group X |— /]z@/
101 021
; sort the whole arra
232 by the second di 123
group 3« | 210 232
| 230 230
groupA{ 320 320

A Cannot sort the whole array by the second digit, will mess up the order

A Have to break down in groups by the first digit
A each group can be safely sorted by the second digit
A call sort recursively on each group, with appropriate array bounds



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

groupl{ 021 | 0218
group X 123 <§Q
| 101
| 232
group 3¢ | 210
| 230
group 4| | 320
recursion recursion

depth O depth 1



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

groupl{ 021 | 0218
group X 123 <§Q
| 101
| 232
group 3¢ | 210
| 230
group 4| | 320
recursion recursion

depth O depth 1



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

groupl{ 021 | 0218
group % 123 afé:& 123 ||
| 101 | A7) 101 |,
232
group 3¢ | 210
| 230
group 4| | 320
recursion recursion

depth O depth 1



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
021
group 1{ 021 0 .
; N 1 101 |}
123 | &/.| 101
group %/ R —
| 101 | 77 123 |,
| 232
group 3¢ | 210
| 230
group 4| | 320
recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
021
group 1{ 021 0 .
: > . 101 |,
123 | &/.| 101
group %/ R —
| 101 | 77 123 |,
| 232
group 3¢ | 210
| 230
group 4| | 320
recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

group 1< | 021
{ - 101 |;
123
group
| 101 123 |
| 232
group 3¢ | 210
| 230
group 4| | 320
recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
021
group 1{ 021 0 T
| 123 101 | !
group —
| 101 123 |, 123 |
232 3
232
group 3¢ | 210
210
1 2359 230
) 5
group 4| | 320
recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
021
group 1{ 021 0 T
| 123 101 !
group —
| 101 123 |, 123 |
232 3
210
group 3¢ | 210
232
1 239 230
— 5
group 4| | 320
recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
021
group 1{ 021 0 .
: . 101 |,
123 101 <
group Z —
| 101 123 |, 123 |
| 22 210 |? 210 |’
group 3< | 210 — 3
2 5 v
1 239 230
— 5
group 4| | 320
recursion recursion recursion
depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
021
group 1{ 021 0 .
: . 101 |,
123 101 <
group Z —
| 101 123 |, 123 |
| 22 210 |? 210 |’
group 3< | 210 — 3
2 5 v
1 239 230
— 5
group 4| | 320
recursion recursion recursion
depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0

021
group 1{ 021 0 .
: . 101 |,
123 101 <
group —
| 101 123 |, 123 |
| 232
[< 3 3
group 3¢ | 210 210 210 3
230 232 232 |4
S 230 |5
groupA{ 320 — 230 |
recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
021
group 1{ 021 0 .
: . 101 |,
123 101 <
group Z —
| 101 123 |, 123 |
| 232
[< 3 3
group 3¢ | 210 210 < 21071,
232
120 Gl e
— 5
group 4| | 320 2% |
recursion recursion recursion
depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
group 1{ 021 0 .
: . 101 |
123 101
group Z —
| 101 123 2< 123 |
| 232
- 3 210 |
group 3¢ | 210 3
230 < 230 |4
\ 5
group 4| | 320 2% s
6
6
recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSort

A Recursivelyats multidigit numbers
A sort by leading digitgroup by next digitthen call sort recursively on each group

0
group 1{ 021 0 .
: . 101 |
123 101
group Z —
| 101 123 2< 123 |
| 232
- 3 210 |
group 3¢ | 210 3
230 < 230 |4
\ 5
group 4| | 320 2% s
6
6
recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSortSpace Analysis

A Bucketsort 021 101
A auxiliary spaceg(¢ Y) 123

A Recu;\smn c!epth a p | 101 123

auxiliary spaceg (0 )

A Total auxil Y ¢ 232

otal auxiliary spacg (€ a) 210
210

230 230

320 232

recursion recursion recursion

depth O depth 1 depth 2



MSDRadixSortTime Analysis

A Time spent for each recursion depth 021
A Depthtt S

é one bucket sort o items 123 £<: 101
A A||A otfléar de;)ths 101 123 123
210

< =

A lets'Qbe the number of bucket sorts | 232
232

at each depth

A Q& 210

A cannot have more bucket sorts than 230
the array size =

A each bucket sort is of items 320

A B ¢ ¢

A each bucket sortis 'Y

AB & Y & B Y & &Y recursion recursion recursior
A total time at any depth i$ (£'Y) depth O depth 1 depth 2

A Number of depths is at most p
A Total time0 (& € Y



MSDRadixSortTime Analysis
A Total time0 (& € Y

A This ig) (¢) if sort items in limited range
A suppose’Y ¢, and we sort aré integers in the rangerit, )
A thend p ft'Y c¢h and sorting iss (&)
A note that¢, the number of items to sortan be arbitrarily large



MSDRadixSortTime Analysis
A Total time0 (& € Y

A This ig) (¢) if sort items in limited range
A suppose’Y ¢, and we sort aré integers in the rangerit, )
A thend p ft'Y c¢h and sorting iss (&)
A note that¢, the number of items to sortan be arbitrarily large

A This does not contradict) £ £Cbound on the sorting problem,
since the bound applies to comparisbased sorting



MSDRadixSortPseudocode

A Sortsarray ofa -digit radix'Y numbersrecursively
A Sort by leading digit, theeach groupby next digit, etc

MSDRadixsort(6haN mh N ¢ phQN & 'Q O 'O RGO Q
oh : indexes between whichtosomt, ¢ & p
if o |
bucketsort 8 [68 1]hQ
If there are digits left
a e d
while (a 1) do
let | 0 e the maximal s [6e8 1 & have the samé&xh digit
MSDRadixsort(6hah HQ  p)
aNi p

A Runtime0 & ¢ Y
A Auxiliary space ig (& & Y) for bucket sort and recursion stack
A Drawback ofMiISDRadixsortis many recursions




LSDPRadixSort

A Idea apply single digit bucket sort from least significant digit
to the most significant digit

A Observe that digit bucket sort is stable
A equal elements stay in the original order

A therefore, we can apply single digit bucket sort to the
whole array, and the output will be sorted after
iterations over all digits



LSDPRadixSort

123 | | 230 || 230 | | 101 | | 101 || 101
230 | [ 320 | (320 | | 210 | |(210)| | 121
121 | | 210 | | 210 | |(320)| | 320 | | 123
320 | | 121 | [(120) | |(12D) | | 121
210 | | 101 | | 101 | |(123)| | 123 | | (230)
232 | | 232 | | 232 | | 230 | | (230)| | (232
101 | | 123 | | @23)| | 232 | |(232)| | 320
i v S e I e
last digit middle digit sorted first digit sorted

)

A & bucket sorts, ot items each, one bucket sortgs ¢
A Total time cosg & (¢

Y



LSDPRadixSort

LSBradixsort 0
0: array of size, containam-digit radixRnumbers
for Q N |east significantiown to most significant digitdo
bucketsort 6hQ

A Loop invariant: after iteratiofQ 0 is sorted w.r.t. the last@ligits of each entry
A Timecosg G (¢ )
A Auxiliary spacg ¢ Y



Summary

A Sorting is an important anderywell-studied problem
A Can be done ig (&1 T&£Ttime
A faster is not possible for general input

A HeapSoris the onlyg (¢1 T£Ttime algorithm we have seen with
t (p) auxiliary space

A MergeSortis alsg (¢l T£Ltime

A Selection and insertion sorts agg¢ <)

A QuickSort is worstaseg (£¢), but often the fastest in practice

A BucketSorandRadixSortan achievé (¢1 1£gif the input is
special

A Bestcase, worstase, averagease can all differ

A Randomized algorithms can elimindtead cases resulting in the
same expected time for all cases



