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Question 1 [1+1+1+1=4 marks]

Find the mistake in each of the following proofs from the definition of the order notation.

a) Let f(n) = 50n log n+ 4n and g(n) = n log n. Show that f(n) is O(g(n)).

Proof: For all n ≥ 1, we have that 50n log n + 4n ≤ 50n log n + 4n log n = 54n log n.
So take n0 = 1 and c = 54.

b) Let f(n) = 50n2 + 4n and g(n) = n3. Show that f(n) is O(g(n)).

Proof: For all n ≥ 0, we have that 50n2 + 4n ≤ 50n3 + 4n3 = 54n3. So take n0 = 0
and c = 54.

c) Let f(n) = 2n2 + 4n and g(n) = n2. Show that f(n) is Θ(g(n)).

Proof: For all n ≥ 10, we have that 2n2 + 4n ≤ 2n2 + 4n2 = 6n2. So take n0 = 10 and
c = 6.

d) Let f(n) = 2n2 − 4n and g(n) = n2. Show that f(n) is Ω(g(n)).

Proof: For all n ≥ 1 we have that 2n2 − 4n ≥ 2n2. So take n0 = 1 and c = 2.

Question 2 [3+3+3+3=12 marks]

Provide a complete proof of the following statements from first principles (i.e., using the
original definitions of order notation).
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a) 22
n
log n+ 22

100 · 2n ∈ O(22
n
log n)

b) 0.5n4 − 10n3.99 − 15n ∈ Ω(n4)

c) n5 + 2100n2 + 2100 ∈ o(n5 log n)

d) n2 + n ∈ ω(n1.9999)

Question 3 [3+3=6 marks]

Prove or disprove each of the following statements. All functions map from N → R+.

a) f(n)g(n)+log g(n)
f(n)+2g(n)

is Θ(min{f(n), g(n)}).

b) (log n)logn ∈ O(n2).

Question 4 [3 marks]

Arrange the following functions by the order of their growth rates:

4n, 2cosn, 3n, 2n logn, (log n)100, n2,
n2 + n10

log n
, (n3 + log n)(n

2−n4−10)

This question will be marked as an ‘all or nothing’ question. No justification is required.

Question 5 [5 marks]

Define a function f : N → R+ such that f satisfies these three conditions:

(1) f(n) ∈ O(n4)

(2) f(n) ̸∈ Θ(n4)

(3) f(n) ̸∈ o(n4)

Justify your answer.

Question 6 [4+4=8 marks]

Analyze the following pieces of pseudocode and give a tight (Θ) bound on the running time
as a function of n. Show your work. In all cases, n is assumed to be a positive integer.

a) x = 0

for i = 1 to n do

for j = i to n do

if i == j then

k = n
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while k > 0 do

x = x + 1

k = k/3

b) sum = 0

for i = 1 to n

sum = sum + i

j = i

while j > 0

sum = sum + j

j = j - 1

k = j

while k < j - i

sum = sum + 1

k = k + 1

Question 7 [4 marks]

Analyze the best case time efficiency of the following algorithm. A is an array of size n
storing integers in the range from 1 to n. Furthermore, if integer i occurs in array A, then
it occurs at most

√
n times. You can assume

√
n is an integer.

Algorithm Lazy(A,n)

i = 0

sum = 0

while i < n

sum = sum + A[i]

sum2 = 0

while sum2 < sum

sum2 = sum2 + 1

i = i + 1

Question 8 [3 marks]

In the sum below, replace ‘*’ with the correct expression to derive the lower bound of
(
n
3

)2
c

for the sum. You can assume n/3 is an integer. Explain your work.
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n∑
i=1

i∑
j=1

c ≥
∗∑

i=∗

∗∑
j=∗

c =
(n
3

)2
c
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