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Question 1 [17 marks]| Ski Consultant

The Loowater Downhill Ski Resort (LDSR) has hired you as a consultant. For those not
familiar with downhill skiing (and snowboarding), a ski resort consists of

e a network of trails that visitors can ski/snowboard down,
e a system of powered lifts to transport people up the mountain,
e a number of base lodges, with access to parking and shuttle buses.

We model this as a directed graph G = (V, E) (given by an adjacency list), where the edges
are partitioned £ = T'U L into trails T and lifts L. Additionally, B C V is the set of base
lodges at Loowater.

Note that trails go down hill, and lifts go up hill, so the two sets are (separately) topolog-
ically ordered by elevation. That is, (V,T) is a DAG and (V, L) is a DAG. You may assume
there are no isolated vertices in (V,T).

Your job is to help LDSR answer a few questions about their resort. For each one, you
should design an algorithm using the ideas from class, and briefly justify it.

a) Is every trail accessible from some base lodge? For all v € V| does there exist a base
lodge b, € B such that there is a walk from b, to v?

b) Assume the answer to part (a) is yes. Is there is a candidate main lodge b* € B
from which every trail is accessible? If so, identify all such lodges because LSDR are
interested in expanding one of them with a better rental shop, food and drink, etc.,
and want to know their options.

LDSR also wants to know what happens at the end of the day when the lifts shut down.
Without lifts, the skiers can only ski down trails, and the graph collapses to G = (V, T).
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c) Can all skiers get back to some base lodge? For all v € V', does there exists a b, € B
such that there is a walk v ~ b,7

d) For safety reasons, it is important that the ski patrol be able to evacuate wounded
skiers to some lodge on a stretcher, without assuming that the lifts are working. Given
weights w(t) > 0 for all trails ¢ € T, representing the time required to ski a trail in a
medical situation, find the vertex farthest from a lodge.

Question 2 [9 Marks| MinMax spanning trees

Consider an undirected positively-weighted connected graph G = (V, E). A tree T' = (V, E')
is a MinMax Spanning Tree (MMST), if it is a spanning tree of G in which cost of the
edge with maximum weight is minimized. In other words, T"is an MMST if there is no other
spanning tree of GG in which the edge weights are all smaller than the weight of the maximum
weight edge in T'. Prove or disprove each of the following statements:

a) Every MinMax Spanning Tree of G is a Minimum Spanning Tree of G.

b) Every Minimum Spanning Tree of G is a MinMax Spanning Tree of G.

Question 3 [9 marks] Self-Storage Scheme

Dolly Boxley needs to store some priceless family heirlooms in a rental self-storage facility for
a few years. The problem is that all n self-storage facilities near her offer great introductory
deals on the first month, and then the second month onward is at a dramatically higher rate.
So, Dolly has devised a scheme to cycle through the facilities: she’ll rent for one month at
one facility, then move everything to another facility and rent one month there, then move
again and so on, such that she perpetually gets the first month rate.

However, there is a cost to moving each month. Dolly has done her research and prepared
a table C' where Ci, j| is the cost to move from facility ¢ to facility j, factoring in her own
time, the cost of gas, the fees at both facilities, etc. Note that due to some very annoying
one-way streets, the cost of moving is not symmetric, i.e., C[i, j| # C[j,i]. C[i,i| represents
the cost of leaving the items at facility ¢ and paying the higher monthly rate. We also
interpret C' as a weighted graph G = (V, E).

Dolly is looking for the best long-term solution, i.e., a cycle of facilities fo, fi,..., fr = fo
such that the average monthly cost
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is as low as possible. We'll call this cycle the optimal cycle.

a) Suppose we knew ¢* in advance, and constructed a graph G(c*) by subtracting ¢* from
every edge. Show that G(c¢*) contains a zero weight cycle and no negative weight cycles.



b) Suppose all costs in the table C' are integers between 0 and W. Briefly describe how
to use binary search to find ¢* and an optimal cycle in O(mn(log(W) + log(n)) time.

Question 4 [5 Marks| Course assignment

A high school principal is trying to finalize the assignment of teachers to courses for schedul-
ing the upcoming semester. The school has n teachers (namely: tq,ts,...,t,) and there
is a maximum of m courses (namely: c¢;,co,...,¢y) to be offered. Each teacher can be in
charge of two courses per semester, and each course must have exactly one teacher during
the semester. For each teacher t;, there is a subset S; C {¢1,¢2,...,¢n} of courses s/he
can teach. The principal is trying to come up with an assignment such that the number of
offered courses is maximized and he has been advised that he can use Ford-Fulkerson max-
flow algorithm to obtain such a schedule. Your task is to design an efficient construction
to help the principal for finding an assignment as desired. Notice that it may or may not
be possible to offer all m courses. Also, there might be more than one assignment with the
desired property, it is enough for your solution to return one of them. Analyze the running
time and briefly justify your answer.
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