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Question 1 Candy Distribution [9 Marks]

We are distributing n pieces of candy to n children, without sharing. Unlike in lecture, there
are no allergies to worry about, but the children do have preferences. The preferences are
in the form of an n × n matrix P ∈ Zn×n where the ith column contains the ith child’s
ranking (in the form of integers 1, . . . , n) for each type of candy. Find a matching of children
to candy such that every child gets some candy in their first k preferences, for k as small
as possible. More precisely, find a bijection σ : [n] → [n] from children to candy such that
maxi Pσ(i),i is minimized.

Design an algorithm to find an optimal (as described above) matching. Show that if your
algorithm outputs a matching using the top k preferences of each child, then it finishes in
O(kn2) time.

Question 2 P and NP-C [15 Marks]

1. Let BIP-AND-VC = {⟨G, k⟩ be the set of all bipartite graphs G that also have a
vertex cover of size k. Show that BIP-AND-VC is solvable in polynomial time.

2. Let BIP-XOR-VC = {⟨G, k⟩ be the set of all graphs G that fall into exactly one of
the cases: G is bipartite; 2) G a vertex cover of size k. }
Show that VertexCover ≤P BIP-XOR-VC. In fact, finish the proof to show that
the problem is NP-Complete.

Question 3 XOXO-puzzle [10 Marks]

An XOXO-puzzle is on an n × m grid, where each square of the grid may be empty, or
occupied by a cross piece, or occupied by a circle piece (see figure for reference). Given
an initial configuration of circles and crosses on the n × m grid, the goal of the puzzle is
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to remove some pieces (can be circle or cross pieces or both), so that the remaining pieces
satisfy both the constraints defined below:

1. Every row contains at least one piece.

2. No column contains pieces of both types, i.e., every column either contains only circle
pieces or only cross pieces or neither.

Some CS341 students quickly realize that there are initial configurations for which solving
this puzzle is impossible, and worse, even deciding whether this puzzle is solvable is actually
NP-hard.

Given an initial configuration of circles and crosses show an efficient reduction from 3-
SAT. Make sure to prove that the puzzle has a solution if and only if 3-SAT has a solution.

Question 4 Special-SAT [6 Marks]

Given a CNF formula ϕ on n variables, it is a Special-SAT formula if it has a special satisfying
assignment, namely one in which each clause has at least one satisfied variable and one
unsatisfied variable. For example, φ = (x1 ∨ x2 ∨ x3) ∧ (¬x1 ∨ x2 ∨ x4) is a Special-3SAT
formula with special assignment (1, 1, 0, 1), but (x ∨ y) ∧ (x ∨ ¬y) is not, because every
satisfying assignment is not special. The Search-Special-SAT problem asks to find a special
assignment for a given formula, if one exists. You have access to a magical oracle that can
solve the decision version of Special-SAT in a single unit of time.

How do you use this magical oracle in order to solve Search-Special-SAT, by making only
few queries to the oracle? Clearly state the number of queries your algorithm makes.
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