CS 341: Algorithms

Lecture 3: Divide and conquer

Slides due to Eric Schost and based on lecture notes by many other CS341 instructors

David R. Cheriton School of Computer Science, University of Waterloo

Winter 2026
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The framework

To solve a problem in size n:
Divide
® break the input into smaller problems

e ideally few such problems, all of size n/b for some constant b

Conquer

® solve these subproblems recursively

Recombine

¢ deduce the solution of the main problem from the subproblems
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Polynomial and matrix multiplication

3/18



Multiplying polynomials
Goal: given F = Fy + -+ + F, 12" 'and G = Gog + -+ + Gp_12™ 1, compute
H=FG = FyGo + (FoG1 + FiGo)x + -+ + Fy_1Gp_12*" 2

Remark: unit cost model, assume all f; and g; fit in one word. Then, input and output size
©(n), easy algorithm in @(n?).

fori=20,...,2n —2 do
H;, =0
fori=0,...,n—1do
for 7=0,...,n—1do
Hiyj = Hiyj + FiG,

Ol e
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Divide and conquer
In degree one: with F' = Fy + Fix,G = Gg + Gz,
H = FyGo + (FoG1 + Fi1Go)x + F1G12?
In higher degree: with F' = Fj(z) + Fi(z)z"/?,G = Gj(z) + G (z)z™/?,
H = F(2)Gy(x) + (Fy ()G (x) + Fi(2)Gy(2))2"™? + F{(2) G, (x) 2"
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Divide and conquer
In degree one: with F' = Fy + Fix,G = Gg + Gz,
H = FyGy + (F()Gl + F1G0>SC + F1G1$2
In higher degree: with F' = Fj(z) + Fi(z)z"/?,G = Gj(z) + G (z)z™/?,
H = Fy(2)Gy(x) + (Fy(2)G)(x) + F{(2)Go(x))2"™? + F{ (2) G (x)a"
Analysis:
® 4 recursive calls in size n/2
O(n) additions to compute Fj(x)G)(x) + Fi(2)Gy(z)

multiplications by /2 and 2" are free
®(n) additions to obtain H

(Sloppy) recurrence: T'(n) = 4T(n/2) + cn
®*a=4b=2 y=1s0T(n) € O(n?)

Not better than the naive algorithm. We do the same operations.

5/18



Karatsuba’'s algorithm

Key idea: a formula for degree one polymomials that does 3 multiplications: with
F = Fy + F1z,G = Go + Gz,

H = FyGg + ((F() + Fl)(G() + Gl) — FoGg — FlGl)l' + F1G1$2
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Karatsuba’'s algorithm
Key idea: a formula for degree one polymomials that does 3 multiplications: with
F = Fy + F1z,G = Go + Gz,
H = FyGg + ((F() + Fl)(G() + Gl) — FoGg — FlGl)l' + F1G1$2
In higher degree: with F' = Fj + Fl'a:”/2, G=Gj+ G’lw"/z, (E}, Fy, Gi, G are polys of
degree <n/2—1):
H = F}G) + ((Fy + F)(G) + GL) - FyG) — FIG})a"? + FiGla"
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Karatsuba’'s algorithm
Key idea: a formula for degree one polymomials that does 3 multiplications: with
F = Fy + F1z,G = Go + Gz,
H = FyGg + ((F() + Fl)(G() + Gl) — FoGg — FlGl)l' + F1G1$2
In higher degree: with F' = Fj + Fl'a:”/2, G=Gj+ G’lm"/2, (E}, Fy, Gi, G are polys of
degree <n/2 —1):
H = F{G{, + ((F§ + F{)(Gf, + GY) — F{G{, — F{G})z"/* + F{Gz"

Analysis:

* ©(n) additions to compute F + F| and G, + G

® 3 recursive calls in size n/2

e multiplications by 22 and z" are free
¢ ©(n) additions and subtractions to combine the results

Recurrence: T'(n) = 3T(n/2) + cn
®*a=3,b=2y=1s0T(n) € O(nl°s23) logy 3 =1.58...
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Toom-Cook and FFT

Toom-Cook:
® 3 family of algorithms based on similar expressions as Karatsuba
e for k > 2, 2k — 1 recursive calls in size n/k
* 50 T(n) € O©(n'osr(Zk-1))

® gets as close to exponent 1 as we want (but very slowly)

FFT:
¢ if we use complex coefficients, FFT can be used to multiply polynomials
e FFT follows the same recurrence as merge sort, T'(n) = 2T (n/2) 4+ cn

® so we can multiply polynomials in ®(n log(n)) ops over C
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Multiplying matrices

Goal: given A = [ai,j]lgi,jgn and B = [b ',k]lgj,kgn compute C' = AB

Remark: input and output ©(n?) elements, easy algorithm in ©(n?)

fori=1,...,ndo
for j=1,...,ndo
for k=1,...,ndo
Cik = Cik + ;i jbjk

L
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Divide and conquer

Setup: write
Ap Aip
A — ) )
<A2,1 Az

with all A, B; j of size n/2 x n/2. Then

_(Bir Big
Bs1 Bas

)

- A11B11+ A19Ba1 A11Bia+ A12B22
Ap1B11+ A22B21 Ax1Bia+ A22B29

Naively: 8 recursive calls in size n/2 + ©(n?) additions = T'(n) € ©(n?)

Goal: find a better formula for 2 x 2 matrices
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Strassen’s algorithm

Compute

Q1
Q2
Q3
Q4
Qs
Qs
Q7

(A1q— A12)B22
(Agq — A22)Bi1
As2(B11+ B21)
A 1(B12+ Ba2)
(A11 + Az2)(B22 — By1)
(A1 + A1) (Big + Bi2)
(A12 + Az2) (B2 + Ba)

and

Q1—Q3— Qs+ Q7
Qs — Q1
Q2 + Q3

—Q2— Qs+ Q5 + Qs

Analysis: 7 recursive calls in size n/2 + ©(n?) additions = T'(n) € ©(n'°82(7)

log,(7) = 2.80...
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Faster algorithms: Al to the rescue

athemati 56-years- should-care ag <P e 4 r 06 L0

c 0=
°~ sldecq r Resources v digitalNow v  Educate Your Members  Educate Your Team  AAIP Certification

Google's AlphaEvolve Solved
What Stumped Mathematicians

for 56 Years (Here's Why You
Should Care)

by Mallory Mejias
" June 02,2025
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Beyond Strassen

Direct generalization

® an algorithm that does k multiplications for matrices of size £ gives
T(n) € @(nlosek)) (can prove: k > £2, so no log)
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Beyond Strassen

Direct generalization
® an algorithm that does k multiplications for matrices of size £ gives
T(n) € @(nlosek)) (can prove: k > £2, so no log)
A challenge: find best k for small values of ¢
e SAT solving, gradient descent, ...
e AlphaEvolve found 48 multiplications for 4 x 4 (instead of 7 x 7 = 49).

® No asymptotic improvement over best algorithms. Claimed to run faster in practice.
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Beyond Strassen

Direct generalization

® an algorithm that does k multiplications for matrices of size £ gives

T(n) € @(nlosek)) (can prove: k > £2, so no log)

A challenge: find best k for small values of £

e SAT solving, gradient descent, ...

e AlphaEvolve found 48 multiplications for 4 x 4 (instead of 7 x 7 = 49).

® No asymptotic improvement over best algorithms. Claimed to run faster in practice.
Best exponent to date (last improvement in 2024) (using more than just divide and conquer)

* O(n2371339) improves from previous record O (n?-371552)

e galactic algorithms — huge multiplicative constants, not practical
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Counting inversions
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Counting inversions

Goal: given an unsorted array A[l..n], find the number of inversions in it.
Def: (i,7) is an inversion if i < j and A[i] > A[j]
Motivation: Collaborative filtering. Measure of distance between preference lists of users.

Example: with A =1,5,2,6,3,8,7,4], we get
(2,3),(2,5),(2,8),(4,5),(4,8),(6,7),(6,8),(7,8)

Remark 1. we show the indices where inversions occur
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Counting inversions

Goal: given an unsorted array A[l..n], find the number of inversions in it.
Def: (i,7) is an inversion if i < j and A[i] > A[j]
Motivation: Collaborative filtering. Measure of distance between preference lists of users.

Example: with A = [1,5,2,6,3,8,7, 4], we get
(2,3),(2,5),(2,8),(4,5),(4,8),(6,7),(6,8),(7,8)

Remark 1. we show the indices where inversions occur

Remark 2. easy algorithm (two nested loops) in ©(n?)

Remark 3. to do better than n?, we cannot list all inversions
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Toward a divide and conquer algorithm
Idea
® ¢y = number of inversions in A[l..n/2]
® ¢, = number of inversions in A[n/2 + 1..n]
® ¢, = number of transverse inversions with ¢ < n/2 and j > n/2

® return cy + ¢, + ¢

Example: with A =[1,5,2,6,3,8,7,4]
°*cp=1 (2,3)
e c.=3
® ¢, =14 (2,5),(2,8),(4,5), (4,8)

c¢ and ¢, done recursively. What about ¢;?
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Example: with A =[1,5,2,6,3,8,7,4]
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Toward a divide and conquer algorithm
Idea
® ¢y = number of inversions in A[l..n/2]
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°* =1 (2,3)
e c.=3
®c, =4 (2,5),(2,8),(4,5),(4,8)

¢¢ and ¢, done recursively. What about ¢;?

15 /18



Transverse inversions
Goal: how many pairs (i,j) with ¢« < n/2, 7 > n/2, Ali] > A[j]?
Example: with A =1[1,5,2,6,3,8,7,4], we get

¢y = #1i’s greater than 3 + #4¢’s greater than 8 + #i’s greater than 7 + #i’s greater than 4
or

¢t = #7’s less than 1 + #7’s less than 5 + #j’s less than 2 + #j7’s less than 6
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Transverse inversions
Goal: how many pairs (i,j) with ¢« < n/2, 7 > n/2, Ali] > A[j]?
Example: with A =1[1,5,2,6,3,8,7,4], we get

¢y = #1i’s greater than 3 + #4¢’s greater than 8 + #i’s greater than 7 + #i’s greater than 4
or

¢t = #7’s less than 1 + #7’s less than 5 + #j’s less than 2 + #j7’s less than 6

Observation: this number does not change if both sides are sorted, so assume that left and
right are sorted after the recursive calls.

Example: With the same input, we get
1,2,5,6,3,4,7,8]

ct = #j’s less than 1 + #7’s less than 2 + #j’s less than 5 + #j’s less than 6
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Enhancing mergesort

Observation: if left and right side are sorted, using merge will get the whole array sorted

Merge(A[1..n]) (both halves of A assumed sorted)
1 copy A into a new array S

2 i=1;7=n/2+1;

3 for (k <+ 1;k <n;k++) do

4. if (i=n/2+1) Alk] < S[j++]

5 else if (j=n+1) A[k] « S[i++]

6 else if (S[i] < S[j]) A[k] + S[i++]
7 else A[k] «+ S[j++]

Goal: find ¢; during merge.
How? when we insert S[i] back in A, count how many S[j]’s have already been inserted
Easy! this is the difference j — jinit =3 — (n/2 4+ 1)
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EnhancedMerge(A[1..n]) (both halves of A assumed sorted)
copy A into a new array S; ¢=0
i1=1;7=n/2+1;
for (k< 1; k<n; k++) do
if (i=n/2+1) Alk] + S[j++]
else if (j=n+1) A[k] + S[i++]); c=c+ n/2
else if (S[i] < S[j]) Ak] < Sli++]ic=c+j— (n/2+ 1)
else A[k] <+ S[j++]

NS ot o
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EnhancedMerge(A[1..n]) (both halves of A assumed sorted)
copy A into a new array S; ¢=0
i1=1;7=n/2+1;
for (k< 1; k<n; k++) do
if (i=n/2+1) Alk] + S[j++]
else if (j=n+1) A[k] + S[i++]); c=c+ n/2
else if (S[i] < S[j]) Ak] < Sli++]ic=c+j— (n/2+ 1)
else A[k] <+ S[j++]

NS ot o

Example: with [1,2,5,6,3,4,7, 8|
¢ when we insert 1 back into A, j =5soc=c+0
¢ when we insert 2 back into A, j =5soc=c+0
¢ when we insert 5 back into 4, j =7soc=c+2
¢ when we insert 6 back into 4, j =7soc=c+2

Enhanced merge is still @ (n) so total remains ©(n log(n)).
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