CS 341 Algocithms . Spring 2025 . University of Waterloo
Lectuce 1S : Moaximum <flow and minimum cut
We WC.(W introduce  the Con Cepts of \C(ows and cute n o directed %(GQL\.

Then  we Srwdy  Fhe Ford-Fulkerson  algorithm for %no\‘mx a modmen Llow  ond  the celebrated  mox-{low -min-cut theorem.

Flows and Paths

US]nS BFS/DFS . we Can deferming  whether there is o path from vectex ¢ to vertex t in  linear time.
Tt ¢ notural to Consider the P(bb\em of %‘md\zng P Q&Ka—dis‘lo‘m‘ﬁ \mths \Crbm < to t . and

more &znz(cxkka os many @_d\je—ous‘jo'mf Podcks -F(om ? o t os Fosg}‘o(z,

Edge -Disjoint  Porths

T.r\?m’( A dlirected O-\('tu{)'\ G=(U,E) , ond Fwo vertices ¢teV. o
N
-—

© sy ’t)j

o

0(1} o
\Z‘s t

Output © A maximum  numbec 04 2dfe-disjont  paths feom 8 to t. S

&T\,\ja paths P, ond Py are edge-digjomt 3§ they do not cShafe an Qd\&&-)

This i bosically  the moaximum flw problem . whew the umion of the paths  defines o “Llow” rom s to t.
The maximum flow problem 15 olefined on 2dge- Copacitated qCaph. Gnd the concept of flowe is @asier to

work with  than edge—dl&\&o‘lnt paths .

st Tlows

et G=W, B be a directed 3ra\>lr\ . where  2ach 2dge 2eE  has an integec ca?qL}%lA cd>o .

An  s-t -F(bw assigns - a numbec  £(d to  each 2dge and  Satis{ies the ‘?()Uowkr\g two ?(oear'{‘[@g:

()] Co@o\c'\t% Congtroints = 0 € £ S ) ‘Eor fach edge e2eE

G Tlw conServation  Constrainte ‘f]h(u) :{“bm for och  vertex  VeV-s-t  othec than S and t . Where

n . R . N N
{» (n= Emtov %(Q,) (& the totol Intoming »F(ow into v and “Fo W= z '%(‘23 s the total oufxbi»\g Liow 'From v.

e out of v

The value °JY the J%tow s defined o< \IOA&M(%) = Agmcgﬁ—%‘“kg), the net {-low gamj out u{- *he Souwice S.

(Tn our a\_&o(xt\/\ms) thert wont be ir\chm]rxg flows to S . ond S0 \Ja\u@.({—) would %imy\ be ‘%Mf(s),)

Maximum -t Flw

Tnput : A dlicected g roph G=(,B) with a @pocity CCed on each edge @B, and two vertices s.teV.

Outpit A flow Trom 3 +o £ with moximum Volue-
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) fcies)

Calgary Regina

As Yo ey ‘tmag‘me., this problem it FTundamental and MMQ\AL —Gor mo«umg ?robtems Such n¢ (E%mds

{(ow}rf

through pipes » Currents Ehrough electrical networks , and  infocmation through  Communication networks.

But Tt tums out that it s albo useful Jor Solvlr\g Seemingly wnfelated P(oblems that well See next time.

In +the obove 2X0mple for &dga—dxl&]omt poiths where avery edqe s ot Copacity one . the  vnoximum -F(ow ‘F(om 2t t s 3

”

bg] setting  the Llow on @och Colofed edge to be ene .

The Connection  belween J%st and POCH\S s that o {How can atwqﬁg be OLELDmPoxszd into “capq;'wrﬂ_ol;s‘lo},\t” poths.

Lemma C decomposition of st fow nto Copactty-disjount st Po&kS)

(et £ be an st flw whee @ s an integer foc each edge ¢, with Jf.m(S):o and  value ) =k

Than  there are  S-t podhe PP, Px  Such that cach edge e apears In fee) of thee paths .

QFW Q.KQW.F(L, '\% -@(2)-—0 . then the P.dge e will not Oppeac in OV\Z c{: P, . P L whike ({ ’F(Q)‘—l,

then 2wl Qppear in zxactlﬁ 2 of  these & \otﬁks.)

?foi CSketch) The proo% is bﬂ a Simple Induction . The base cate 5 when k=( , where the Statement helds.

Concider  the eo(ges with non-zeo £hw Value - Thee must axist an &~ path P in these 2d.ges (wh‘i?).

Docreage the ’G(O\u o& ench zo(gq_ in P b3 one . \.2. —F/CQ3=‘— ‘F(eﬂ-i ?‘Q 2e¢P | otherwise {:/CEEI—-%(Q\.

Check  that {l s o flw wth value k-1 , as each vertex other that <€ still So»‘f‘usfies ConSecvation ConSt@iat.

Bﬂ induction.  thee are §t paths PPy, .. Pe So that soch edge o oappears in \C’ce) of these k-l paths.

Then. it chould be clear that PPy, .. Py, P are k paths that the lomma Quarantees .

TFor 2xomple when  the {Low value s K and ‘F(Q\GS{OJ(S Yeck , then the aboue |emma Sayl  that

the {low {’ can be dq,wn\(wszlt wnto k Qckgz—d;,:jo‘mt pocths

o, even our gmk Kt {lmoL k Mg¢~ous]o‘mt paths , Tt wowld be eager %w w to -Focu& on %ndmg

a fw of valie k with f@elond YeeE insted , <o that we dont need o worry  olbout: which

adges bz[or\f o Which Pweks oku('mg the QL&D("-U,\M’ Ondh onlg o(echose the flow nto ngz-otzxio‘mt paths In the end.

Execcise:  Find. o decomposikion of the flow in the Canadian example  bove-

Flows ond  Cuts

What s o goook wpper bound. on the Value o{ o0 MOXiMmum -\ltm,oz. How do e know that o -@Low TS maximum 2

L15 Page 2



A trval uppec bound T the total Capacity of all the edges. but Tt s almest neve tight.

. 0
Ta  +he o_xo«m?\rz_ \cur ongz—ct.sjo'mt Foﬁchs . we Know thot  there ark  all  mest /70\ N
50 o _»>07£ 0 ~=o
\> S O e D /
2 Qo\gz—d{x&lb'mf st paths becowse  the out~clegree of s (s 3. o =

We considar o qeneraligation  of  khis uppec bound  to o subset of  vertices.

-t Cut

et G[=(U B be a directed 3{q?}\ . whele  Rach Qd\&e_ 2e®  has an lr\tagu ca?qL}%LA c@d>o -

A subset of vertices %Sy 3¢ an st ot I% ceS and £&S e the Pm‘t‘xt‘\on (S N-SD %z?a(a’tes < and T.

The opacity of an gt cut S T defined ag Q) = QEQWLQQO. the total capactty of the edges

going ouwt of S . whece ST § uveE | weS, \JéeSIJ s the et of dlitected edges i out of Q.

U ppec bow\din& mox - $.£ - £ low b‘A -t cut

(<

Tn the nga—d;‘\s]aznt Porths p(obLzm wheee Q,vmé Qig@. s Of Qapaf«iba on , the Qa?adt% 93[ oan -t cut S

Simply  the numbec of 2dges in ) L Note that the outdegree of & s the Qpecial case whea Q=§st

S
1{ on St ocwt S hag at most Kk edqes in OM QY. then Tt Showld be clear that there cannot ba
moe than b edfe-olisount S-t paths. betawe ach s-t path Mt howe of last ene edge  in SIS
This Tdea Con be Reneralized o maxi mum Lhw : 1{- an &t aut € has Capacity K., then <the Vale of o0
maximum =t Tlow muct be at met k.

One wq& t See thic TS fthiough the o\mwmgo{\’tion of —?Lw nto paths in e lemma. above.  We (esve T as on execdise-

We will Qive anothec Froo{- of this upper bound  loctec .

Minimuwm -t Cukt

To Qe the best wpper bound on the valwe of a maximum s-t Tlow . we Consider the minimem St cut preblem.

Trput: A directed gra?h G=L,E) with a apacity Ce) on each zd\&e RCE, and two vertices S,teV.

Output: An &t cut S with minimum Qapacity MR

This s o notucal and m%ul problem own Ttg own. ond we will Sex Seme 'm&z(esth\& apFling\-}on next  time .

Moyx-Flow Min~Cut  Theorem

TE Twmg out that ]/\O\\m\& a Swall St Cut ¢ the oh(a obstcuction of haan& a Lo\rng, -t flow .

Frwidim& a  Concise  and  clegant Proo{ of o?ﬁm(:ﬂ& for  both Prob(xzms.

Theocem  The value of  moximum -t flw I ogual to the Capacity of o rminimum <t Cut.

This is one of the most beoautiful and important  Cesulte in Combinatorial optimization  anc  gcaph fkeorﬂ,
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oand  hag divese applications in Compute( Sdence ond mathematics.

thot Solves the mMaximum S-t Shw \>(o\>\am and

we Wil qive  on mlgoc\thmic Yroof of  this theorem .

the Mminimum  S-t  cut Prob\zm ot the Same fime.

- Fulkec oci
A natural QHM@&LA to find Qd&e—ouggo‘u\t ¢t poathe s to Smé J%‘mci‘m& o Shortest  S-t poth (so that Tt

wses  the mintmum nwmbe ¢ o& eotges)‘ then Q—Tndar\& ansthec  Shartest ¢t ?Q‘tk h  the mmoaning gmpkl ond. o On.

But this appcooch does not necessm((a obtoin  an oﬁcima\ Solution .

o
7O\> <« \>°\
o / L o BO\\’O & l 5°\>o go L >®
oy, Lt S Vo
o o

\\r\Pwt g(‘a\gh grauk% Solution OVt\v\m\ Solution

The dTH“Cm\’V\é c‘? the &ru,otj aPPmo&k s Yo comeit  on a path that we have Chesen , ond ‘thete <Sgems 4o

be no 300#\ WO,\A +o %Y\d\ an S-t poth  thot ba\m\&g o an o‘yt(mm\ 2o lution -

“local Qearch” method ., in  whith

The Tord-TulkerSon Q\go(‘\t\nm Con be wundecitood aL R move Sznaml

We  may “undo”  the deasiont that we have made n eacltec Tteratlont. but th& when  we

Can imFron the Objective  value o{. the Colution (in this se  the value o-% the {(‘Dw)

TFor the oboe oxomple.  we wil find o poth  and “Pmsb\ back” Some of *the Lbw ‘o obtain the ()?timal Soliction.
s
SN o o
S $D\> ) s »o‘) > so‘)o,) i >Dt
) °o

w

Qreedy  Seletion * qugmenting P“‘t\’\) optimal  Soletion

w

Llow Prom € to w, undo / push-back” the flow from vV to w 1n

Tn the woddle picture . we gend
olution.

tha gruokﬂ Solution . Oond Qend Q ‘?LDVJ 4e\’bm U to T 4o obtain the o?timal

Tt will be  move Comnvesient  to  Introdue  an txuz‘ll(mg gmp\\

To defne +he O.u&wwt\n& poth  more Fm\m& .

colled  the ™ reciouol gm@\”, So that we dont need to distinguish betwren push-focwacd / push-back ”

Residual  Graph

Given o dicectad &(apk G( and o How —? on G(/ the (esidual g(agk G{; of Gr With tespect to —9

3s defined ac¢ follows ¢

= The vertex Set of Cq{_ IS the RGme oas  the vertex wt of G

For ach edge @ on Which < ced, thee are @ -£@) leftower © units of Capacity ©On  whith e Can

push fow furwarok. Qo we include the ld_gﬂ_ 2 in Q{: ., wWith o Ccal»citg «Q)-fd.  We will call
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