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CS 341 Final Exam, Winter 2002 21. (10 pts): True or False?For ea
h of the following statements, say whether it is true or false. Assume thatP 6= NP unless expli
itly said otherwise.You must write the word \True" or \False." Please don't write \T" or \F",for the danger is too big that we 
annot distinguish them!(a) The Master Theorem 
an be used to 
ompute asymptoti
 upper and lower boundsfor the re
ursion T (n) = 2T (n=2) + n log n; T (1) = 0.(b) The re
ursion T (n) = T (n=5) + T (7n=10) + 10n; T (1) = 0 satis�es T (n) 2 �(n).(
) Computing the Convex Hull takes 
(n log n) time, be
ause there is a linear re-du
tion from Sorting to Convex Hull.(d) For every satis�able instan
e of SAT, there is a 
erti�
ate of polynomial size toprove that it is satis�able.(e) Any problem in NP has a polynomial time redu
tion to Integer Programming.(f) If P = NP, then all NP-hard problems are solvable in polynomial time.(g) To prove that Subset-Sum is NP-hard, it suÆ
es to give a polynomial redu
tionfrom Subset-Sum to SAT.(h) There exists a polynomial redu
tion from Single-Sour
e Shortest Path (phrasedas a de
ision problem) to TSP (also phrased as a de
ision problem).(i) Bran
h & Bound will always �nd an optimal solution if run to 
ompletion.(j) The existen
e of a 2-approximation algorithm for VertexCover implies that anyminimization problem in NP has a 2-approximation algorithm.



CS 341 Final Exam, Winter 2002 32. (8 pts): P/NP/NP-hardEnter \True" or \False" in ea
h entry of the table. Justify your answer brie
y whererequested to do so. Assume P 6= NP.For all problems below, use the 
orresponding de
ision problems. If you are unsureabout the exa
t de�nition of a problem, state your assumptions 
learly.2 P 2 NP NP-hardKnapsa
k (�1)Minimum Spanning Tree (�2)Hamiltonian Cy
le (�3)Longest Common Subsequen
e (�4)Please provide brief explanations (1-2 senten
es) for the following entries:(�1)(�2)(�3)(�4)



CS 341 Final Exam, Winter 2002 43. (10 pts): Bran
h and BoundHere is pseudo-
ode for 
omputing the size of a maximum independent set with ba
k-tra
king (derived from the solution to the midterm question.)(1) Input: Graph G(2) Call Re
ursiveIndependentSet(G)(3)(4) Re
ursiveIndependentSet(G) f(5) if G has no verti
es, return 0(6) else f(7) let v be a vertex of G, let w1; : : : ; wk be its neighbours.(8) delete v from G.(9) let value1 = Re
ursiveIndependentSet(G).(10) delete w1; : : : ; wk from G.(11) let value2 = 1 + Re
ursiveIndependentSet(G).(12) return maxfvalue1, value2g(13) g(14) gDes
ribe two di�erent ways to improve the running time of this algorithm by pruninguseless subproblems, i.e., subproblems that will not lead to an improvement in thesolution. Your pruning rules should be su
h that they 
an be tested in polynomialtime.



CS 341 Final Exam, Winter 2002 54. (15 pts): Extreme pointsLet pi = (xi; yi), i = 1; : : : ; n, be n distin
t points. Point pi dominates point pj ifxi � xj and yi � yj. A point is said to be extreme if no other point dominates it.The �gure below shows a set of points where arrows indi
ate some (not all) of thedominations, and extreme points are bla
k.
Des
ribe an O(n log n) time algorithm that gets as input n distin
t points, and outputsthe extreme points. Justify the 
orre
tness and running time of your algorithm. O(n2)algorithms will re
eive partial 
redit.



CS 341 Final Exam, Winter 2002 65. (20 pts): GeneralizedSubsetSumThe GeneralizedSubsetSumproblem is the following problem. You are given n numbersa1; : : : ; an and a target-value T , where a1; : : : ; an; T are non-negative integers. You wantto �nd a set I � f1; : : : ; ng su
h that Pi2I ai � T , and Pi2I ai is maximal. In otherwords, you want to get as 
lose as possible to the target value without ex
eeding it.(a) Phrase GeneralizedSubsetSum as a de
ision problem.
(b) Show that the GeneralizedSubsetSum de
ision problem is in NP.
(
) Show that there exists a polynomial redu
tion from GeneralizedSubsetSum toKnapsa
k, i.e., GeneralizedSubsetSum�p Knapsa
k. (You 
an use the asso
iatedde
ision problems instead, if you prefer.)

(
ont'd on next page)



CS 341 Final Exam, Winter 2002 7(d) There exists a Dynami
 Programming algorithm that 
omputes the optimumvalue for GeneralizedSubsetSum and works in O(nT ) time. To show this, give thede�nition a re
ursive fun
tion whose value is the optimum value of the General-izedSubsetSum instan
e. Justify your answer.Your fun
tion must be su
h that a standard bottom-up implementation of it wouldyield an O(nT ) time algorithm, but you do not have to give pseudo-
ode for it.

(e) Show that the de
ision version of GeneralizedSubsetSum is NP-hard.



CS 341 Final Exam, Winter 2002 86. (15 pts): Not-all-equal 3-SATAn instan
e of NAE-3SAT is de�ned as follows. You are given n boolean variablesx1; : : : ; xn and m 
lauses 
1; : : : ; 
m. Ea
h 
lause 
onsists of exa
tly three di�erentvariables. We say that a 
lause is satis�ed (in a given TRUE/FALSE assignment tothe variables) if its variables do not all have the same value. Put di�erently, 
j =fxj1; xj2; xj3g is satis�ed if and only if� at least one of xj1; xj2; xj3 is TRUE, and� at least one of xj1; xj2; xj3 is FALSE.(a) Given an instan
e of NAE-3SAT, we want to know whether there there an assign-ment of TRUE/FALSE to the variables su
h that all 
lauses are satis�ed. Showthat this problem has a polynomial redu
tion to 3-SAT, i.e., show that NAE-3SAT �p 3-SAT. Expli
itly give the redu
tion, i.e., do not just argue that onemust exist.

(
ont'd on next page)



CS 341 Final Exam, Winter 2002 9(b) Give a randomized algorithm that �nds a TRUE/FALSE assignment to the vari-ables su
h that the expe
ted number of satis�ed 
lauses is at least 34m. Youralgorithm should have polynomial running time. Justify why the bound on theexpe
ted number holds.



CS 341 Final Exam, Winter 2002 107. (5 pts): Coin splitting as Integer ProgramRe
all the 
oin splitting problem: You are given k denominations of 
oins 
1; : : : ; 
k,and a target value T , where 
1; : : : ; 
k; T are positive integers and 
1 = 1. You want to�nd the fewest number of 
oins that sum up to exa
tly T .Show how to phrase the 
oin splitting problem as an Integer Program. Brie
y explainthe meaning of the variables and the 
onstraints in your Integer Program. You do notneed to give a formal proof of 
orre
tness of your redu
tion.



CS 341 Final Exam, Winter 2002 118. (17 pts): Longest pathsRe
all the Longest Path problem: You are given a weighted dire
ted graph G and twoverti
es s and t. You want to �nd a simple path from s to t that has the maximumpossible total weight. This problem is NP-
omplete, but be
omes polynomial in thespe
ial 
ase des
ribed below.(a) In the graph below, the verti
es have been numbered v1; : : : ; v7 su
h that all edgesgo from a lower-numbered to a higher-numbered vertex, i.e., all edges have theform vi ! vj with i < j. Indi
ate a longest path from v1 to v7 in this graph withthi
k lines. Break ties arbitrarily.You 
an mark more edges than needed, as long as your set of marked edges
ontains a unique path from v1 to v7.You need not explain how you obtained your answer.
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Here is a dupli
ate of the graph, just in 
ase you need to start over. If you useboth graphs, please indi
ate 
learly whi
h one 
ontains the 
orre
t solution.
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CS 341 Final Exam, Winter 2002 12(b) Assume that you are given a weighted dire
ted graph G with the verti
es num-bered as v1; : : : ; vn su
h that all edges have the form vi ! vj with i < j. Givean algorithm to 
ompute a longest path from v1 to vn. You may assume that allverti
es ex
ept v1 have at least one in
oming edge.Analyze the running time of your algorithm. Your algorithm should take O(m)or O(n2) time, but slower algorithms will re
eive partial 
redit.You need not give a formal proof of 
orre
tness of your algorithm, but explainbrie
y the underlying idea.


