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1. [28 marks] Routine questions.

(a) [8 marks] Recall the adversary argument from class, showing that to evaluate an AND-
OR tree, any deterministic algorithm must examine all leaf values. Consider the following
scenario, where the algorithm has already seen the values of the leaves A, D, E, F, and
H as shown below:
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OR

1

Suppose the algorithm next examines the leaf B. If you are the adversary, what value
would you assign B? Briefly explain.

Continuing on, if the algorithm next examines the leaf G, what value would you assign G?
Briefly explain.
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(b) [8 marks] Write out the linear programming relaxation of the MAX-1-2-SAT problem
on the following four clauses:

x1 ∨ x2, x1 ∨ x3, x2, x1 ∨ x2, x1 ∨ x3.

Prove that zLP , the value of the optimal real solution, is different from z∗, the value of
the optimal integer solution, in this example.
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(c) [12 marks] Run the four bin-packing algorithms, First-Fit, Best-Fit, First-Fit-
Decreasing, and Best-Fit-Decreasing algorithm on the following input:

0.3, 0.4, 0.8, 0.05, 0.2, 0.25

First-Fit:

Best-Fit:

First-Fit-Decreasing:

Best-Fit-Decreasing:
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2. [20 marks] Short questions.

(a) [4 marks] True or False: By a data structure from class, we can maintain a set of n
numbers so that decrease-key and delete-min both takes O(1) amortized time and insert
takes O(log n) amortized time. Explain.

(b) [3 marks] True or False: α(n) = o((log log n)1/466). Explain.

(c) [3 marks] True or False: the Seidel–Welzl algorithm for the smallest enclosing circle
problem from class is a Monte Carlo algorithm. Explain.
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(d) [4 marks] Point out two differences between the two random-walk algorithms by Pa-
padmitriou and by Schöning for the satisfiability problem from class.

(e) [3 marks] True or False: The analysis of Christofides’ factor-3/2 algorithm for traveling
salesman problem only applies to the metric case where the triangle inequality holds.
Explain.

(f) [3 marks] Recall the randomized online paging algorithm RAND-MARK from class.
True or False: The O(log k) upper bound on the expected competitive ratio still holds
even if the request sequence is generated by an adversary that knows the random choices
made by the RAND-MARK algorithm in advance. Explain.
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3. [10 marks] Lower bound by reduction. Consider the following data structure operations to
maintain a set S of n numbers:

• insert(x): insert a new element x to S;

• decrease-key(x, k): decrease an element x’s key to a given number k;

• median(): return the b|S|/2c-th element in S.

Show that no data structure can achieve O(1) amortized time for insert(), decrease-key(),
and median() simultaneously, under a comparison-based model.

[Hint: use a reduction involving sorting. You might want to use multiple extra keys like ∞’s
or −∞’s.]
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4. [13 marks] Randomized approximation algorithms. We are given an undirected graph G =
(V,E) where every vertex has degree exactly 4. In the Balanced-Ordering problem, we
want to find an ordering L of the vertices, so as to maximize number of well-balanced vertices,
i.e., the number of vertices v such that exactly 2 neighbors u of v appear before v in L and
exactly 2 neighbors w of v appear after w in L.

(a) [3 marks] Fix k distinct elements a, b, c, d, e. If X is a random ordering of a, b, c, d, e
(each permutation being equally likely), what is the probability that a is the middle

element (i.e., has the 3rd position) in the list X?

(b) [3 marks] Design a (very simple!) randomized polynomial-time approximation algorithm
for the Balanced-Ordering problem.



Initials: 9

(c) [7 marks] Carefully show that your algorithm has expected approximation factor
bounded by a constant (assuming every vertex has degree 4). Specify the constant.
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5. [13 marks] On-line algorithms. Recall the list update problem from class, where we are given
an on-line sequence of access requests for a list of k elements, accessing the i-th element of
the list costs i units, and swapping two adjacent elements costs c units for a constant c ≥ 1.

Consider the following on-line algorithm “Move-Halfway-To-Front” (MHTF):

when we access element x:
let i be the position of x (i.e., x is the i-th element in the list)
move x so that it becomes the di/2e-th element of the list

(a) [5 marks] Let L denote the current list maintained by MHTF and L∗ denote the current
list maintained by the optimal offline algorithm OPT.

Consider one access operation for element x. Let ` denote the number of elements at
position di/2e, . . . , i − 1 in L that are before x in L∗. Let m denote the number of
elements at position di/2e, . . . , i−1 in L that are after x in L∗. Let s denote the number
of swaps performed by OPT on this operation.

Give an upper bound on the cost of MHTF and a lower bound on the cost of OPT in
terms of the parameters `, m, and s for this single operation.
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(b) [3 marks] Define the potential Φ to be the number of inversions between the two lists
L and L∗. Give an upper bound on the change in potential in terms of the parameters
`, m, and s for a single operation.

(c) [5 marks] Now, prove that MHTF has competitive ratio bounded by a constant. Express
the constant in terms of c.
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6. [16 marks] Approximation algorithms. We are given a sequence S of n jobs, where the i-
th job requires duration si ≥ 0. We want to assign jobs to 3 processors to minimize the
completion time. More precisely, we want to partition S into three subsets X,Y, Z so that
the cost function c(X,Y, Z) = max{

∑
si∈X si,

∑
si∈Y si,

∑
si∈Z si} is minimized.

(a) [3 marks] Let OPT be the minimum cost. Let σ =
∑n

i=1 si be the total duration. Show
that OPT ≥ σ/3.

(b) [3 marks] Let ε > 0 be a constant. Show that there are at most a constant number of
elements with si > εσ.
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(c) [5 marks] For the general problem, consider the following approximation algorithm:

1. solve problem optimally by brute force for the jobs with si > εσ
and put these jobs in subsets X,Y, Z

2. for each remaining job si ≤ εσ do {
3. w.l.o.g., assume

∑
sj∈X sj is smaller than

∑
sj∈Y sj and

∑
sj∈Z sj

(because otherwise we can swap X,Y, Z)
4. put si in X

}

Prove that c(X,Y, Z) ≤ OPT or c(X,Y, Z) ≤ σ/3 + εσ.

(d) [5 marks] Using parts (a) and (c), bound the approximation factor of this algorithm.
Using part (b), bound the running time of this algorithm. Is this a polynomial-time
approximation scheme (PTAS)?
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