Lecture 09: Iterative Methods - Conjugate
Gradient Method

June 18, 2025
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Solution by Steepest Descent

@ In Lecture 08 we looked at stationary iterative methods.

@ We will now begin to look at other iterative methods for
solving Ax = b.

@ The steepest descent method and the conjugate gradient
method are discussed in this lecture.
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Solution by Steepest Descent

@ There is an equivalent minimization interpretation of solving
Ax = b.

@ We assume A € R"*" is symmetric positive definite (SPD)
and consider the quadratic function

1
F(x) = EXTAX —b"x, xecR"

@ We will show that the solution of Ax = b is equivalent to the
solution of the minimization problem

min F(x).

X
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Solution by Steepest Descent
e Consider visualizing the case with n = 2 as shown in Figure 1.
@ Here x is a length-2 vector x = [x1, x2] "
e The function F(x) is a scalar that gives height in the plot.
@ Plotting F gives a paraboloid with minimum value at

x = A"1b.

Note that A being SPD implies F is convex.

I = F(x)

X3

Figure: Visualization of F(x) when n = 2.
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Solution by Steepest Descent

Theorem 1
The solution of the linear system and minimization form are the
same.

Proof.

The solution of the minimization satisfies VF(x) =0, i.e.,

OF
— =0,V

8X,' » ¥

Since VF(x) = Ax — b (See Lecture Notes), therefore the solution
of Ax = b corresponds to a stationary point. However, since F(x)

is (strictly) convex any local minimum is the global minimum. [
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Solution by Steepest Descent

By Theorem 1, if we can solve the minimization problem, we
have solved the linear system.

So we will try to find the minimum by “walking downhill”.

The main idea is, at each step, first choose a search
direction vector p # 0.

Then find the point along that direction with the lowest value.
k+1

Therefore, we iterate as x = xk + ap, where a € R.

We want to find « that gives the minimum value of
F(xk*1) = F(x* 4 ap).
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Solution by Steepest Descent

Let

f(a)

F(x* + ap),

[y

S(F 4+ ap)TAK + ap) — (x* + ap)"b,

=N

o o
E(xk)TAxk + <§pTAxk + §(Xk)TAp>

a® T K\NT T
tp Ap—(x¥) b—ap’b,

[;(Xk)TAXk B (Xk)Tb}

F(xk)
+a [pTAxk — pr} + O; {pTAp} .

7/42



Solution by Steepest Descent

o To optimize we differentiate f with respect to «, set it to 0,
and solve for «.

f'(a) = —p"(b— AX*) + apTAp =0,
Tb_A k T k
ia:p(T X):pTr7
p'Ap p'Ap

where rk = b — Ax¥ is the residual of the kth iterate.

@ This is the optimal a given the update rule x**1 = x¥ + ap
and search vector p # 0.

o Note that since A is SPD, p" Ap > 0. So «a gives the
minimum point along a given search direction.
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Solution by Steepest Descent
@ Now consider choosing the search directions p.

@ What is the optimal search direction?

@ A vector pointing straight from x* towards the solution x, so

p=x—xk.
X
k/

@ This p would give the solution in one step.

X

@ Unfortunately we do not know x!

@ Therefore, we pick the search directions in a locally optimal
manner.

@ That is, we determine what direction reduces F as rapidly as
possible at the current point.
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Solution by Steepest Descent

o We saw above that f/(a) = pT (AxX — b) + apT Ap.

@ This gives the rate of change at distance « along the search
vector.

e So, f'(0) gives rate of change along p at the current position
(i.e., x¥).

@ The idea is to pick p to make f'(0) as negative as possible.

@ This gives the direction of fastest decrease.

@ We have that /(0) = pT (AxK — b) = pT VF(x¥), so f/(0) is
minimized for

p= —M (assuming we want unit p, ||p|| = 1)
IVFR)II ’
B b — Axk B rk
1o — Axk[| (e
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Solution by Steepest Descent
@ It is actually not necessary to normalize the search direction

vector.
@ Therefore we take p = r¥, which gives the iteration

= xK + ark and optimal « as
pTrk (rk)Trk

a= = .

pTAp  (rk)TArk

Xk+1

o Intuitively, we are finding the negative gradient of F (i.e.,

residual) and following it “downhill” as shown in Figure 2
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Gradient Vectors

Contours of F
Figure: Example contours and gradient vectors of a function F.
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Solution by Steepest Descent

@ The steepest descent algorithm is given in the Lecture Notes.

o For efficiency, instead of recomputing the residual from
scratch at each step we can derive a simple update rule

Pl AxKL
= b— A(x*+ark),
= b— AxK — aArk,

= rk—aArk.

@ The term Ar¥ is already needed in the algorithm, so we can
save one matrix-vector product per iteration by storing its
result.

@ Note that you can view steepest descent as a nonlinear
iterative method with the iteration matrix M = M¥ = aikl
that changes on each iteration.
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Solution by Steepest Descent

@ The steepest descent algorithm actually behaves quite poorly
in terms of convergence.

@ Since we assumed A was SPD steepest descent will indeed
converge.

@ However, steepest descent can be “shortsighted” and will
often yield slow (zig-zag-like convergence towards the

solution) as seen below.
\
\

.r,
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Solution by Steepest Descent

@ For a SPD matrix A the error vectors ek = xK — x* for

steepest descent satisfy

A — Ami
el < (322 ) ekl

Amax + Amin
where || - || o indicates the “A-norm” or energy norm:
lIx]|a = VxT Ax.

@ For a proof of this result see Saad textbook, Section 5.3.1 or
[Shewchuk 1994].

@ Next we will look at the conjugate gradient method, which
chooses a different sequence of steps that can sometimes
perform much better.
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Solution by Steepest Descent - Towards the Conjugate
Gradient Method

Recall the steepest descent method.
We considered finding the x that gives the minimum of

1
F(x) = EXTAX —b"x, x€R"

which also is the solution to Ax = b.
We developed an iteration x¥*1 = xk + ap¥ with:

e search direction p¥ = rk = b — Axk,

(rk)Tpk rk Trk

o step length a = ATAF = (RTAR>
The search direction gives a locally fastest decrease, but not
the globally “best” direction.

This leads to zig-zag like convergence towards the solution.
We now discuss how we can do better, starting with the
conjugate directions method, then refining it to finally arrive
at the conjugate gradient method.
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Another Search Direction Idea

@ Imagine an approach that (somehow) finds the solution in the
X1 axis, then in the xy axis, ..., then in the x, axis.

@ It would complete in n iterations, touching each orthogonal
axis once.

@ Can we achieve something like this?
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Another Search Direction Idea

@ Choosing step pX = axisy does not actually work.

@ The lowest point (minimum value) along each axis in not the
solution for that axis.

@ The figure below depicts this idea.
@ The blue vectors are what we would like.

@ But, the red is the (bad) result if we use axes as search
directions.

e

-
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Another Search Direction Idea

e Choosing orthogonal directions (axes) and minimizing along
them one at a time clearly does not work.

@ Let us try something else, based on A-orthogonality.

o We first need to some definitions.

Definition 2.1
Suppose A is SPD, then the A-inner product is defined as

(p,q)a = p' Aqg.

Definition 2.2
The A-norm is given by

lIplla = v/ (P, P)A-

Definition 2.3
Two vectors p, q are A-orthogonal (or conjugate) if (p,q)a = 0.
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Another Search Direction Idea

o Figure 3 visualizes vectors that are A-orthogonal.

@ In general, A-orthogonal vectors are not orthogonal in the
standard Euclidean space.

@ The vectors are instead orthogonal when you transform to the

new space by multiplying by A.
JE—
AN

—_—T / N L

A-orthogonal vector pairs  Corresponding orthogonal vector pairs
(are not orthogonal!) after stretching the space according to A

Figure: Visualization of the concept of A-orthogonality.
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Another Search Direction Idea

@ Intuitively, A-orthogonality is a kind of orthogonality that
respects the properties of A.

@ We build a new search direction method based on
A-orthogonality.

@ We choose each search direction to be A-orthogonal to all
previous search directions.

@ This will avoid searching redundant directions repeatedly.

@ So we now need an algorithm to construct A-orthogonal
vectors.

o We will use Gram-Schmidt A-orthogonalization.
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Another Search Direction ldea - Gram-Schmidt
(A-)orthogonalization

@ Gram-Schmidt A-orthogonalization construct a set of
A-orthogonal vectors, incrementally.
@ Suppose the previous search directions p°, pt, p?, ..., pk~1 are

all mutually A-orthogonal.

k. we convert it into a p¥

@ Given a new proposed direction u
that is A-orthogonal to all prior p'.

@ The idea is to subtract out the components of u* that are not
A-orthogonal to earlier p''s, leaving behind a vector that is.
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Another Search Direction ldea - Gram-Schmidt

(A-)orthogonalization
@ Figure 4 gives a visualization of one step of Gram-Schmidt in
2D (for regular orthogonality).
e Consider some vector u, and a (previous) basis vector a.
@ Then the vector u — (u”a)a will be orthogonal to a.
@ Let's derive a Gram-Schmidt process to construct
A-orthogonal vectors.

Figure: Orthogonalizing a vector u with respect to a.
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Another Search Direction ldea - Gram-Schmidt
(A-)orthogonalization

@ We start with a vector u* and subtract all prior p’
components to form pX, so

k—1
pF=u 4+ Bip'.
i=0

@ Now we just need to find the coefficients 5;.
@ For each p/ for j =0,..., k — 1 use A-orthogonality against

pk:

0= (p*,P)a,

k-1
(e 3a)
i=0 A
. k_l . .
= (. P)a+)_Bilp',P)a
i=0
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Another Search Direction ldea - Gram-Schmidt
(A-)orthogonalization

o Earlier p’s were mutually A-orthogonal, so (p’, p/)4 = 0 for
i
@ Therefore,
0 = (u*p)a+Bi(p,P)a,

. _ _(up)
= b CES (1)

@ Using this strategy we can construct an A-orthogonal set of
p¥ vectors spanning R”, when given input u*'s.
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Another Search Direction ldea - Conjugate Directions
Method

@ To summarize, the conjugate directions method starts with a
given set of vectors u¥ spanning R".

@ We then A-orthogonalize them by Gram-Schmidt to get
A-orthogonal search directions p*.

@ The same basic iteration as steepest descent is then
performed to compute the solution x to Ax = b.
@ The changes to the steepest descent iteration are:
o use new pX as search directions (instead of residuals r¥),

k\T _k
e use our original step length expression o = (E:Z))T/!\)pk (i.e., not
(rk)Tfk )
(P*)TArk
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Another Search Direction ldea - Conjugate Directions
Method

The drawbacks of conjugate directions (w/ Gram-Schmidt) are as
follows.

@ With respect to memory we need to keep all prior search
vectors p'.

@ In terms of computational cost we need to perform complete
Gram-Schmidt at each step, which takes O(n3) flops.

@ There is also the lingering question about how to choose the
input (non-A-orthogonal) u* vectors?

@ A fun fact is that if the proposed search vectors u¥ at each
step (before A-orthogonalization) are the axes, this gives
Gaussian Elimination again!
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Conjugate Gradient Method

@ The conjugate gradient method is a variation on the
conjugate directions method that improves in two ways:
@ choose the vectors u¥ at each step to be the residual rk (to be
A-orthogonalized),
@ carefully exploit (A-)orthogonality to avoid storing all prior
search vectors.

@ Item 1. immediately turns our earlier Gram-Schmidt process
into

—

k k = i k — (fk Pi)A i
pr=r"+) Bip'=r"—% ——p, 2
; ' — (p',p')a )

1=

which gives the first version of the conjugate gradient
algorithm in the Lecture Notes.

@ This first version is still costly, do not implement this version!
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Conjugate Gradient Method - Efficient Conjugate Gradient
Method

@ Let's work towards a more efficient algorithm.
@ We want concise recursive expressions for
e the step lengths «,
e step directions p, and
o Gram-Schmidt coefficients .
@ We will need to consider the spaces involved and their
relationships, as well as, repeatedly exploit orthogonality and
A-orthogonality.
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Conjugate Gradient Method - Efficient Conjugate Gradient

Method

@ Consider the space spanned by vectors p’ for i =0,..., k — 1.

span{p®,p',....p" '}
= span{r® rt,..., ¥ 1}, (by Gram-Schmidt)

= span{r% Ar® A%2/0 ... A*1/0}  (See Lecture Notes).

@ A space constructed this way (powers of A times a vector) is
called a (k-dimensional) Krylov subspace, denoted
Ki(A, r%).
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Conjugate Gradient Method - Efficient Conjugate Gradient
Method

@ It can also be shown (See Lecture Notes) that
rk L span{p?, pt, ..., pk"1} = span{rO, rt, ... rk1} ie,
(rk,F)y=0forj=0,1,..., k—1.

@ That is, the current residual is orthogonal to the prior search
directions and residuals.

k Lk
o Currently, the step length is computed as ay = "P)

(P*,p¥)a"

@ Observe however that

(r,p¥) = |k rk . (since (rk,p') = 0 for i < k)
= ("), (3)
which gives a new way of computing «y as
k ok
o r
Ak = (k k)
(P*, P)a
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Conjugate Gradient Method - Efficient Conjugate Gradient
Method

@ To make computing the search direction more efficient we
need the identity

(rk,pPYa=0fori=0,1,...,k—2. (4)

Proof.
See the Lecture Notes. O
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Conjugate Gradient Method -

Method

Efficient Conjugate Gradient

@ Now we can construct search direction p* without storing all

prior p'.
e Starting from (2),

k

by (4).

Gram-Schmidt gives

k—1
Z fk;P)A ,
/:O

(f 7Pk 1)A k—1
(p<—1, pk— 1)Ap )

@ Hence, only the current residual and previous step direction

are needed to compute p.

@ This saves us storage and flops.
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Conjugate Gradient Method - Efficient Conjugate Gradient
Method

@ To arrive at the standard conjugate gradient method we

further simplify Bx_1.
. k k—1
Equation (1) gave Bx_1 = M

Later replacing u* by rk gave

rk k—1
Br-1 = M (5)
kfl)

In the numerator we have (r, p A
By the residual update rule, r = rk=1 — o1 Ap*~1, so

applying (r¥,-) to this rule, we get that
(rk, rk) — (rk’ rk—l) —Ckkfl(rk,Apk_l),
——

=0 since the r’s are orthogonal

Rearranging, we get that the numerator is

_ 1
(rk’pkfl)A — (rk,Apk 1) —

Qp—1

(rk, rk).
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Conjugate Gradient Method - Efficient Conjugate Gradient
Method

o Now consider the denominator (pk—1, pk=1) 4.

o We have that (rk, pk¥~=1) = 0 by orthogonality.
o Applying (-, p“~1) to the residual update rule gives

(rk7 pkfl) — (rkfl7 pkfl) _ Oékfl(Apkil, pkfl)
=0
0 = (F LAY — e (pF P A

because earlier (3) we showed (rk—1 pk=1) = (rk=1 rk=1)
@ Rearranging, gives the denominator as

(pk_l,pk_l)Arz ai4(rk—17rk—1)

34/42



Conjugate Gradient Method - Efficient Conjugate Gradient

Method
@ Combining the numerator and denominator we have
/Bk 1= (rkapk_l)A
- (Pk1, ph1)a’
_ (rk7rk) Q=T
T ANV
(rk, rk)

T (rk T kT

@ The more efficient version of the conjugate gradient method is
given in the Lecture Notes, based on the simplifications above.

@ Now conjugate gradient just needs 1 matrix-vector multiply

and 2 inner-products per step:

e matrix-vector multiply Ap¥,
o dot products (r¥, r¥) and (p*, Ap¥).
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Conjugate Gradient Method - Error Behaviour

@ Note that at most n A-orthogonal vectors are needed to span
R".

@ Therefore conjugate gradient will terminate in (at most) n
steps with an exact solution (under exact arithmetic).

@ At each iteration, the current conjugate gradient solution’s
error has the minimum A-norm within the subspace it has
already explored,i.e.,

x* = arg min HekHE\ = argmin HXk - X*HE\'

XEL K xELK

@ This is because at each iteration, conjugate gradient
zeroes out one of the error components.
@ To see this let e’ = x* — x', where x* is the true solution.

@ We therefore have r' = Ae.
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Conjugate Gradient Method - Error Behaviour

0

@ Now express e as a linear combination of search directions

n—1
e? = Zéjpj, for coefficients ¢;.
=0
o Left multiplying by (p¥)T A (to exploit A-orthogonality) gives
(P)TAL = > 5i(p*)T AP,

(pkveO)A = Zéj(pkapj)Av
= 5(p*, pM)a, (by A-orthogonality)

=0 =

37/42



Conjugate Gradient Method - Error Behaviour

° Continuing the calculation with the generic
Z "4 aip' (because the iteration is

k+1 = x¥ + ay pk) gives

(Pk,eo)A

(PX, P¥)a

(P, " + Y1y aip)a
(P*, P) A

ok =

by the A-orthogonality of the p''s
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Conjugate Gradient Method - Error Behaviour

@ But recall that

g

(pk)Trk
(P*,p )
(p k) , since rk
[CHON p)
(pk e“)a
(P*, pF)a

= AeF

@ Hence, ay = dk, so conjugate gradient zeroes out one
component of the error at each iteration:

i-1
i_ 0 i
e'=e —E ajp) =
Jj=0

n—1 i—1
> 5P =D 6
j=0 j=0

o After n steps, all the components of e® will be gone.

n—1
=> 5p.
j=i
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Conjugate Gradient Method - Error Behaviour

@ Consider using conjugate gradient on the following example:
3 2 . 2
2 6|7 |-8
-2
0 _
X0 = [_2] |

o Conjugate gradient converges in 2 steps since we are in R? as
shown in Figure 5.

starting from
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Conjugate Gradient Method - Error Behaviour

o If you are interested in more details, our discussion borrowed
heavily from Shewchuk’s notes on conjugate gradient.

- o X @ Figure2 - o X

4 Tools Desktop Window fiew Insent Tools Desitop Window H

Inset T Help ~ File Edit View Ins ap
LAOPRL- (208D DEde kWAL LA- (208D

Steepest Descent Conjugate Gradient

Figure: Comparison of steepest descent and conjugate gradient methods
in R
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Conjugate Gradient Method - Error Behaviour

An Introduction to
the Conjugate Gradient Method
Without the Agonizing Pain
Edition 1%
Jonathan Richard Shewchuk
August 4, 1994
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