STAT 333 Notes W2024 Jacob Schnell

Elementary Probability

P(ANB)
P(B)

« Conditional Probability: Probability of event A occuring given that event B occured P(A|B) =
provided P(B) > 0. Note we get the useful property P(AN B) = P(A|B)P(B).
¢ Chain Rule: P(Al N Ag n--- An) = P(Al)p<A2|A1)P(A3|A1 N AQ) s P(An’Al N AQ n---N An—l)

« Independence: Events A and B are independent iff P(AN B) = P(A)P(B). RVs X and Y independent
iff for all a,b € R, P(X <a,Y <b) = P(X <a)P(Y <b)iff p(x,y) = px(x)py(y) for all z,y € R.

« Law of Total Probability: If {B;}? | partitions the sample space Q (i.e., B;N B; = for all i # j and
UL Bi = Q), then P(A) =3 0, P(AN Bi) =3 1, P(A]B;)P(By).

P(A|B)P(B;) _ _ P(A|B;)P(B;)
P(A) i1 P(A|B)P(B;)"

« Bayes’ Formula: If { B;}?_, partitions the sample space 2, then P(B;|A) =

> . 9(@)p(x) if X is a discrete RV

« Expectation: For g: R — R and an RV X, then E[g(X)] = {f o(2)p(x)dz if X is a contimuous RV’

Note special cases include

(a) E[X"] is the nth moment of X.

(b) E[aX 4 0Y] = aE[X] + DE[Y], i.e., expectation is linear.

(c¢) If X and Y are independent, then E[XY] = E[X]|E[Y].

(d) Var(X) = E[(X — E[X])?] = E[X?] — E[X]? is the variance of X.

(e) Cov(X Y) = E[(X — E[X])(Y — E[Y])] is the covariance of X and Y. Note Var(aX + bY) =

a? Var(X) + b? Var(Y) + 2ab Cov(X,Y). Note also Cov(X,Y) =0 if X and Y are independent.

(f) ¢x(t) = E[e™X] is the moment generating function of X. In the joint case, ¢xy(s,t) = E[es* Y]

is the mgf of (X,Y). Note that the nth derivative of ¢x satisfies gbg?)(O) = E[X"] and the (m,n)th

derivative of ¢y satisfies gb(m" (0,0) = 2 by v (s, t)‘ = E[X™Y™]. The MGF also uniquely
=0

characterizes the corresponding probability distribution.

o Marginal Distributions: Where X and Y are RVs with joint pdf f(x,y), the marginal distribution of
the single RV X is given by fx(x f fz,y)dy.

e cdf — pdf: for an RV X, f(z) = limayo w‘

o mgf of sum: If X, Xs,..., X, are independent RVs and 7= """ | X;, then the mgf of T is the product
of the mgfs of X;s: ¢r(t) = [, ¢x,(t). In particular, if X,..., X, are iid, then ¢r(t) = (¢x, ()"

« Strong Law of Large Numbers: If X;, X,..., X, are iid RVs with common mean p and E[|X;[] < oo,
then X, = 2EXttd ) a5 p — oo,

Conditional Distributions

+ Conditional Distribution: The conditional pdf of X|(Y =y) is fxjy(z]y) = P(X|Y =y) = ]}(Yx(;’)) The
conditional cdf is P(a < X <b|Y =y) = f: Ixpy (x|y)de = L ;Yx(’;l))dx = ff ](cfxy;;l;
> o 9@, v)pxy (zly) if X is a discrete RV

. Conditional Expectation: E[g(X,Y)|]Y = y| = { 2= .
onditional Expectation: Ely( ) vl o g(@,y) fxy (zly) dz if X is a continuous RV

Note we also see that ElaX + bY|Z = 2] = aE[X|Z = 2] + DE[Y|Z = z]. It’s also worth noting that
E[g(X,Y)|Y = y] is a function of the conditioning value y. Note also that E[g(X|Y")] = E[g(X)|Y].
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« Conditional Variance: Var(X|Y =y) = E[(X — E[X|Y = y])?] = E[X?|Y =y] — E[X|Y = y]%.
« Law of Total Expectation: E[g(X)] = Ey[Ex[¢(X)|Y]] = Ez[Ey[Ex[g(X)|Y. Z]|Y] =

« Variance Alternate Formula: Var(X) = E[Var(X|Y)] 4+ Var(E[X|Y]).

Fxlz) = Zy fX\Y(ﬂE\Y =y)fy(Y =y) if Y if is a discrete RV
A 2 Ixy @Y =y) fy(Y =y)dy if Y if is a continuous RV

« PIX<Y)=[PX <yfy(y)dy = [ Fx(y)fy(y)dy

Discrete-time Markov Chains

« Discrete-time Markov Chain: A stochastic process {X,, : n € N} is a DTMC if (1) X, is a discrete
RV for all n € N and (2) for all n € N, the Markov property holds:

P(Xpi1 = 2npa|Xn =20, Xt = g1, .., Xy = 21, Xo = 00) = P(Xpg1 = Tpa| X = 20).

The Markov property indicates that we only care about the most up-to-date information.

« Transition Probability Matrix: The TPM defined by P,; = P(X; = j|X, = i) is an S x S matrix
where S € NU {oo} is the number of states in the DTMC. Note since the entries are probabilities, we see
that the rows must sum to 1. We define PZ(?) = P(Xpin = j|Xm = 1) = (P");; for any m,n € N.

« Stationarity of DTMC: We only consider stationary DTMCs where the distribution of X,, and X,, are
identical for all m,n € N. As a result, Pf? = P(X,, = j|Xo = i) and so the one-tep TPM completely
characterizes its DTMC.

+ Chapman-Kolmogorov Equation: For any m,n € N, P,/ =", ¢ Z’,:)P,y; ™ As aresult, P™ = pn

« Initial Conditions: Forn € N, let o, = (0, @1 - - - Ok, - - .) be the row vector o, = P(X,, = k) (i.e
, is the marginal pmf of X,,). Then q is the initial conditions of the DTMC and v, = >y Om ZPZ(Z m)

for all m,n € N. In particular, a,, = o, P".

o Communication: State j is accessible from state i (denoted i — j) if In € N such that PZ(?) >0.Ifv— 7
and j — i, then states ¢ and j communicate denoted by i <+ j. Communication defines an equivalence
relation (i.e., reflexivity i <> 4, symmetry i <> j <= j > i, and transitivity i <> j,j < k = i < k)
and so we usually separate DTMCs into the sets of states which communicate with each other (called
communication classes). If a DTMC has only one communication class, then it is said to be irreducible.

o Period: The period of state i is d(i) = ged{n € Z+ : PZ(ZI) > 0}. If d(i) = 1 then state i is aperiodic. Note
if P,; > 0, then d(i) = 1. By convention, if P = 0 for all n, then d(i) = co. The period is shared by
communication classes, in particular, if i <> j then d(i) = d(j).

« First Visit: We denote f\") = P(X, = j, Xu1 # j...., X2 # j, X1 # j|Xo = i) as the probability that

the first visit to state 7 when starting in state i ¢ happens after n steps. Note f(n = Z(?) 1 f(k)P(n R,

We also denote f;; = P(DTMC ever visits state j|Xo = ). Note fi; = > 77, fi B < 1.

« Recurrence: State i is recurrent if f;; = 1, if f;; < 1 then it is transient. If a state is recurrent, it will
be visited infinitely often, otherwise it will be visited only finitely often. Recurrence is also shared by
communication classes, in particular, if i <+ j then state i is recurrent if and only if state j is recurrent.
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o Let M; count the number of number of visits to state ¢ (ever). Note then that M; ~ GEO¢(1 — f;;) and so

E[M;]| X, = i] =

f” . i pn) _ < oo if state 7 is transient
00 if state ¢ is recurrent

1_fzz n—1 o

o If 7 <+ j and state ¢ is recurrent then f; ; = 1.

o Test for Transience: If state ¢ is recurrent and state ¢ does not communicate with state j, then P( ) =0
for all k € Z*. This provides a test for transience, in that if states i and j do not communicate but dk
such that Pf’? > 0, then 7 is transient.

« Limiting Behaviour of Transient States: For any state ¢ and transient state 7, lim,, ., P(") 0.

+ Mean Recurrent Time: For a recurrent state i, let N; = min{n € Z* : X,, = i} denote the number
of steps before visiting (or returning to) X; for the first time. Note then that P(N; = n|Xy, = i) = Fi)

(X
and the mean recurrent time of state i is E[N;|Xo = 1] = >~ | nf“ . We see then that m; is the average
number of steps between successive visits to state ¢. If m; < oo then we say state i is positive recurrent, and
if m; = oo then we say state i is null recurrent. Note positive recurrence is also shared by communication
classes, in particular, if 7 <> j and state ¢ is positive recurrent, then j is positive recurrent.

o Ergodicity: If a state ¢ is both positive recurrent and aperiodic, then it is called ergodic.

¢ Recurrence in Finite-State DTMCs: A finite-state DTMC has at least one recurrent state. As a
result, all states from a finite-state irreducible DTMC are recurrent. In a finite-state DTMC, there are no
null recurrent states, so any recurrent state is necessarily positive recurrent.

« Stationary Distribution: A distribution {p;}°, is a stationary distribution (of a DTMC) if > p; =1
and p; = > 7 pi P ; for all states j. In matrix form, stationarity is the property p = pP. In particular, if
ay = p, then X, X;, Xo, ... are all identically distributed. A stationary distribution exists iff there is at
least one positive recurrent state. Note that stationary distributions are not necessarily unique.

e Basic Limit Theorem: For an irreducible, recurrent, and aperiodic DTMC, lim,,_, P(n) =7 = mi
J

exists for all 4, j. If the DTMC is also positive recurrent, then {m;}3 720 is the unique statlonary distribution
Ty = Zzo 7TZ‘IDZ'7]‘ VJ € N

Z;io T =1
or written in matrix form, # = 7 and we’ = 1. Note that when the DTMC has finitely many states, this
system is overspecified, and so any one equation can be dropped. Note that if state j is null recurrent of
transient, then m; = 0.

and is the unique positive solution to the system of linear equations given by

« Doubly Stochastic: The TPM of a DTMC is doubly stochastic if all row sums of P are 1 (necessary to
be a TPM) and all column sums of P are also 1. An irreducible, aperiodic DTMC with N < oo states and
a doubly stochastic TPM has 7; = % for all 5 € N.

o Interpretation of Limiting Behaviour: Assuming the conditions of the BLT, after running the DTMC
for a “long” time, the probability of finding the process in state j is m;. However, 7; also represent the
long-run fraction of time that the process spends in state j, i.e., the fraction of time steps with X,, = j.

e Shared Properties of Communication Classes: The following properties are the same for all states
1,7 from the same communication class

— 4 <+ j and so dn, PZ»(J-)>OandEIm P > 0.

jZ
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— d(i) = d(j).
— ¢ and j are either both recurrent or both transient.

— if ¢ and j are both recurrent, then they are either both positive recurrent or both null recurrent.

« Galton-Watson Branching Process: This process models the size of a population when each person has
a certain probability of having m offspring in the next generation. Formally, let X,, denote the population
of the nth generation of process, where «,, is the probability an individual has m offspring. Note that
since Pyp = 1 and P,y > 0, we know that state 0 is recurrent and all other states are transient. Let Zi(j )

denote the number of offspring produced by individual 7 in the jth generation, then X, = Zfi"l‘l Zi(n_l),

so X, is a DTMC. Let p = ]E[ZZ-(j)] and 0% = Var(ZZ-(j)) denote the (common) mean and variance of the
number of offspring respectively. Then E[X,] = pE[X,,_;] and Var(X,,) = 0?E[X,,_1] + p? Var(X,,_1). As
a result, assuming Xy = 1, then

ol n
E[X,]=u" and  Var(X,) =o’p"' Y ' = {a
1=0

o? ifu=1

2,m-1 (11—_;5) it £

Let mp = lim,, o, P(X,, = 0) denote the probability that the population dies out. Then 7y is the unique
solution in [0, 1) to the equation z = 3~72a;2/ (note that » = 1 is always a solution to the equation).
Note when p < 1 then mp = 1 (i.e., the population is guaranteed to die out). The value 1 — 7y is the
probability that the population will keep growing infinitely. In the general case where Xq = n then the

extinction probability is 7 (for my computed in the X, =1 case). Note when oy + a =1, X,, will stay at
1 for some number of generations (according to a geometric distribution) and then eventually die out.

e« Gambler’s Ruin Problem: The process models the sum of money a gambler has before he either goes
bankrupt or wins the jackpot. Formally, let X, denote the number of units of money the gambler has
at time n, we assume that the gambler either wins one unit with probability p € (0,1) and loses one
unit with probability ¢ = 1 — p each step, until he either goes bankrupt (reaching X, = 0) or wins the
jackpot (reaching X, = N for some N < oo). Note that states 0 and N are recurrent, and the states
{1,2,..., N —1} form a transient communication class. Let G(i) denote the probability that starting with
X =i the gambler eventually reaches the jackpot N. Consider the TPM and its limiting behaviour:

0o 1 2 3 N—-2 N-1 N 0 1 2 N-—-1 N
oft 0 0 O 0 0 0 0 1 0 0 0 0
1l¢ 0 p 0 0 0 0 1| 1-G6Q1) 0 0 0 G(1)
210 ¢ 0 p 0 0 0 2| 1-G(©) 0 0 0 G(2)
P= S . ) . lim P(") = ) . )
. . . . . . . . . n—oo . . .
N -1 0 0 0 q 0 P N-1|1-G(N—-1) 0 0 0 G(N -1)
N|O O 0 O 0 0 1 N 0 0 0 0 1

Notice that
(p+q@)G(i) =pG(i+1) +¢G(i — 1) — Gi+1)—G() = 1(G6) — G — 1)) = (£)'G(1)

Then, for any £ = 1,..., N, adding together the above equations for each ¢ = 1,2,...k — 1 we get a
telescoping sum resulting in

k—1 k—1 1*(%)k ;
ch-cmy =Y emey = cm=cmY@wi={ < ) fr#a
i=1 i=1 kG(1) if p=gq

Using the above formula and noting G(N) = 1, we can find a formula for G(1). Using this newfound
-

W ifp#q

N if p=g

and when p > 1 limy_,0o G(i) =1 — (4)".

formula, we find G(k) = for k =0,1,...,N. Note when p < %, limy 0o G(i) = 0
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e Absorbing DTMCs: Consider an N state DTMC where states 0,1,..., M — 1 are transient and states
M,M+1,...,N — 1 are recurrent. The TPM for this DTMC can be expressed as

0 M—-1 M N -1

0 0 M-1 M N-1 0 Qo,0 Qo,M—1 Ro,m Ro,n-1
p_ M -1 Q CM-1| Qm-10 - Qm-1m—1 | Ruy—im -+ Rym_1n—1
B M O I - M 0 0 1 0
N -1 . . . . . :
N-1 0 0 0 1

Such states M < ¢ < N — 1 are called absorbing, since once entered the DTMC will never leave them.
Note that the tools we will develop can also be applied where there are recurrent communication classes,
replacing them with a single absorbing state and then solving their limiting distributions.

o Absorption Time: The absorption time of the DTMC is defined as T = min{n € Z* : M < X,, < N—1}.
Note if T} denotes the number of remaining steps until absorption given that the current state is j, then

o Absorption Probability: The absorption probability of transient state 0 < ¢ < M — 1 into recurrent
state M < k < N —1is defined as U, , = P(Xr = k| Xy =1) = R —i—ij\iBl Qi ;U k. Letting U = U, x] be
a matrix, it satisfies the expression U = R + QU or equivalently U = (I — Q)™ ' R. Notice this also yields

the limiting distribution lim P = 0 U
e« Mean Absorption Time: The mean absorption time from state ¢ is defined as v; = E[T|Xy = i] =
1+ Zj]\igl Qi jv;. Letting v = [v;] be a column vector, it satisfies the expression v = €’ + Qu or equivalently

v=(1-Q)"'¢.

« Mean Number of Visits: Let ¢ be a transient state and define the indicator variable A, = 1[X,, = .
Then the mean number of visits made to state ¢ (including time 0) before absorption given that X, =i is
defined as W, = E[Z:;& Ap|Xo =1 = 0i0 + ij\igl Qi jWie. Letting W = [W; ] be a matrix, it satisfies
the expression W = I + QW or equivalently W = (I — Q)~!. Note we also get the following formula for

the probability of ever making a future visit to state ¢: f;, = W%—;j” Combining this with our prior
knowledge, we know Wil s oo _ .
’{,{,j}j” if 7 and j are both transient
fij =19 Ui, it 7 is transient and j is absorbing
i j if ¢ is absorbing

Poisson Processes

« Properties of Exponential: If X ~ EXP()), then X has tpf P(X > z) = e and mgf ¢x(t) = 125
for t < A.

« Properties of Erlang: If Xi,..., X, are iid EXP(A) RVs, then Y = > 7" | X; ~ Erlang(n, A). So Y has
tpf P(Y >y) =e N Z?:_Ol (’\ji,)j and mgf ¢y (t) = (25)" for t < A.

e Minimum of Independent Exponentials: If {X;}" , is a sequence of independent RVs with X; ~
EXP();), then Y = min{X;, ..., X, } has distribution Y ~ EXP(>"" | A;). In particular, if X1,..., X, are
iid EXP()A), then Y ~ EXP(n\). Note that P(X; = min{X3,..., X,,}) = /\1+’\—1+/\n Also worth noting is

P(X1<X2<"'<Xn):

M A2 Aol M T :
_ =Tl P = X, Xiy1, -, X
Mt -t h Mttt it M H ( min{ +1 )y

From this we see that Xj[(X; < Xo < -+ < X)) ~ Y.
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« Memoryless Property: An RV X is memoryless iff P(X > y+z|X > y) = P(X > 2) it P(X > y+2) =
PX >y)P(X >2)ift PIX >Y+Z|X>Y)=PX > Z) foral yz2 € R and RVs Y and Z. The
exponential distribution is the unique memoryless continuous distribution and the geometric distribution
is the unique memoryless discrete distribution. As a result of this, we see that (X —Y)|(X >Y) ~ X

« Counting Process: A stochastic process {N(t)}+>0 where N(t) represents the number of events that
occurred by (continuous) time ¢. Some properties of a counting process are (1) N(0) = 0, (2) N(t) € N,
(3) if s < t then N(s) < N(t), and (4) if s < t then N(t) — N(s) counts the number of events that occurred
in the interval (s,t]. A counting process is said to have independent increments if N(t1) — N(s1) and
N(t3) — N(s2) are independent whenever (sq,%1]N(s2,t2] = 0. A counting process is said to have stationary
increments if N(s 4 t) — N(s) has the same distribution as N(¢) for all S < t.

« Big-O Notation: f(z) € o(h) if limj_,o @ =0, i.e., f(h) goes to 0 faster than h. This is the only big-oh
notation we need.

« Poisson Process: A counting process { N (t)}:>o is said to be a Poisson process at rate A if (1) it possesses
both independent and stationary increments, (2) P(N(h) =1) = Ah+o(h), and (3) P(N(h) > 2) = o(h).
Intuitively, conditions 2 and 3 imply that the probability of an event occurring in an interval is proportional
to the length of the interval and the probability of more than one event occurring in an interval vanishes
as the interval becomes increasingly small. Any such Poisson process at rate A satisfies N(t) ~ POI(At).

o Interarrival Times: Let T; be time elapsed between the (i — 1)th event and ith event of a Poisson
process, then {7;}2, is a sequence of iid EXP(A) RVs. We can also reverse this, if {X;}°, if a sequence
of iid EXP(A) RVs, then N(¢t) = max{n € N: Y " X; <t} defines a Poisson process at rate A\. Let S,
denote the time elapsed before the nth event occurs, so that S, = >_" |, then clearly S,, ~ Erlang(n, \). If
Ni(t) and Ny(t) define separate Poisson processes at rates A1, Ay respectively and S,(ﬁ), S denote the time
elapsed before the mth event of the first process and nth event of the second process occurring respectively,

1 2 n—1 m+j— m J
then P(S7(n) < S?S )) = Z]:ll ( - 1) </\1)—\‘,—1>\2) ()\1)-\&-2>\2> '

m—1

o Splitting Poisson Processes: If N(t) is a Poisson process at rate A, and an event of this process is
of type @ with probability p; for k total possible types, then we can define k& Poisson processes V;(t) and
with the property N(t) = S_F_ | N;(t). Moreover, N;(t) is a Poisson process at rate Ap;. This also works in
reverse, if Ni(t), ..., Nj(t) are Poisson processes with associated rates Ay, ..., A, then N(t) = S2F_ N;(t)
is a Poisson process at rate Zle i

« Conditional Poisson Process: Let N(t) be a Poisson process at rate A. Then N(s)|(N(t) = n) ~

Bin(n, {). Suppose N(t) = n, then the conditional distribution of the arrival times is the same as the
order statistics of a uniform distribution. In particular, (Si,...,S,)[(N(t) = n) ~ (Yq),...,Y(n)) where
Yi,...,Y, are iid U(0,t) RVs. Note the joint pdf of the ordered uniform RVs is f(y1,...,yn) = f—,l for

O<yy <y < -+ <y, <t.

« Non-homogeneous Poisson Process: A counting process {N()}:>o is a non-homogeneous Poisson
process with rate function A(t) if (1) it has independent increments, (2) P(N(t + h) — N(t) = 1) =
hA(t) + o(h), and (3) P(N(t + h) — N(t) > 2) = o(h). This generalization allows the rate at which
events happen to vary as a function of time, however, we lose stationary increments. If N(¢) is a non-
homogeneous Poisson process with rate function A(t), then N(t+s) — N(s) ~ POI(m(t+s) —m(s)) where
m(t) = fg A(7)dr is the mean value function for ¢t > 0.

« Compound Poisson Process: Let {Y;}°, be an iid sequence of RVs and let N(¢) be a Poisson pro-
cess at rate A, independent of each Y;. Then X(t) = Zﬁ\;(lt) Y, is a compound Poisson process and has

both independent and stationary increments. While finding X (¢)’s distribution is in general intractable,
E[X (t)] = ME[Y:] and Var(X (t)) = ME[Y?] = At(Var(Y1) + E[Y1]?).
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