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MATH 146 Feb 03 Tutorial notes

Definition. Suppose V is a vector space over F.

(1) A linear functional on V is any linear transformation g : V- — F.
(2) The set of all linear functionals on V' is denoted V*.

Thus V* C FY (the set of all functions V' — F). Recall that FV is a vector space w.r.t. pointwise addition
and scalar multiplication. It’s easy to check that V* is closed under addition and scalar multiplication
(and V* # &), so V* is a subspace of FV.

V* is called the dual space of V.

Example. Let V = R? as a vector space over R. (R?)* is the set of all linear transformations g : R® — R.
Suppose g € (R3)*; so g : R® — R and for any (x,y, z) € R?,

9((z,y,2)) = g(zes + yes + ze3) = xg(e1) + yg(e2) + zg(es) = ax + by + cz
where a = g(ey1), b = g(es), and ¢ = g(e3). Note also that

xr
Loy g((zy,2)=labd | y | =ax+by+cz
z

(Here [a b ] is the 1 x 3 matrix.) So g = Ly, » . Every linear functional of R* has this form.

Based on this, it’s easy to guess that dim ((R3)*) = 3.
Now what would be a good basis for (R?)*?

In general, if dim (V) is finite, there is a standard way to convert any ordered basis § = (vy,...,v,) for
V into an ordered basis f* = (f1,..., fn) for V* (called the dual of j3).
Definition. Suppose 8 = (z1,...,x,) is an ordered basis for V' (a vector space over F).
(1) Define fi1,...,fn : V. — F as follows: given v € V, let [v]g = (a1,...,a,): then f;(v) = a; for
1=1,...,n.

(2) The dual of §is f* := (f1,..., fa).

Lemma 1. In the above situation, each f; is a linear functional on V.
Proof. Suppose v,w € V; write [v]g = (a1,...,a,) and [w]|g = (b1,...,b,). This means

Vo= AT+ Fany,

w = by + -+ by,
So obviously

v+w = (a1 +b)ry 4+ (ay + bp) .
So [v+wlg = (a; + b,...,a, +b,). Thus
filv +w) = a; + b; = fi(v) + fi(w),

proving each f; preserves +. A similar proof shows they preserve scalar mult. O

So in the situation of the definition, we have fi,..., f, € V*, and in fact it can be shown that {f1,..., f,}
is a basis for V*. Here are some hints as to how one might prove this.

Facts. Suppose V,z1,...,2,, f1,..., f, are as in the definition.



[Hint: what is [z;]57]
(2) Using this, you can show that fi,..., f, are linearly independent.
[Hint: if a1 f1 + -+ + a, f, = 0, then in particular
(arfi+-+anfn)(x;)) =0 foreachi=1,...,n
e, arfi(z;) + -+ anfu(z;) =0 for i = 1,...,n, which simplifies. . .|
(3) For all g € V*, if a; = g(w;) for j = 1,...,n and h := 3>°7 | a;f;, then h(z;) = g(x;) for all
i=1,...,n. [Hint: evaluate h(z;)]
(4) But if g,h : V — F are linear transformations which agree on the basis {z1,...,2,}, then g = h.
(5) Note that the previous item implies {f1,..., f,} spans V*.

Corollary. IfV is finite-dimensional, then dim(V') = dim(V*).
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MATH 146 Feb 24 — corrected Tutorial notes

In normal language, a permutation of {1,2,3,4} is any ordering of its elements, for example (2,4, 3,1).
For us, however, a permutation of {1,2,3,4} is any bijection o : {1,2,3,4} — {1,2, 3,4}, for example,
o(l)=2, o(2)=4, o(3)=3, o(4)=1

One advantage of viewing permutations as functions is that we can interpret them graphically, for example,

17 2
4
Another advantage is that we can compose two permutations of the same set. For example, if 7 is the

permutation
—

1 3

(0

2 4

<

then o o 7 (usually written o7) is the permutation defined by

or(l) = o(3) = 3
or(2) = o(l) = 2
or(3) = o(4) =1
or(4) = o(2) = 4
so o1 displayed graphically is
1
3

Cycle notation. We write 0 = (1 2 4)(3), 7 = (1 34 2), and o7 = (1 3)(2)(4), indicating the “cycles”
(reading left to right). It’s also OK to leave out the 1-element cycles, writing o = (1 2 4) and o1 = (1 3),
as long as it is understood the permutations are acting on {1,2,3,4}.

Definition. S, is the set of all permutations of {1,2,...,n}.

Definition. Given ¢ € S,, and A, B € M,,».,,(F), we write A % B to mean that B is obtained from A by
moving Row;(A) to row (1), moving Rowy(A) to row o(2), etc.

For example, if o is the permutation on {1,2, 3,4} defined at the start of the lecture, i.e., o0 = (1 2 4),
and A is a 4 X 4 matrix with rows rq,..., 74, then

— Ty —— R, T —
A = i = B.



Observe that

B — — Tom1(2) —
—_— To-—l(3) —_—
In general, if o is a permutation of {1,2,...,n} then
— 71— — To-1(1) —
— Ty — R, — To-1(2) —
H .
— Ty — — To-l(n) —
Definition. Given a permutation o on {1,2,...,n}, the permutation matrix associated to o is the

matrix P, obtained from I,, by o That is, I, Fea, P,. Thus
— €y-1(9) ——
P, = i ()
[ 60_71(”) [
For example, the permutation matrix associated to the permutation o above is

1
0
0 = €2 €4 €3 € = €s(1) €o(2) €o(3) €Eo(4)
0

000
100
Fo = —e3 —— - 0 01

— ey —— 010
In general:

e P, has one 1 in each row and in each column; all other entries are 0.
L] ROWi<Pg) = €5-1(4)-
o Col;(Fy) = ¢5(j).
e P, = (P,)" (by the previous two bullets).
e For any j, P,e; = eq(j). (Because in general, Ae; = Col;(A).)
Theorem. Ifo € S, and A € M,,»,,(F), then
(1) P,A is the result of applying o to the rows of A; i.e., A o pA.
(2) AP, is the result of applying o=t to the columns of A, i.e., A o) AP,.

Proof of (2). Write

A= ¢ ¢ - ¢ |- Applying o~! to the columns gives Co(1) Co2) “*° Co(n)
| | | |

To prove this second matrix equals AF,, we just need to prove that Col;(AF,) = c,¢;) forall j =1,... n.
In fact,

COlj (APU) =A- COlj (PJ) =A- €o(j) = COIU(]-) (A)

as required. (Proof of (1) is “dual” to this, using Row;(P,A) = Row;(F,) - A.) O
Corollary. P,P. = P, for any 0,7 € S,,.
Proof. On Assignment 4. O
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MATH 146 LINEAR ALGEBRA 1 (Advanced Level) Section 2 WINTER 2020

Mar 23, Lecture 28: Determinants (cont’d)

Ri+R;+cR,;
Theorem 4.5 (Determinant after a type 3 elementary row operation). Let A € M« (F) and A fc e,
B. Then det(B) = det(A).
Proof. Suppose a1, ...,a, are rows of A. We first prove for the case i < j. We have
det(B) = det(a,...,a; +caj,...,aj,...,ay)

=det(ai,...,ai,...,a4,...,an) + cdet(ai,...,aj,...,a;4,...,ay)

=det(A4)+0

= det(A)
Similarly, we have the same result for the case j < i. O

In summary, let A be a square matrix and B be a matrix obtained from A by an elementary row operation.
Then

o For A T2, B e have det(B) = — det(A).

o For A ficlhi, B, we have det(B) = cdet(A).

R;+R; +CRJ'
_—

e For A , we have det(B) = det(A).

Summary of some properties of determinants that we have studied so far.

Let A be an n x n matrix. For n > 2, we define det(A) recursively as

det(A) = zn:(_mlﬂAﬂ ~det(4;1),

Jj=1

where A;; the (n— 1) x (n — 1) matrix obtained from A by deleting row i and column j. The determinant

of a square matrix satisfies the following properties:

1. As a function of each row, the determinant is a linear function of each row, when the remaining rows

are held fixed.
2. If two adjacent rows are equal, then det(A) = 0.
3. det(I,) = 1.

Note that, one can prove that a function F' : F" x - - - F"* — F that satisfies those three properties is unique.

(Section 4.5 in Friedberg et al’s book).

Now, we will discuss more properties of determinants. Let A, B € M, «,(F). We will prove the following

properties:
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Aot (BA) TIRE) = +Y(BA)

I bt E1OB) eV
1. det(AB) = det(A) det(B).

2. det(A) = det(AT).”\\(
3. det(A) can be computed using the expansion along any column or row of A.

Corollary 4.5.1. Let E be an elementary matrix obtaining from I,, by an elementary row operation.

Then
oot (EA) = bt E obe
1. For a type 1 elementary row operation, det(E) = —1. A—>EA= [ dmmary vow  corton
I.—>E
2. For a type 2 elementary row operation with scalar ¢ # 0, det(FE) = c.

3. For a type 3 elementary row operation, det(F) = 1.

4. det(ET) = det(E).

In all cases, det(E) # 0.

an elementary row operation

Proof. Since I, » E and det(I,,) = 1, we have the conclusion. Note that E7 is an

elementary matrix of the same type as F, so

det(ET) = det(E).

Cluk A 25pp=R C

Theorem 4.6. Let E be an n x n elementary matriz and A € Myxn(F). Then det(EA) = det(E) det(A).

Proof. We verify the equality for all types of elementary row operations.

o Type 1: A %% pA Then 1, Z%%, E. By Corollary 4.5.1, det(E) = —1. By Theorem 4.4,

det(EA) = —det(A) = det(E) det(A).

e Type 2: A Ricis DA, Then I, REARCIN o) By Corollary 4.5.1, det(E) = ¢. By Theorem 4.5,

det(FA) = cdet(A) = det(E) det(A).

e Type 3: A faccliy B A, Then I, M E. By Corollary 4.5.1, det(E) = 1. By Theorem 4.5,

det(FA) = det(A) = det(E) det(A).

O
Corollary 4.6.1. Let A € M,,x,,(F) and Fj, ..., Eyx be elementary matrices. Then
1. det(E ... EyA) = det(E) . .. det(Ey) det(A). dex (EA) = dht £ doth
2. det(E) ... By) = det(Ey) . .. det(Ey) s
. de = de ...de . . -
! k ! k A'Iw ) VQJC //ﬂ:}
Proof Sketch. Use Theorem 4.6 for Part 1. Part 2 is from Part 1 for A = I,,. O
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Theorem 4.7 (Invertible Matrix Theorem (part 5)). Let A € M,xn(F). Then A is invertible if and only
if det(A) # 0.

Proof. (=) Suppose A is invertible, then A = E ... E,, where Ey, ..., E, are elementary matrices. Using
Theorem 4.6 and Corollary 4.5.1, we have

det(A) = det(E1) ... det(Eq) # 0.

(<) Given det(A) # 0. Suppose A is not invertible.

Let R be the RREF of A. Since A is not invertible, rank(A) < n. Since rank(A) = the number of nonzero
rows of R, we conclude that R has at least one zero rows. Therefore, det(R) = 0.

On the other hand, since R is the RREF of A, there exist elementary matrices 1, ..., E, such that

A=E,...E,R.

So det(A) = det(Ey)...det(Ep)det(R) = 0, a contradiction. Therefore, the assumption is wrong and A is
invertible. O

Corollary 4.7.1. Let A € M, (F). If rank(A) < n, then det(A4) = 0.
Proof. 1f rank(A) < n, A is not invertible. So det(A) = 0. O
Theorem 4.8. Let A, B € M, xn(F). Then det(AB) = det(A) det(B).
Proof. Case 1: A is invertible. Then A = E; ... E,. Using Corollary 4.6.1, we have
det(AB) = det(E; ... E,B) = det(E)) ... det(E,) det(B) = det(E ... Ey) det(B) = det(A) det(B).

Case 2: A is not invertible. Then AB is not invertible. By the Invertible Matrix Theorem, det(A) = 0
and det(AB) = 0. So det(AB) = det(A) det(B).

Theorem 4.9. Let A € M,y (F). Then det(A) = det(AT).

Proof. Case 1: A is not invertible. Then rank(A) = rank(AT) < n. Then by Corollary 4.7.1., we have
det(A) = det(AT) = 0.
Case 2: A is invertible. Then there exist elementary matrices F1, ..., E such that A= E; ... Ex. Then

det(AT) = det(E} ... ED)
= det(EF) ... det(ET)
= det(Ey)...det(E))
= det(Ey)...det(Ey)
=det(E;...Ey)
= det(A)
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ABIL 1

Definition 46. A polynomial f(t) € F[t] splits over F if there are scalars

¢, a1, ..., an (not necessarily distinct) in F such that

ft)=clt—ar)(t—az) - (t—an).
Example 38. Consider f(t) =t>+t*+t+1= 2+ 1)(t+1).
e f(t) does not split over R, Q.
o f(t) splits over C: f(t) = (t+i)(t —i)(t + 1).
o f(t) splits over Fo: f(t) = (t + 1)(t + 1)(t + 1).

Theorem 5.9. The characteristic polynomial of any diagonalizable linear

operator splits.

Proof. Let T be a diagonalizable linear operator on an n-dimensional vector
space V. Then there exists an ordered basis 5 of V' so that [T is a diagonal

matrix D. Then the characteristic polynomial of T is
pp(t) =AM —t) ... A=) = (="t —=A1)...(t = A\n),
which splits over F. ]

Definition 47. Let A be an eigenvalue of a linear operator T on an n-
dimensional vector space or a matrix A € My xn(F) with characteristic poly-

nomial p(t).

e The (algebraic) multiplicity of X is the largest positive integer k for
which (t — \)* is a factor of p(t).

e The geometric multiplicity of X is dim(FE)), the dimension of the eigenspace
Ey ={veF":T(v) = \v}.
e Note that Ex = Null(T — M) and E) has at least one nonzero eigen-

vector. Therefore,
1 <dim(E)) < n.
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Theorem 5.10. Let T be a linear operator on a finite dimensional vector
space V, and let A be an eigenvalue of T having algebraic multiplicity m.
Then 1 < dim(FE)) < m.

Proof. Suppose dim(E)) = k. Choose an ordered basis {v1,...,vx} for E)
and extend it to an ordered basis 8 = {v1,..., U, Vk+1,...,0n} for V. Let
A = [T)g. Since T'(vj) = Av; for 1 < j <k, we have

M, B
A= .
0 C
From Assignment 5, we have

pa(t) = det(A — tI,) = det ((/\ — )l B )

0 C —tl,_y,
= det((\ — t)I},) det(C — tI,_1) = (A — t)* det(C — tI,_p).

So (A —t)¥ is a factor of p4(t), therefore, k < m, O
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Theorem 5.11. Let T be a linear operator on a wvector space V and let
AL, ..., A be distinct eigenvalues of T'. For each j = 1,2,...,k, let Sj be a
finite linearly independent subset of the eigenspace Ey;. Then

S=5USU---5;
is a linearly independent subset of V.

Proof Sketch. e Suppose S; = {vi1,...,0in,} C Ey,, for 1 < i < k.

Then
SZ{Ui,j‘ISiSk,lgjgni}.
e Consider
k n;
Z Z aijvm =0.
i=1j=1

n

Let w; = ZZ iV € E)\i. Then
=1

J

wy + -+ wg =0.

e Claim: wy =---=w, = 0.
Suppose otherwise. By renumbering if necessary, suppose that, for
1<m<k w;#0forall 1 <i<mandw; =0for m <i<k. The
above equation becomes wj +- - - +wy, = 0, which implies {w1, ..., wy,}
is linearly dependent. On the other hand, since w; € E); and A,s are
distinct, {w1, ..., wy,} is linearly independent, a contradiction. There-
fore wy = --- = w, = 0.

e For each 7, 0 = w; = % a;jv;j. Since {v;; | 1 < j < n;} is linearly
independent, we have gz;: 0, for all 1 < j <mn;.

e In conclusion, a;; = 0 for all 1 <7 < k,1 < j < n;. Therefore, S is
linearly independent.

O
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Theorem 5.12. Let T be a linear operator on a finite dimensional vector
space V' such that the characteristic polynomial of T splits. Let \i,..., A
be all distinct eigenvalues of T. Then

1. T is diagonalizable iff the algebraic multiplicity of \; is equal to dim(E))
foralll <j<k.

2. If T is diagonalizable and (3; is an ordered basis for E);, for each j,
then B = B1 U B U---U B is an ordered basis for V consisting of

etgenvectors of T .

Proof. Let p(t) be the characteristic polynomial of 7. By the assumption,
p(t) = c(t — A1)t — Xo)™ L (E— Ap)™E.

k
So 3° m; = deg(p) = n.

=1

1.(«) Suppose m; = dim(E),) for all 1 <i <k.

e Let S; be a basis for ), then S; has a; elements which are eigenvectors

of T' corresponding to eigenvalue ;.

k
e By Theorem 5.11, the set S = |J .5; is linearly independent and S has
i=1

k
> m; = n elements. So S is a basis for V' of eigenvectors of T'.
i=1
1. (=) Suppose T is diagonalizable and (3 is an ordered basis for V of

eigenvectors of T'.

o Let S; = SN E),. Then §; is a linearly independent subset of E},.
Therefore,

e Since [ is a set of eigenvector, we have

k k
8=80Exn = UBNE).
i=1 i=1
Also, (BNEx)N(BNE);) = () for ¢ # j. Thus,
k
i=1
e We have
k k
n:ZHiSZdi§ZmZ:n
=1 =1 =1

e Son;, =d; =m,.
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Remark 18. The above proof provides a procedure to check whethere a
square matrix is diagonalizable or not. If yes, it provides the factorization

of A as PDP~! where D is a diagonal matrix.

e Find all eigenvalues of A. Suppose A1, ..., \; are all distinct eigenval-

ues of A and a; is the algebraic multiplicity of A;, for 1 < j < k.
e Find a basis for each eigenspace EA],, for 1 <j<k.

e If there exists 1 < j < k such that dim E; # a;, the matrix A is not

diagonalizable.

o If aj = dimE),; for all 1 < j < k, the matrix A is diagonalizable.
Let 8 = 81U B2 U---U By, where j3; is an ordered basis for E,, for
1 < j <k. Let P be a square matrix whose columns are vectors from [
and let D be a diagonal matrix whose diagonal entries are eigenvalues

of A corresponding to the column of P. Then

A=PDP L

Example 39. The matrix A =

2
2] is diagonalizable and

S I X W P [

-2 1 1
Example 40. Check whether A = | -1 0 1| is diagonalizable. If yes,
-2 2 1

find an invertible matrix P and a diagonal matrix D such that P~'AP = D.
Also, find A9,
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Theorem 4.10. The determinant of A can be evaluated by cofactor expansion along any column. That
is, for any 1 <j <n, we have .
det(A) = Z(—l)i+inj -det(flij).
j=1
Proof. O
fot (L. Gh-=, Colg -, Coa)

= (=1 bt (Gl Gl oo = - Can)

d‘e’e CC”LI ,a)li, COL‘)—‘; MCCL‘,( ’ C‘)LS , G)L’)_> 0@"’.(&[&, C”Ll,[‘)[?')
./ N f

Example 32. Compute the determinant of a 4 x 4 matrix using elementary row operations.

2 -l o 0
_ -2 & O]
A— ) = >
o - 2
— (> -l o 0
=] . S, 0
0 ~1 >
o) 0 ~- >
-2 0
ot (A) = 2 det [ D) 2 -
o -1 2
_ - "2 6
- ) (gd{t(jz) dd&(ﬂ L/)
=) (3-5+%)
=219

=38
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i 487~ 50

I bt tVUAB) # YA 1B
1. det(AB) = det(A) det(B).

2. det(A) = det(AT).N

3. det(A) can be computed using the expansion along any column or row of A.

oartyr]
Min Techigpes: © dec (EA) = dbe E ot



MATH 146 March 23-27: Permutations and Determinants Tutorial

e Recall: a permutation of {1,2,...,n} is a bijection o : {1,2,...,n} — {1,2,...,n}.
e S, := the set of all permutations of {1,2,...,n}.
e Recall: given o € S,

o £9% Jenotes the operation on M,y (F) (any k,F) which moves row i to row o (i) Vi.

o P, is the n x n matrix such that I, Lo, P,
e Recall: P,P, = P,, Vo,7 € S,, and (P,)™' = P,-1 = (P,)! Vo € S,,.

e One can show that if A =% B then B = P A.
Lemma 1. Vo € S, det(F,) € {1,—1}.

Proof sketch. The operation 2% can be simulated by a sequence of row-pair swaps (elementary row oper-

ations of type 1). Thus I, o p, implies

Ri, SR; Ri, SR, Ri, SR;
L, =" A TS Ay B AL =P
As each row-pair swap flips the sign of the determinant, det(P,) = (—1)*. O

Definition. Given o € S,,:
(1) The sign (or signum) of o, denoted sgn(o), is given by sgn(o) := det(P,).
(2) The parity of ¢ is ‘even’ or ‘odd’ according to whether sgn(o) is 1 or —1.

There are a variety of equivalent ways to efficiently find the sign (or parity) of ¢, including:
(1) Calculate det(P,).
(2) Factor o into its cycles, say of lengths ¢, (s, ..., ¢;. As a cycle of length ¢ can be simulated by ¢ — 1
row-pair swaps, sgn(o) = (—1)a=bD+-+=1),
(3) Calculate the inversion number N(o) of 0. This is defined as the number of pairs (¢, j) with
1<i<j<mnando(i)>o(j). It can be proved that sgn(c) = (—1)V).

Example. Consider the permutation o € Sg given by

z |1 2
o(x) |4 8

345 6 78
6 35127
(1) Using cycle notation,
o = (1436)(287)(5).
o has cycles of length 4, 3 and 1, so sgn(c) = (—1)3T2%0 = —1.
(2) Listing all the inversions for o,
(1,4), (1,6), (1,7), (23), (2,4), (25), (2,6, (27), (28 34), 35, (36)
(3,7), (4,6), (4,7), (56), (57).
N(o) =17 so sgn(o) = (—1)17 = —1.

We can now explain the complete expansion of det(—). Suppose A is an n X n matrix whose (i, j) entry
is a;;. The next theorem states that det(A) can be expressed as an alternating sum of products of entries
of A, where each product contains one entry from each row and each column of A, and the sign of the
product is given by the signum function.

Theorem (Complete expansion of det). det(A) =3 ¢ sgn(o) [} aiogi)-



Proof. Write the first row of A as Z?:1 aije;. By linearity of det in the first row,

— e — — e — — ey —
—ry — —ry — —ry —
det(A) = ayq det ) + a1y det ) + -+ ay, det
— Ty — — Tn T'n

Repeating in the second row, we get an expression for det(A) involving n? terms. Eventually, we get an
expression for det(A) involving n™ terms, looking like

n ez. —_—
det(A) = Z A13, 425 * * * Apg, det ,2
11,82,e.0yin=1 :
Many terms equal 0; if (iy,4s,...,4,) is not a permutation of {1,...,n}, then the matrix with rows
€iys - - -, €;, has two equal rows, so its determinant is 0. Thus this simplifies to
€o(1)
60'
det(A) = Z alg(l)aga(g) cee ang(n) det :(2)
oc€Sh :
€o(n)
= Z U16(1)020(2) * * * Ono(n) det(Py-1)
oESy
= Z Sgn(Ufl)amu)&zg(z) ** Qno(n)
UES’n
which simplifies to
Z SEN(0)A15(1)020(2) * * * Ano(n)
O'ESTL
since sgn(o™1) = det(P,-1) = det((P,)!) = det(P,) = sgn(o). O



MATH 146 LINEAR ALGEBRA 1 (Advanced Level)
Section 2 WINTER 2020

Mar 25, Lecture 29: Summary—Important Facts about Deter-

minants; Eigenvalues and Eigenvectors

Theorem 4.10. The determinant of A can be evaluated by cofactor expan-

sion along any column. That is, for any 1 < j < n, we have

det(A) = zn:(—l)ﬂ_jAZ’j . det([lzj).

i=1

Proof. Let ay,...,a, be columns of A, A=[ai...q;...ay]. Denote
B = [aj al a2...aj_1 aj+1...an].

Observe that flz-j = B;; and Aijj = Bj1. Also, since A can be obtained
from B by (j — 1) successive interchange of adjacent columns, det(A) =

(—1)7~1 det(B). We have

det(A) = (_1)j—1 zn:(—l)i—HBﬂ det(Bil) = Xn:(—l)j+iAij det(flij).

i=1 i=1

O]

Summary-Important Facts About Determinants. Let A € M, (F).
Then

en=1: det(A) = AH.
on=2: det(A) = A11A22 — A12A21.

e n > 2: Cofactor expansion along column j:

det(A) = zn:(—l)i+inj . det(flij).

i=1

Cofactor expansion along row ¢:

det(A) (—1)i+inj . det(flij).

1

n

J

e If B is obtained from A by interchanging two rows or two columns of
A, det(B) = — det(A).

e If B is obtained from A by multiplying a row or a column of A by a
scalar ¢, det(B) = cdet(A).

e If B is obtained from A by adding a multiple of row (column) i to row
(column) j, for i # j, then det(B) = det(A).
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e If A has two equal rows (columns), then det(A) = 0.
o If A has a zero row (column), then det(A) = 0.
o det(A) = det(AT).

e The determinant of an upper triangular matrix is the product of its

diagonal entries. In particular, det(I,) = 1.

e A is invertible if and only if det(A) # 0. If A is invertible, det(A~!) =
1

det(A)
o If B € Myyn(F), then det(AB) = det(A) det(B).

Example 32. Compute the determinant of a 4 x 4 matrix using elementary

row operations.
b, € Rtttk thy

01 1 1 0o 1 1 1
L_jrorap o 1
"1t oo0 1] TP |2 210 a1l

1110 1 -1 -1 0

/~ s

P

303 3 ones
133 33

bt ch) = Lo I

[ ool

1 (VI

[ ]
?g,ouem

I[ U((—~Rs’k(

|| 'OR%’?I

|
S5l o H ve
, o -0
o 0 0~
«g‘(—l)}
- -3

7R



5 Diagonalization

5.1 Eigenvalues and Eigenvectors

Motivation: Reference from Introduction to Linear Algebra by Gilbert

0.9 0.3
Strang. Consider A = 01 0 7] . Suppose we would like to know A2020,

Here are some first powers of A:

p [0.84 0.48] r

= = +very small vector.

0.196 0.412 0.25 0.25

B 0.804 0.588 o0 _ [075 0.75
0.16 0.52 B

A2 was found by using the eigenvalues of A, not by multiplying 2020

matrices.

Given A € My, (F). For almost all vector v € F", Av is not in the same
direction as v, that is Av # Av for any A € F. Certain exceptional vectors
(excluding the zero vector) v are in the same direction as Av, which we call
eigenvectors. The scalar A\ € F such that Av = A\v for some v € F" — {0} is

called an eigenvalue of A.
Definition 41. Let A € Myxn(F).

e A nonzero vector v € F" is called an eigenvector of A if there exists
a scalar X\ € F such that Av = Av. Such X\ is called the eigenvalue

corresponding to the eigenvector v.
o If X €T is an eigenvalue of A, the set

E\ ={v e F": Av = \v} = {eigenvectors of A corresponding to A\}U{0} ,/j A V=RV

7o ( A-Ny)V=0
is called the eigenspace of A corresponding to A. Note that

N g
By = Null(A — AL,). onb> 0

-

Theorem 5.1. Let A € My, (F). Then a scalar X is an eigenvalue of A if & ofphosn
and only if det(A — \I,) = 0.
—
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Zj A'M" 'S infirbiae

Proof. X is an eigenvalue of A < Jv € F" v # 0 such that Av = \wv.

< Jv € F", v # 0 such that (A — A,)v =0. (A -NnV =0
& (A — A,) is not invertible. (A-)\;,\)l(/l( -Xa) V=0
< det(A — AI,,) = 0. 0 V=0

Definition 42. Let A € Myxn(F). The n—th degree polynomial det(A—tI,)
of variable t is called the characteristic polynomial of A, denoted by pa(t).

aj; —t a2 ce A1n
asi agy — t ... ag
pat) = det(A — tI,) = "
anl an?2 . Qpp — T
-1 6
Example 33. Find all eigenvaluesof A= | 1 0
-3 6
Proof. We have
oo s t -1 1 -1 1 —t
det(A—tl)=] 1 -t 1 |=(-1=-X) (—-1)6 +3
6 55—t -3 5—t -3 6
-3 6 55—t
= 13 4t — 4t = —t(t — 2)%
So the eigenvalues of A is 0 and 2. O

Theorem 5.2 (Properties of Charateristic Polynomials). Let A € M« (F).
Then

1. pa(t) is a polynomial in F[t] of degree n and its leading coefficient is

(=1)™. _
g Al
2. The coefficient of t"~1 in pa(t) is (71)71—1”,(14)‘ / n V&f/mflﬁﬁt TZ&/VW {‘f %IJWM
3. The constant coefficient is det(A). 8 fo@,mmia[ ﬂﬂ ﬂ@f/fw WK

ot omse N Solwgims
4. A has at most n eigenvalues.
5. If B € Myxn(F) is similar to A, then pp(t) = pa(t). (Definition: Let
A,B € Myun(F). The matriz B is said to be similar to A if there
exists an invertible matriz P such that B = P~1AP.)

S e (A-XT) = U e (e g €t gt S
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Proof Sketch. (1-2). The characteristic polynomial can be computed by co-

factor expansion along the first column
pa(t) = (a11 —t)(age — t) ... (any — t) + terms of degree | n-1.

The coefficients of " and t"~! in pa(t) come entirely from (a1; — t)(ag —
t)...(ann —t), which implies (1) and (2).
(3). pa(t) =det(A—tI) = (=1)"t"+ (—=1)" Hr(A)+---+co. Let t =0, we
have ¢y = pa(0) = det(A — 0 I) = det(A).

(4). Since a polynomial of degree n has at most n roots, A has at most n

eigenvalues.
(5). det(B — tI) = det(P~'(A — tI)P) = det(P~')det(A — tI)det(P) =
pa(t)det(P~1) det(P) = pa(t) det(P~'P) = pa(t). O
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MATH 146 LINEAR ALGEBRA 1 (Advanced Level)
Section 2 WINTER 2020

Mar 27, Lecture 30: Eigenvalues and Eigenvectors(cont’d)

Last time: compute the determinant of the following matrix

0 1 1 1
-1 0 1 1
Ay =
-1 -1 0 1
-1 -1 -1 0

Proof. Denote A, the n X n matrix of such form.

0 1 1 1 -1 1 1 1 )
-1 0 1 coly—col, |—=1 0O 1
det(Ay) = hcolz = —det(A43)+|-1 0
-1 -1 0 1 0 -1 0 1 1 1
-1 -1 -1 0 0 -1 -1 0
1 1 1 1 1 1
By=|-1 0 1|™%0 1 2/=1
R3+Ry
-1 -1 0 0 0 1
So
det(Ay4) =1 —det(Asz), det(As) =1—det(A4z), det(Az)=1.
So det(A4) = det(A2) = 1 and det(As) = 0. O

Recall: Let A € M, (F).
e An eigenpair of A is (A\,v) € F x (F" — {0}) such that Av = Av.

e A scalar A € Fis an eigenvalue of A if and only if p4(t) = det(A—tI,) =

0. The corresponding eigevectors are solutions of (A — A\I)v = 0.

e The characteristic polynomial of A is

pa(t) = det(A — tI,) = (=1)™" + (=1)" tr(A) £ + - + det(A).

e A has at most n eigenvalues.
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Example 34. Find the eigenvalues and a basis for the eigenspaces of the
1 2
3 2|

Proof. We have

matrix A =

1-t¢

det(A—tI) = -

=(1-t)2—t)—6=t*—3t—4 = (t+1)(t—4).

So the eigenvalues of A are —1 and 4.

For A1 = —1, find the corresponding eigenvectors:

2 2 11
A—\NI= ~ .
3 3 00

1
So a basis for Ey, is }

For Ao = 4, find the corresponding eigenvectors: CA — )\7—1 ) \/: 0

- (30)-(30)
il

Definition 43. Let A, B € My, xn(F). Then B is similar to A if there exists
an_invertible matriz P such that B = P~1AP.

So a basis for E), is {

Theorem 5.3. Let A, B € My, (F) and B be simlar to A. Then
1. A and B have the same charateristic polynomial, that is, pa(t) = pp(t).
2. det(A) = det(B).
3. tr(A) = tr(B).
4. rank(A) = rank(B).

Proof. 1. Since B is similar to A, there exists an invertible matrix P such
that B = P~'AP. Then

pp(t) = det(B — tI,,) = det(P~'AP — tP'I,P) = det(P~'(A — tI,,) P)

= det(P~")pa(t) det(P) = pa(t) det(P~") det(P) = pa(t).

3.Hint: Use the following property: tr(CD) = tr(DC) for any C' € M, xn(F)
and D € My (F).

4.Hint: You may first want to prove that for any invertible matrix @ €
My« (F), we have rank(A) = rank(AQ) = rank(QA). O
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Next, we define eigenvalues and eigenvectors for linear operators.

Definition 44. o Let T : V — V be a linear mapping (called a linear
operator) on a vector space V. A scalar A\ € F is called an eigenvalue
of the linear operator T if there exists a nonzero vector v € V such that
T(v) = Av. Such vector v is called an eigenvector of T corresponding

to the eigenvalue .

o LetT :V — V be a linear operator on an n-dimensional vector space
V' with ordered basis 5. We define the characteristic polynomial of T
to be the characteristic polynomial of A = [T)gs.

Example 35. 1. Consider T : R[z] — R[z],T(p(x)) = p'(z). If (A, p(z))

is an eigenpair of T' then

T(p(z)) = Mp(z) = p'(z) = MAp(z) = p(x) = ce’*, where ¢ € R.

2. Consider T : R? — R? be the linear operator that rotates each vector
in the plane through an angle of 90 degree counterclockwise. Then T’

has no eigenvectors and no eigenvalues.

Theorem 5.4. Let T : V. — V be a linear operator on a vector space V.
Then

1. A scalar X\ € F is an eigenvalue of T if and only if (T — \I) is not

invertible.

2. Let X be an eigenvalue of T. A wvector v € V is an eigenvector of T
corresponding to \ if and only if v # 0 and v € N(T — \I).

Proof. Exercise. O

Lemma 14. Let V be an n-dimensional vector space with ordered basis
B. Then the characteristic polynomial of the linear operator T does not
depend on the chosen basis. That is, if « is another ordered basis for V, the

characteristic polynomial of T is also the characteristic polynomial of [T

Proof Sketch. Recall: If f = {vy,...,v,} is an ordered basis of an n-dimensional

vector space V, then

T = |[T()ls [T@a)ls -+ [T(on)]s] € Muxca(F):

If o is another ordered basis of V', then

[T]s = Q7 '[T)aQ;
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where @ is the change of coordinate matrix that changes S-coordinates into

a-coordinates,

Q=[vI§=[[vla [vsla - [oalal-

That means [T is similar to [T],. From the previous theorem, [Tz and
[T] have the same characteristic polynomial. Therefore, the characteristic

polynomial of the linear operator T" does not depend on the chosen basis. [

Definition 45. o A linear operator T on a finite-dimensional vector
space V is called diagonalizable if there is an ordered basis 5 for V

such that [T is a diagonal matriz.

o Version 1: A square matrix A is called diagonalizable if Ly is diago-

nalizable.

Theorem 5.5. Let T : V — V be a linear operator on an n-dimensional
vector space V. Then T is diagonalizable if and only if there is an ordered

basis B for 'V consisting of eigenvectors of T.

Proof. (=) Suppose T is diagonalizable. By definition, there exists an or-
dered basis 3 = {v1,...,v,} such that [Tz is diagonal. That is

M O -0
0 )\2 e 0
o | =Ts = [Tl T)ls -+ [T(wa)lg)
0 0 - A\

So [T'(vk)]g = Akeg, for 1 < k < n, where {ey,..., ey} is the standard ordered

basis of F™. Therefore,

Since v is an element in a basis of V', vi # 0. Therefore, vy is an eigenvector
of T for 1 <k <n.
(<) Conversely, suppose V has an ordered basis § = {v1,...,v,} of eigen-

vectors of T'. Then, there are scalars \,...,\, € F such that
T(’Uk;) = )\kvk, V1 < k <n.

Hence, [T'(vg)|s = Aker, V1 <k <mn, and

M 0 - 0
0 X --- 0
Tlg=1{. . .
0 0 - M\,
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Below is the version of Theorem 5.4 for the linear operator L4 : F* — F”,
where A € M,,«,,(F). Note that eigenvectors of the linear operator L4 are

eigenvectors of the matrix A.

Theorem 5.6. Let A € My, xn(F). Then A is diagonalizable if and only if
there is an ordered basis 5 for F™ of eigenvectors of A.
2
has
2]

two eigenvalues A\ = —1 and Ay = 4. Two corresponding eigenvectors are

) -l

Since v; is not a multiple scalar of vy, the set {v;, ve} is linearly independent.

Example 36. Recall to the previous theorem. The matrix A =

So {v1,v92} is a basis of F". Hence, A is diagonalizable.

Theorem 5.7 (Diagonalizable Matrix — Definition Version 2). Let A €
Myxn(F). Then A is diagonalizable if and only if there exist an invertible
matriz P and a diagonal matriz D such that A = PDP~!.

Proof. Note that A = [L4]a, where a = {ey,...,e,} is the standard ordered
basis of F". Then

A is diagonalizable < 3 an ordered basis § = {v1,...,v,} for F” such that
[Lalg = D, a diagonal matrix.

& D =P AP, where P=[IL,J5 = [ vz - ]

& PDP™' = A, where P=[v; vy -+ w,] O

Remark 16. The above proof provides a procedure to check whethere a
square matrix is diagonalizable or not. If yes, it provides the factorization

of A as PDP~! where D is a diagonal matrix.
e Find all eigenvalues of A.
e Find a basis for each eigenspace of A.

o If > Ey\ =n, A is diagonalizable. Let P be a square ma-
A: eigenvalue of A
trix whose columns are eigenbases of A and let D be a diagonal matrix

whose diagonal entries are eigenvalues of A corresponding to the col-
umn of P. Then
A=PDP

o If > E)y # n, A is not diagonalizable.

A: eigenvalue of A
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Example 37. The matrix A =

2
2] is diagonalizable and

acmen [ = [ ])

Theorem 5.8. Let T be a linear operator on a wector space V and let

A1,y . .., A\ be distinct eigenvalues of T. If vi,...,vr are eigenvectors of T
such that T'(v;) = \vg, (1 <1i<k), then{vy,..., v} is linearly independent.

Proof. O
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MATH 146 LINEAR ALGEBRA 1 (Advanced Level)
Section 2 WINTER 2020

Mar 30, Lecture 31: Eigenvalues and Eigenvectors (cont’d)

Recall: Let T be a linear operator on a finite-dimensional vector space V.
Then T is diagonalizable < There is an ordered basis for V' such that [T

is diagonal < There is an ordered basis § for V' of eigenvectors of T.

Recall a part of the proof. (<) Conversely, suppose V' has an ordered basis
B ={v1,...,v,} of eigenvectors of T. Then, there are scalars A1,..., A\, € F
such that

T(vk) = Mok, V1<k<n.

Hence, [T'(vi)|p = Aker, V1 <k <n, and

M 0O - 0
0 X --- 0
Tlg=1. . .
0 O An
O
Lemma 15. If A diagonalizable, and = {v1,...,v,} is an ordered basis

for B™ of eigenvectors of A, then

1. D = [L4lg is diagonal and Dyy, is the eigenvalue corresponding to vy
for1 <k <n.

2. P~YAP = D, where P be the n x n matrix whose k-th column is the
k-th vector of B, P = [v1 -+ vy).

Proof. 1. Proved last time.
2. Using the following lemma (prove this —Hint: Use the change of coordi-

nates matrix theorem).

Lemma 16. Let A € My, (F) and let v be an ordered basis for F". Then
[Laly, = Q7 YAQ, where Q is the n x n matriz whose k-th column is the k-th

vector of 7.

89



Theorem 5.7 (Diagonalizable Matrix — Definition Version 2). Let A €
My wn(F). Then A is diagonalizable if and only if there exist an invertible

matriz P and a diagonal matriz D such that P~*AP = D. —> /\ _ PD/)_/

Proof. (=) Proved in Lemma 15.

(<) Suppose there exist an invertible matrix P and a diagonal matrix D
such that P~'AP = D. Since P is invertible, the columns of P, v1,..., vy,
form a basis for F*. Let § = {v1,...,v,} be an ordered basis for F". By
Lemma 16, [La]g = P~1AP = D. So A is diagonalizable. O

Remark 16. If there exist an invertible matrix P and a diagonal matrix D
such that P"'AP = D, then the columns of P are eigenvectors of A and the
diagonal entries of D are the eigenvalues of A corresponding to the columns
of P. It answers the question that the factorization A = PDP~!, where
P is invertible and D is diagonal, if exists, is not unique. Even if we sort
the diagonal entries of D in a given order (such as decreasing or increasing

order), D is then unique, but P is still not unique.

Question: how to find a basis for " from the eigenvectors of A (if such basis

exists)?

Theorem 5.8. Let T : V. — V be a linear operator and dimV = n. Let

AL,y Ag be distinct eigenvalues of T'. If vy,...,v; are eigenvectors of T
corresponding to the eigenvalues A1, ..., A\, then {vy,... v} is linearly in-
dependent.

Proof. Prove by induction on k.
For k = 1, since v; is an eigenvector of T, vy # 0, so {v1} is linearly
independent.

Assume the theorem holds for k—1 distinct eigenvalues, where k—1 > 1, and

we have k distinct eigenvalues A1, ..., Ag. Suppose vy, ..., v are eigenvectors
of T' corresponding to the eigenvalues Aq, ..., Ag.
Consider

cvr + -+ gy V-1 + cpvp =0, where ¢q,...,c; €F. (2)

Applying T'— A\ I to both sides of Equation (2), we have
c1( A = Aot + -+ 1 (Ae—1 — Ag)vg—1 = 0.

By the induction hypothesis, {v1,...,vx_1} is linearly independent. There-
fore,
Cc1 ()\1 — )\k) = CQ()\Q — )\k) = ck—l()\k—l — )\k) =0.
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Since Aj # A\, for 1 < j <k —1, we have (A\j — Ay) #0for 1 < j <k —1.
Hence

01:...:Ck_120.

Then Equation (2) reduces to cxvg = 0, which leads to ¢ = 0 since vy # 0.
Consequently, ¢; = -+ = ¢ = 0, and it follows that {vy,...,v;} is linearly

independent. ]

Corollary 5.8.1. Let T be a linear operator on an n-dimensional vector

space V. If T has n distinct eigenvalues, then T is diagonalizable.

1 2
Example 37. The matrix A = 5 2] has two distinct eigenvalues Ay = —1

and Ay = 4. So A is diagonalizable.

Remark 17. The converse of Corollary 5.8.1 is not true. That is, there
exists a linear operator 7" on an n-dimensional vector space such that T is
diagonalizable but T does not have n distinct eigenvalues. For example, the
identity matrix is diagonalizable, even though I,, has only one eigenvalue
A=1:

A=1,= P_lfnP, for any invertible matrix P.

Definition 46. A polynomial f(t) € F[t] splits over F if there are scalars

C,a1,...,an (not necessarily distinct) in F such that

ft)=clt—ar)(t —az)---(t —ap).
Example 38. Consider f(t) =t +t*+t+1= (> +1)(t+1).
e f(t) does not split over R, Q.
o f(t) splits over C: f(t) = (t+i)(t —3)(t+1).
e f(t) splits over Fo: f(t) = (t+1)(t+ 1)(t+1).

Theorem 5.9. The characteristic polynomial of any diagonalizable linear

operator splits.

Proof. Let T be a diagonalizable linear operator on an n-dimensional vector
space V. Then there exists an ordered basis 5 of V' so that [T is a diagonal

matrix D. Then the characteristic polynomial of 7" is
pp(t) =N —t)...(Ap—t) = (=Dt = A1) ... (t = An),

which splits over F. O
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Definition 47. Let A be an eigenvalue of a linear operator T on an n-
dimensional vector space or a matrix A € My xn(F) with characteristic poly-

nomial p(t).

e The (algebraic) multiplicity of X is the largest positive integer k for
which (t — \)¥ is a factor fo p(t).

e The geometric multiplicity of X is dim(FE)), the dimension of the eigenspace

E\ ={veF":T(v) = \v}.

e Note that Ex = Null(T — \I) and E\ has at least one nonzero eigen-
vector. Therefore,
1 <dim(E)) < n.

Theorem 5.10. Let T be a linear operator on a finite dimensional vector
space V, and let A be an eigenvalue of T having algebraic multiplicity m.
Then 1 < dim(FE)) < m.

Proof. Suppose dim(E)) = k. Choose an ordered basis {v1,...,v;} for Ey
and extend it to an ordered basis 8 = {v1,..., Vg, Vks1,...,0n} for V. Let
A = [T)g. Since T'(vj) = Av; for 1 < j <k, we have

Ao [ B
0o C

From Assignment 5, we have

(A —t)1Iy B
t) = det(A — tI,) = det
pa(t) ( ) ( 0 C_tl.,

= det((\ — t)I},) det(C — tI,_i) = (A — t)* det(C — tI,_p).

So (A —t)¥ is a factor of p4(t), therefore, k < m, O
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Theorem 5.11. Let T be a linear operator on a wvector space V and let
AL, ..., A be distinct eigenvalues of T'. For each j = 1,2,...,k, let Sj be a
finite linearly independent subset of the eigenspace Ey;. Then

S=5USU---5;
is a linearly independent subset of V.

Proof. O
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Theorem 5.12. Let T be a linear operator on a finite dimensional vector
space V' such that the characteristic polynomial of T splits. Let \i,..., A
be all distinct eigenvalues of T. Then

1. T is diagonalizable iff the algebraic multiplicity of \; is equal to dim(E))
foralll <j<k.

2. If T is diagonalizable and f3; is an ordered basis for E);, for each j,

then B = B1 U B2 U ---U B is an ordered basis for V consisting of
eigenvectors of T'.

Proof. O
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Remark 18. The above proof provides a procedure to check whethere a
square matrix is diagonalizable or not. If yes, it provides the factorization

of A as PDP~! where D is a diagonal matrix.

e Find all eigenvalues of A. Suppose A1, ..., \; are all distinct eigenval-

ues of A and a; is the algebraic multiplicity of A;, for 1 < j < k.
e Find a basis for each eigenspace EA],, for 1 <j<k.

e If there exists 1 < j < k such that dim E; # a;, the matrix A is not

diagonalizable.

o If aj = dimE),; for all 1 < j < k, the matrix A is diagonalizable.
Let 8 = 81U B2 U---U By, where j3; is an ordered basis for E,, for
1 < j <k. Let P be a square matrix whose columns are vectors from [
and let D be a diagonal matrix whose diagonal entries are eigenvalues

of A corresponding to the column of P. Then

A=PDP L

Example 39. The matrix A =

2
2] is diagonalizable and

S I X W P [

-2 1 1
Example 40. Check whether A = | -1 0 1| is diagonalizable. If yes,
-2 2 1

find an invertible matrix P and a diagonal matrix D such that P~'AP = D.
Also, find A9,
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