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MATH 146 Feb 03 Tutorial notes

Definition. Suppose V is a vector space over F.
(1) A linear functional on V is any linear transformation g : V ! F.
(2) The set of all linear functionals on V is denoted V ⇤

.

Thus V ⇤ ✓ FV
(the set of all functions V ! F). Recall that FV

is a vector space w.r.t. pointwise addition

and scalar multiplication. It’s easy to check that V ⇤
is closed under addition and scalar multiplication

(and V ⇤ 6= ?), so V ⇤
is a subspace of FV

.

V ⇤
is called the dual space of V .

Example. Let V = R3
as a vector space over R. (R3

)
⇤
is the set of all linear transformations g : R3 ! R.

Suppose g 2 (R3
)
⇤
; so g : R3 ! R and for any (x, y, z) 2 R3

,

g((x, y, z)) = g(xe1 + ye2 + ze3) = xg(e1) + yg(e2) + zg(e3) = ax+ by + cz

where a = g(e1), b = g(e2), and c = g(e3). Note also that

L[a b c]((x, y, z)) = [a b c]

2

4
x
y
z

3

5 = ax+ by + cz.

(Here [a b c] is the 1⇥ 3 matrix.) So g = L[a b c]. Every linear functional of R3
has this form.

Based on this, it’s easy to guess that dim ((R3
)
⇤
) = 3.

Now what would be a good basis for (R3
)
⇤
?

In general, if dim(V ) is finite, there is a standard way to convert any ordered basis � = (v1, . . . , vn) for
V into an ordered basis �⇤

= (f1, . . . , fn) for V ⇤
(called the dual of �).

Definition. Suppose � = (x1, . . . , xn) is an ordered basis for V (a vector space over F).
(1) Define f1, . . . , fn : V ! F as follows: given v 2 V , let [v]� = (a1, . . . , an): then fi(v) = ai for

i = 1, . . . , n.
(2) The dual of � is �⇤

:= (f1, . . . , fn).

Lemma 1. In the above situation, each fi is a linear functional on V .

Proof. Suppose v, w 2 V ; write [v]� = (a1, . . . , an) and [w]� = (b1, . . . , bn). This means

v = a1x1 + · · ·+ anxn

w = b1x1 + · · ·+ bnxn.

So obviously

v + w = (a1 + b1)x1 + · · ·+ (an + bn)xn.

So [v + w]� = (a1 + b1, . . . , an + bn). Thus

fi(v + w) = ai + bi = fi(v) + fi(w),

proving each fi preserves +. A similar proof shows they preserve scalar mult. ⇤
So in the situation of the definition, we have f1, . . . , fn 2 V ⇤

, and in fact it can be shown that {f1, . . . , fn}
is a basis for V ⇤

. Here are some hints as to how one might prove this.

Facts. Suppose V, x1, . . . , xn, f1, . . . , fn are as in the definition.



(1) fi(xi) = 1 while fj(xi) = 0 for j 6= i.
[Hint: what is [xi]�?]

(2) Using this, you can show that f1, . . . , fn are linearly independent.

[Hint: if a1f1 + · · ·+ anfn = b0, then in particular

(a1f1 + · · ·+ anfn)(xi) = 0 for each i = 1, . . . , n

i.e., a1f1(xi) + · · ·+ anfn(xi) = 0 for i = 1, . . . , n, which simplifies. . . ]

(3) For all g 2 V ⇤
, if aj = g(xj) for j = 1, . . . , n and h :=

Pn
j=1 ajfj, then h(xi) = g(xi) for all

i = 1, . . . , n. [Hint: evaluate h(xi)]

(4) But if g, h : V ! F are linear transformations which agree on the basis {x1, . . . , xn}, then g = h.
(5) Note that the previous item implies {f1, . . . , fn} spans V ⇤

.

Corollary. If V is finite-dimensional, then dim(V ) = dim(V ⇤
).

2
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MATH 146 Feb 24 – corrected Tutorial notes

In normal language, a permutation of {1, 2, 3, 4} is any ordering of its elements, for example (2, 4, 3, 1).

For us, however, a permutation of {1, 2, 3, 4} is any bijection � : {1, 2, 3, 4} ! {1, 2, 3, 4}, for example,

�(1) = 2, �(2) = 4, �(3) = 3, �(4) = 1.

One advantage of viewing permutations as functions is that we can interpret them graphically, for example,

�:

1 2

4

3

Another advantage is that we can compose two permutations of the same set. For example, if ⌧ is the

permutation

⌧ :

1 3

42

then � � ⌧ (usually written �⌧) is the permutation defined by

�⌧(1) = �(3) = 3

�⌧(2) = �(1) = 2

�⌧(3) = �(4) = 1

�⌧(4) = �(2) = 4

so �⌧ displayed graphically is

�⌧ :

1

3

2 4

Cycle notation. We write � = (1 2 4)(3), ⌧ = (1 3 4 2), and �⌧ = (1 3)(2)(4), indicating the “cycles”

(reading left to right). It’s also OK to leave out the 1-element cycles, writing � = (1 2 4) and �⌧ = (1 3),

as long as it is understood the permutations are acting on {1, 2, 3, 4}.

Definition. Sn is the set of all permutations of {1, 2, . . . , n}.

Definition. Given � 2 Sn and A,B 2 Mn⇥n(F), we write A
R:��! B to mean that B is obtained from A by

moving Row1(A) to row �(1), moving Row2(A) to row �(2), etc.

For example, if � is the permutation on {1, 2, 3, 4} defined at the start of the lecture, i.e., � = (1 2 4),

and A is a 4⇥ 4 matrix with rows r1, . . . , r4, then

A =

0

BB@

r1
r2
r3
r4

1

CCA
R:��!

0

BB@

r4
r1
r3
r2

1

CCA = B.



Observe that

B =

0

BB@

r��1(1)

r��1(2)

r��1(3)

r��1(4)

1

CCA .

In general, if � is a permutation of {1, 2, . . . , n} then

0

BB@

r1
r2
...

rn

1

CCA
R:��!

0

BB@

r��1(1)

r��1(2)
...

r��1(n)

1

CCA .

Definition. Given a permutation � on {1, 2, . . . , n}, the permutation matrix associated to � is the

matrix P� obtained from In by
R:��!. That is, In

R:��! P�. Thus

P� =

0

BB@

e��1(1)

e��1(2)
...

e��1(n)

1

CCA

For example, the permutation matrix associated to the permutation � above is

P� =

0

BB@

e4
e1
e3
e2

1

CCA =

0

BB@

0 0 0 1

1 0 0 0

0 0 1 0

0 1 0 0

1

CCA
Note
=

0

B@ e2 e4 e3 e1

1

CA =

0

B@ e�(1) e�(2) e�(3) e�(4)

1

CA .

In general:

• P� has one 1 in each row and in each column; all other entries are 0.

• Rowi(P�) = e��1(i).

• Colj(P�) = e�(j).
• P��1 = (P�)

t
(by the previous two bullets).

• For any j, P�ej = e�(j). (Because in general, Aej = Colj(A).)

Theorem. If � 2 Sn and A 2 Mn⇥n(F), then
(1) P�A is the result of applying � to the rows of A; i.e., A

R:��! P�A.

(2) AP� is the result of applying ��1 to the columns of A, i.e., A
C:��1

�! AP�.

Proof of (2). Write

A =

0

B@ c1 c2 · · · cn

1

CA . Applying ��1
to the columns gives

0

B@ c�(1) c�(2) · · · c�(n)

1

CA .

To prove this second matrix equals AP�, we just need to prove that Colj(AP�) = c�(j) for all j = 1, . . . , n.
In fact,

Colj(AP�) = A · Colj(P�) = A · e�(j) = Col�(j)(A)

as required. (Proof of (1) is “dual” to this, using Rowi(P�A) = Rowi(P�) · A.) ⇤
Corollary. P�P⌧ = P�⌧ for any �, ⌧ 2 Sn.

Proof. On Assignment 4. ⇤
2
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MATH 146 LINEAR ALGEBRA 1 (Advanced Level) Section 2 WINTER 2020

Mar 23, Lecture 28: Determinants (cont’d)

Theorem 4.5 (Determinant after a type 3 elementary row operation). Let A œ Mn◊n(F) and A
RiΩRi+cRj≠≠≠≠≠≠≠≠æ

B. Then det(B) = det(A).

Proof. Suppose a1, . . . , an are rows of A. We first prove for the case i < j. We have

det(B) = det(a1, . . . , ai + caj , . . . , aj , . . . , an)

= det(a1, . . . , ai, . . . , aj , . . . , an) + c det(a1, . . . , aj , . . . , aj , . . . , an)

= det(A) + 0

= det(A).

Similarly, we have the same result for the case j < i.

In summary, let A be a square matrix and B be a matrix obtained from A by an elementary row operation.
Then

• For A
Ri¡Rj≠≠≠≠æ B, we have det(B) = ≠ det(A).

• For A
RiΩcRi≠≠≠≠≠æ B, we have det(B) = c det(A).

• For A
RiΩRi+cRj≠≠≠≠≠≠≠≠æ, we have det(B) = det(A).

Summary of some properties of determinants that we have studied so far.
Let A be an n ◊ n matrix. For n Ø 2, we define det(A) recursively as

det(A) =
nÿ

j=1
(≠1)1+jAj1 · det(Ãj1),

where Ãij the (n ≠ 1) ◊ (n ≠ 1) matrix obtained from A by deleting row i and column j. The determinant
of a square matrix satisfies the following properties:

1. As a function of each row, the determinant is a linear function of each row, when the remaining rows
are held fixed.

2. If two adjacent rows are equal, then det(A) = 0.

3. det(In) = 1.

Note that, one can prove that a function F : Fn ◊ · · ·Fn æ F that satisfies those three properties is unique.
(Section 4.5 in Friedberg et al.’s book).

Now, we will discuss more properties of determinants. Let A, B œ Mn◊n(F). We will prove the following
properties:
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1. det(AB) = det(A) det(B).

2. det(A) = det(AT ).

3. det(A) can be computed using the expansion along any column or row of A.

Corollary 4.5.1. Let E be an elementary matrix obtaining from In by an elementary row operation.
Then

1. For a type 1 elementary row operation, det(E) = ≠1.

2. For a type 2 elementary row operation with scalar c ”= 0, det(E) = c.

3. For a type 3 elementary row operation, det(E) = 1.

4. det(ET ) = det(E).

In all cases, det(E) ”= 0.

Proof. Since In

an elementary row operation≠≠≠≠≠≠≠≠≠≠≠≠≠≠≠≠≠æ E and det(In) = 1, we have the conclusion. Note that ET is an
elementary matrix of the same type as E, so

det(ET ) = det(E).

Theorem 4.6. Let E be an n ◊ n elementary matrix and A œ Mn◊n(F). Then det(EA) = det(E) det(A).

Proof. We verify the equality for all types of elementary row operations.

• Type 1: A
Ri¡Rj≠≠≠≠æ EA. Then In

Ri¡Rj≠≠≠≠æ E. By Corollary 4.5.1, det(E) = ≠1. By Theorem 4.4,
det(EA) = ≠ det(A) = det(E) det(A).

• Type 2: A
RiΩcRi≠≠≠≠≠æ EA. Then In

RiΩcRi≠≠≠≠≠æ E. By Corollary 4.5.1, det(E) = c. By Theorem 4.5,
det(EA) = c det(A) = det(E) det(A).

• Type 3: A
RiΩcRi≠≠≠≠≠æ EA. Then In

RiΩRi+cRj≠≠≠≠≠≠≠≠æ E. By Corollary 4.5.1, det(E) = 1. By Theorem 4.5,
det(EA) = det(A) = det(E) det(A).

Corollary 4.6.1. Let A œ Mn◊n(F) and E1, . . . , Ek be elementary matrices. Then

1. det(E1 . . . EkA) = det(E1) . . . det(Ek) det(A).

2. det(E1 . . . Ek) = det(E1) . . . det(Ek).

Proof Sketch. Use Theorem 4.6 for Part 1. Part 2 is from Part 1 for A = In.
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Theorem 4.7 (Invertible Matrix Theorem (part 5)). Let A œ Mn◊n(F). Then A is invertible if and only

if det(A) ”= 0.

Proof. (∆) Suppose A is invertible, then A = E1 . . . Eq, where E1, . . . , Eq are elementary matrices. Using
Theorem 4.6 and Corollary 4.5.1, we have

det(A) = det(E1) . . . det(Eq) ”= 0.

(≈) Given det(A) ”= 0. Suppose A is not invertible.
Let R be the RREF of A. Since A is not invertible, rank(A) < n. Since rank(A) = the number of nonzero
rows of R, we conclude that R has at least one zero rows. Therefore, det(R) = 0.
On the other hand, since R is the RREF of A, there exist elementary matrices E1, . . . , Ep such that

A = E1 . . . EpR.

So det(A) = det(E1) . . . det(Ep) det(R) = 0, a contradiction. Therefore, the assumption is wrong and A is
invertible.

Corollary 4.7.1. Let A œ Mn◊n(F). If rank(A) < n, then det(A) = 0.

Proof. If rank(A) < n, A is not invertible. So det(A) = 0.

Theorem 4.8. Let A, B œ Mn◊n(F). Then det(AB) = det(A) det(B).

Proof. Case 1: A is invertible. Then A = E1 . . . Eq. Using Corollary 4.6.1, we have

det(AB) = det(E1 . . . EqB) = det(E1) . . . det(Eq) det(B) = det(E1 . . . Eq) det(B) = det(A) det(B).

Case 2: A is not invertible. Then AB is not invertible. By the Invertible Matrix Theorem, det(A) = 0
and det(AB) = 0. So det(AB) = det(A) det(B).

Theorem 4.9. Let A œ Mn◊n(F). Then det(A) = det(AT ).

Proof. Case 1: A is not invertible. Then rank(A) = rank(AT ) < n. Then by Corollary 4.7.1., we have
det(A) = det(AT ) = 0.
Case 2: A is invertible. Then there exist elementary matrices E1, . . . , Ek such that A = E1 . . . Ek. Then

det(AT ) = det(ET

k . . . ET

1 )

= det(ET

k ) . . . det(ET

1 )

= det(Ek) . . . det(E1)

= det(E1) . . . det(Ek)

= det(E1 . . . Ek)

= det(A).
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Definition 46. A polynomial f(t) œ F[t] splits over F if there are scalars

c, a1, . . . , an (not necessarily distinct) in F such that

f(t) = c(t ≠ a1)(t ≠ a2) · · · (t ≠ an).

Example 38. Consider f(t) = t3 + t2 + t + 1 = (t2 + 1)(t + 1).

• f(t) does not split over R, Q.

• f(t) splits over C: f(t) = (t + i)(t ≠ i)(t + 1).

• f(t) splits over F2: f(t) = (t + 1)(t + 1)(t + 1).

Theorem 5.9. The characteristic polynomial of any diagonalizable linear

operator splits.

Proof. Let T be a diagonalizable linear operator on an n-dimensional vector
space V . Then there exists an ordered basis — of V so that [T ]— is a diagonal
matrix D. Then the characteristic polynomial of T is

pD(t) = (⁄1 ≠ t) . . . (⁄n ≠ t) = (≠1)n(t ≠ ⁄1) . . . (t ≠ ⁄n),

which splits over F.

Definition 47. Let ⁄ be an eigenvalue of a linear operator T on an n-

dimensional vector space or a matrix A œ Mn◊n(F) with characteristic poly-

nomial p(t).

• The (algebraic) multiplicity of ⁄ is the largest positive integer k for

which (t ≠ ⁄)k
is a factor of p(t).

• The geometric multiplicity of ⁄ is dim(E⁄), the dimension of the eigenspace

E⁄ = {v œ Fn : T (v) = ⁄v}.

• Note that E⁄ = Null(T ≠ ⁄I) and E⁄ has at least one nonzero eigen-

vector. Therefore,

1 Æ dim(E⁄) Æ n.
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Theorem 5.10. Let T be a linear operator on a finite dimensional vector

space V , and let ⁄ be an eigenvalue of T having algebraic multiplicity m.

Then 1 Æ dim(E⁄) Æ m.

Proof. Suppose dim(E⁄) = k. Choose an ordered basis {v1, . . . , vk} for E⁄

and extend it to an ordered basis — = {v1, . . . , vk, vk+1, . . . , vn} for V . Let
A = [T ]—. Since T (vj) = ⁄vj for 1 Æ j Æ k, we have

A =

Q

a⁄Ik B

0 C

R

b .

From Assignment 5, we have

pA(t) = det(A ≠ tIn) = det

Q

a(⁄ ≠ t)Ik B

0 C ≠ tIn≠k

R

b

= det((⁄ ≠ t)Ik) det(C ≠ tIn≠k) = (⁄ ≠ t)k det(C ≠ tIn≠k).

So (⁄ ≠ t)k is a factor of pA(t), therefore, k Æ m,
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Theorem 5.11. Let T be a linear operator on a vector space V and let

⁄1, . . . , ⁄k be distinct eigenvalues of T . For each j = 1, 2, . . . , k, let Sj be a

finite linearly independent subset of the eigenspace E⁄j . Then

S = S1 fi S2 fi · · · Sk

is a linearly independent subset of V .

Proof Sketch. • Suppose Si = {vi,1, . . . , vi,ni} µ E⁄i , for 1 Æ i Æ k.
Then

S = {vi,j | 1 Æ i Æ k, 1 Æ j Æ ni}.

• Consider
kÿ

i=1

niÿ

j=1
aijvi,j = 0.

Let wi =
niq

j=1
aijvi,j œ E⁄i . Then

w1 + · · · + wk = 0.

• Claim: w1 = · · · = wk = 0.
Suppose otherwise. By renumbering if necessary, suppose that, for
1 Æ m Æ k, wi ”= 0 for all 1 Æ i Æ m and wi = 0 for m < i Æ k. The
above equation becomes w1+· · ·+wm = 0, which implies {w1, . . . , wm}
is linearly dependent. On the other hand, since wi œ E⁄i and ⁄Õ

i
s are

distinct, {w1, . . . , wm} is linearly independent, a contradiction. There-
fore w1 = · · · = wk = 0.

• For each i, 0 = wi =
niq

j=1
aijvi,j . Since {vi,j | 1 Æ j Æ ni} is linearly

independent, we have aij = 0, for all 1 Æ j Æ ni.

• In conclusion, ai,j = 0 for all 1 Æ i Æ k, 1 Æ j Æ ni. Therefore, S is
linearly independent.
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Theorem 5.12. Let T be a linear operator on a finite dimensional vector

space V such that the characteristic polynomial of T splits. Let ⁄1, . . . , ⁄k

be all distinct eigenvalues of T . Then

1. T is diagonalizable i� the algebraic multiplicity of ⁄j is equal to dim(E⁄j )
for all 1 Æ j Æ k.

2. If T is diagonalizable and —j is an ordered basis for E⁄j , for each j,

then — = —1 fi —2 fi · · · fi —k is an ordered basis for V consisting of

eigenvectors of T .

Proof. Let p(t) be the characteristic polynomial of T . By the assumption,

p(t) = c(t ≠ ⁄1)m1(t ≠ ⁄2)m2 . . . (t ≠ ⁄k)mk .

So
kq

i=1
mi = deg(p) = n.

1.(≈) Suppose mi = dim(E⁄i) for all 1 Æ i Æ k.

• Let Si be a basis for E⁄i , then Si has ai elements which are eigenvectors
of T corresponding to eigenvalue ⁄i.

• By Theorem 5.11, the set S =
kt

i=1
Si is linearly independent and S has

kq
i=1

mi = n elements. So S is a basis for V of eigenvectors of T .

1. (∆) Suppose T is diagonalizable and — is an ordered basis for V of
eigenvectors of T .

• Let Si = — fl E⁄i . Then Si is a linearly independent subset of E⁄i .
Therefore,

ni = |Si| Æ dim(E⁄i) = di Æ mi.

• Since — is a set of eigenvector, we have

— = — fl
k€

i=1
E⁄i =

k€

i=1
(— fl E⁄i).

Also, (— fl E⁄i) fl (— fl E⁄j ) = ÿ for i ”= j. Thus,

n =
kÿ

i=1
ni.

• We have

n =
kÿ

i=1
ni Æ

kÿ

i=1
di Æ

kÿ

i=1
mi = n.

• So ni = di = mi.
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Remark 18. The above proof provides a procedure to check whethere a
square matrix is diagonalizable or not. If yes, it provides the factorization
of A as PDP ≠1 where D is a diagonal matrix.

• Find all eigenvalues of A. Suppose ⁄1, . . . , ⁄k are all distinct eigenval-
ues of A and aj is the algebraic multiplicity of ⁄j , for 1 Æ j Æ k.

• Find a basis for each eigenspace E⁄j , for 1 Æ j Æ k.

• If there exists 1 Æ j Æ k such that dim E⁄j ”= aj , the matrix A is not
diagonalizable.

• If aj = dim E⁄j for all 1 Æ j Æ k, the matrix A is diagonalizable.
Let — = —1 fi —2 fi · · · fi —k, where —j is an ordered basis for E⁄j , for
1 Æ j Æ k. Let P be a square matrix whose columns are vectors from —

and let D be a diagonal matrix whose diagonal entries are eigenvalues
of A corresponding to the column of P . Then

A = PDP ≠1.

Example 39. The matrix A =

S

U1 2
3 2

T

V is diagonalizable and

A = [v1 v2]

S

U≠1 0
0 4

T

V [v1 v2]≠1 =

S

U 1 2
≠1 3

T

V

S

U≠1 0
0 4

T

V

Q

a

S

U 1 2
≠1 3

T

V

R

b
≠1

.

Example 40. Check whether A =

S

WWU

≠2 1 1
≠1 0 1
≠2 2 1

T

XXV is diagonalizable. If yes,

find an invertible matrix P and a diagonal matrix D such that P ≠1AP = D.
Also, find A100.
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Theorem 4.10. The determinant of A can be evaluated by cofactor expansion along any column. That

is, for any 1 Æ i Æ n, we have

det(A) =
nÿ

j=1
(≠1)i+jAij · det(Ãij).

Proof.

Example 32. Compute the determinant of a 4 ◊ 4 matrix using elementary row operations.
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MATH 146 March 23–27: Permutations and Determinants Tutorial

• Recall: a permutation of {1, 2, . . . , n} is a bijection � : {1, 2, . . . , n} ! {1, 2, . . . , n}.
• Sn := the set of all permutations of {1, 2, . . . , n}.
• Recall: given � 2 Sn,

� R:��! denotes the operation on Mn⇥k(F) (any k,F) which moves row i to row �(i) 8i.
� P� is the n⇥ n matrix such that In

R:��! P�.

• Recall: P�P⌧ = P�⌧ 8�, ⌧ 2 Sn, and (P�)
�1

= P��1 = (P�)
t 8� 2 Sn.

• One can show that if A
R:��! B then B = P�A.

Lemma 1. 8� 2 Sn, det(P�) 2 {1,�1}.

Proof sketch. The operation
R:��! can be simulated by a sequence of row-pair swaps (elementary row oper-

ations of type 1). Thus In
R:��! P� implies

In
Ri1⌧Rj1�! A1

Ri2⌧Rj2�! A2 · · ·
Rik

⌧Rjk�! Ak = P�.

As each row-pair swap flips the sign of the determinant, det(P�) = (�1)
k
. ⇤

Definition. Given � 2 Sn:

(1) The sign (or signum) of �, denoted sgn(�), is given by sgn(�) := det(P�).

(2) The parity of � is ‘even’ or ‘odd’ according to whether sgn(�) is 1 or �1.

There are a variety of equivalent ways to e�ciently find the sign (or parity) of �, including:

(1) Calculate det(P�).

(2) Factor � into its cycles, say of lengths `1, `2, . . . , `t. As a cycle of length ` can be simulated by `� 1

row-pair swaps, sgn(�) = (�1)
(`1�1)+···+(`t�1)

.

(3) Calculate the inversion number N(�) of �. This is defined as the number of pairs (i, j) with

1  i < j  n and �(i) > �(j). It can be proved that sgn(�) = (�1)
N(�)

.

Example. Consider the permutation � 2 S8 given by

x 1 2 3 4 5 6 7 8

�(x) 4 8 6 3 5 1 2 7

(1) Using cycle notation,

� = (1 4 3 6)(2 8 7)(5).

� has cycles of length 4, 3 and 1, so sgn(�) = (�1)
3+2+0

= �1.

(2) Listing all the inversions for �,

(1, 4), (1, 6), (1, 7), (2, 3), (2, 4), (2, 5), (2, 6), (2, 7), (2, 8) (3, 4), (3, 5), (3, 6)

(3, 7), (4, 6), (4, 7), (5, 6), (5, 7).

N(�) = 17 so sgn(�) = (�1)
17

= �1.

We can now explain the complete expansion of det(�). Suppose A is an n⇥ n matrix whose (i, j) entry
is aij. The next theorem states that det(A) can be expressed as an alternating sum of products of entries

of A, where each product contains one entry from each row and each column of A, and the sign of the

product is given by the signum function.

Theorem (Complete expansion of det). det(A) =
P

�2Sn
sgn(�)

Qn
i=1 ai�(i).



Proof. Write the first row of A as
Pn

j=1 a1jej. By linearity of det in the first row,

det(A) = a11 det

0

BB@

e1
r2
...

rn

1

CCA+ a12 det

0

BB@

e2
r2
...

rn

1

CCA+ · · ·+ a1n det

0

BB@

en
r2
...

rn

1

CCA .

Repeating in the second row, we get an expression for det(A) involving n2
terms. Eventually, we get an

expression for det(A) involving nn
terms, looking like

det(A) =
nX

i1,i2,...,in=1

a1i1a2i2 · · · anin det

0

BB@

ei1
ei2
...

ein

1

CCA

Many terms equal 0; if (i1, i2, . . . , in) is not a permutation of {1, . . . , n}, then the matrix with rows

ei1 , . . . , ein has two equal rows, so its determinant is 0. Thus this simplifies to

det(A) =

X

�2Sn

a1�(1)a2�(2) · · · an�(n) det

0

BB@

e�(1)
e�(2)
...

e�(n)

1

CCA

=

X

�2Sn

a1�(1)a2�(2) · · · an�(n) det(P��1)

=

X

�2Sn

sgn(��1
)a1�(1)a2�(2) · · · an�(n)

which simplifies to X

�2Sn

sgn(�)a1�(1)a2�(2) · · · an�(n)

since sgn(��1
) = det(P��1) = det((P�)

t
) = det(P�) = sgn(�). ⇤

2



MATH 146 LINEAR ALGEBRA 1 (Advanced Level)
Section 2 WINTER 2020

Mar 25, Lecture 29: Summary–Important Facts about Deter-
minants; Eigenvalues and Eigenvectors

Theorem 4.10. The determinant of A can be evaluated by cofactor expan-

sion along any column. That is, for any 1 Æ j Æ n, we have

det(A) =
nÿ

i=1
(≠1)i+jAij · det(Ãij).

Proof. Let a1, . . . , an be columns of A, A = [a1 . . . aj . . . an]. Denote

B = [aj a1 a2 . . . aj≠1 aj+1 . . . an].

Observe that Ãij = B̃i1 and Aij = Bi1. Also, since A can be obtained
from B by (j ≠ 1) successive interchange of adjacent columns, det(A) =
(≠1)j≠1 det(B). We have

det(A) = (≠1)j≠1
nÿ

i=1
(≠1)i+1Bi1 det(B̃i1) =

nÿ

i=1
(≠1)j+iAij det(Ãij).

Summary–Important Facts About Determinants. Let A œ Mn◊n(F).
Then

• n = 1 : det(A) = A11.

• n = 2 : det(A) = A11A22 ≠ A12A21.

• n Ø 2: Cofactor expansion along column j:

det(A) =
nÿ

i=1
(≠1)i+jAij · det(Ãij).

Cofactor expansion along row i:

det(A) =
nÿ

j=1
(≠1)i+jAij · det(Ãij).

• If B is obtained from A by interchanging two rows or two columns of
A, det(B) = ≠ det(A).

• If B is obtained from A by multiplying a row or a column of A by a
scalar c, det(B) = c det(A).

• If B is obtained from A by adding a multiple of row (column) i to row
(column) j, for i ”= j, then det(B) = det(A).

74



• If A has two equal rows (columns), then det(A) = 0.

• If A has a zero row (column), then det(A) = 0.

• det(A) = det(AT ).

• The determinant of an upper triangular matrix is the product of its
diagonal entries. In particular, det(In) = 1.

• A is invertible if and only if det(A) ”= 0. If A is invertible, det(A≠1) =
1

det(A) .

• If B œ Mn◊n(F), then det(AB) = det(A) det(B).

Example 32. Compute the determinant of a 4 ◊ 4 matrix using elementary
row operations.

A1 =

S

WWWWWU

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

T

XXXXXV
, A2 =

S

WWWWWU

0 1 1 1
≠1 0 1 1
≠1 ≠1 0 1
≠1 ≠1 ≠1 0

T

XXXXXV
.
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5 Diagonalization

5.1 Eigenvalues and Eigenvectors

Motivation: Reference from Introduction to Linear Algebra by Gilbert

Strang. Consider A =

S

U0.9 0.3
0.1 0.7

T

V. Suppose we would like to know A2020.

Here are some first powers of A:

A2 =

S

U0.84 0.48
0.16 0.52

T

V , A3 =

S

U0.804 0.588
0.196 0.412

T

V , . . . , A2020 =

S

U0.75 0.75
0.25 0.25

T

V+very small vector.

A2020 was found by using the eigenvalues of A, not by multiplying 2020
matrices.

Given A œ Mn◊n(F). For almost all vector v œ Fn, Av is not in the same
direction as v, that is Av ”= ⁄v for any ⁄ œ F. Certain exceptional vectors
(excluding the zero vector) v are in the same direction as Av, which we call
eigenvectors. The scalar ⁄ œ F such that Av = ⁄v for some v œ Fn ≠ {0} is
called an eigenvalue of A.

Definition 41. Let A œ Mn◊n(F).

• A nonzero vector v œ Fn
is called an eigenvector of A if there exists

a scalar ⁄ œ F such that Av = ⁄v. Such ⁄ is called the eigenvalue

corresponding to the eigenvector v.

• If ⁄ œ F is an eigenvalue of A, the set

E⁄ = {v œ Fn : Av = ⁄v} = {eigenvectors of A corresponding to ⁄}fi{0}

is called the eigenspace of A corresponding to ⁄. Note that

E⁄ = Null(A ≠ ⁄In).

Theorem 5.1. Let A œ Mn◊n(F). Then a scalar ⁄ is an eigenvalue of A if

and only if det(A ≠ ⁄In) = 0.
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Proof. ⁄ is an eigenvalue of A … ÷v œ Fn, v ”= 0 such that Av = ⁄v.
… ÷v œ Fn, v ”= 0 such that (A ≠ ⁄In)v = 0.
… (A ≠ ⁄In) is not invertible.
… det(A ≠ ⁄In) = 0.

Definition 42. Let A œ Mn◊n(F). The n≠th degree polynomial det(A≠tIn)
of variable t is called the characteristic polynomial of A, denoted by pA(t).

pA(t) = det(A ≠ tIn) =

------------

a11 ≠ t a12 . . . a1n

a21 a22 ≠ t . . . a2n

.

.

.
.
.
.

.

.

.

an1 an2 . . . ann ≠ t

------------

.

Example 33. Find all eigenvalues of A =

S

WWU

≠1 6 3
1 0 1

≠3 6 5

T

XXV .

Proof. We have

det(A ≠ tI) =

--------

≠1 ≠ t 6 3
1 ≠t 1

≠3 6 5 ≠ t

--------
= (≠1 ≠ ⁄)

------
≠t ≠1
6 5 ≠ t

------
+ (≠1)6

------
1 ≠1

≠3 5 ≠ t

------
+ 3

------
1 ≠t

≠3 6

------

= ≠t3 + 4t2 ≠ 4t = ≠t(t ≠ 2)2.

So the eigenvalues of A is 0 and 2.

Theorem 5.2 (Properties of Charateristic Polynomials). Let A œ Mn◊n(F).
Then

1. pA(t) is a polynomial in F[t] of degree n and its leading coe�cient is

(≠1)n
.

2. The coe�cient of tn≠1
in pA(t) is (≠1)n≠1tr(A).

3. The constant coe�cient is det(A).

4. A has at most n eigenvalues.

5. If B œ Mn◊n(F) is similar to A, then pB(t) = pA(t). (Definition: Let

A, B œ Mn◊n(F). The matrix B is said to be similar to A if there

exists an invertible matrix P such that B = P ≠1AP .)
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Proof Sketch. (1-2). The characteristic polynomial can be computed by co-
factor expansion along the first column

pA(t) = (a11 ≠ t)(a22 ≠ t) . . . (ann ≠ t) + terms of degree ¡ n-1.

The coe�cients of tn and tn≠1 in pA(t) come entirely from (a11 ≠ t)(a22 ≠
t) . . . (ann ≠ t), which implies (1) and (2).
(3). pA(t) = det(A ≠ tI) = (≠1)ntn + (≠1)n≠1tr(A) + · · · + c0. Let t = 0, we
have c0 = pA(0) = det(A ≠ 0 I) = det(A).
(4). Since a polynomial of degree n has at most n roots, A has at most n

eigenvalues.
(5). det(B ≠ tI) = det(P ≠1(A ≠ tI)P ) = det(P ≠1) det(A ≠ tI) det(P ) =
pA(t) det(P ≠1) det(P ) = pA(t) det(P ≠1P ) = pA(t).
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MATH 146 LINEAR ALGEBRA 1 (Advanced Level)
Section 2 WINTER 2020

Mar 27, Lecture 30: Eigenvalues and Eigenvectors(cont’d)

Last time: compute the determinant of the following matrix

A4 =

S

WWWWWU

0 1 1 1
≠1 0 1 1
≠1 ≠1 0 1
≠1 ≠1 ≠1 0

T

XXXXXV
.

Proof. Denote An the n ◊ n matrix of such form.

det(A4) =

-----------

0 1 1 1
≠1 0 1 1
≠1 ≠1 0 1
≠1 ≠1 ≠1 0

-----------

col1≠col2=

-----------

≠1 1 1 1
≠1 0 1 1
0 ≠1 0 1
0 ≠1 ≠1 0

-----------

= ≠ det(A3)+

--------

1 1 1
≠1 0 1
≠1 ≠1 0

--------
.

B3 =

--------

1 1 1
≠1 0 1
≠1 ≠1 0

--------

R2+R1=
R3+R1

--------

1 1 1
0 1 2
0 0 1

--------
= 1.

So

det(A4) = 1 ≠ det(A3), det(A3) = 1 ≠ det(A2), det(A2) = 1.

So det(A4) = det(A2) = 1 and det(A3) = 0.

Recall: Let A œ Mn◊n(F).

• An eigenpair of A is (⁄, v) œ F ◊ (Fn ≠ {0}) such that Av = ⁄v.

• A scalar ⁄ œ F is an eigenvalue of A if and only if pA(t) = det(A≠tIn) =
0. The corresponding eigevectors are solutions of (A ≠ ⁄I)v = 0.

• The characteristic polynomial of A is

pA(t) = det(A ≠ tIn) = (≠1)ntn + (≠1)n≠1tr(A) tn≠1 + · · · + det(A).

• A has at most n eigenvalues.
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Example 34. Find the eigenvalues and a basis for the eigenspaces of the

matrix A =

S

U1 2
3 2

T

V.

Proof. We have

det(A ≠ tI) =

------
1 ≠ t 2

3 2 ≠ t

------
= (1 ≠ t)(2 ≠ t) ≠ 6 = t2 ≠ 3t ≠ 4 = (t + 1)(t ≠ 4).

So the eigenvalues of A are ≠1 and 4.
For ⁄1 = ≠1, find the corresponding eigenvectors:

A ≠ ⁄1I =

Q

a2 2
3 3

R

b ≥

Q

a1 1
0 0

R

b .

So a basis for E⁄1 is

Y
]

[

S

U 1
≠1

T

V

Z
^

\.

For ⁄2 = 4, find the corresponding eigenvectors:

A ≠ ⁄2I =

Q

a≠3 2
3 ≠2

R

b ≥

Q

a≠3 2
0 0

R

b .

So a basis for E⁄2 is

Y
]

[

S

U2
3

T

V

Z
^

\.

Definition 43. Let A, B œ Mn◊n(F). Then B is similar to A if there exists

an invertible matrix P such that B = P ≠1AP .

Theorem 5.3. Let A, B œ Mn◊n(F) and B be simlar to A. Then

1. A and B have the same charateristic polynomial, that is, pA(t) = pB(t).

2. det(A) = det(B).

3. tr(A) = tr(B).

4. rank(A) = rank(B).

Proof. 1. Since B is similar to A, there exists an invertible matrix P such
that B = P ≠1AP . Then

pB(t) = det(B ≠ tIn) = det(P ≠1AP ≠ tP ≠1InP ) = det(P ≠1(A ≠ tIn)P )

= det(P ≠1)pA(t) det(P ) = pA(t) det(P ≠1) det(P ) = pA(t).

3.Hint: Use the following property: tr(CD) = tr(DC) for any C œ Mm◊n(F)
and D œ Mn◊m(F).
4.Hint: You may first want to prove that for any invertible matrix Q œ
Mn◊n(F), we have rank(A) = rank(AQ) = rank(QA).
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Next, we define eigenvalues and eigenvectors for linear operators.

Definition 44. • Let T : V æ V be a linear mapping (called a linear

operator) on a vector space V . A scalar ⁄ œ F is called an eigenvalue

of the linear operator T if there exists a nonzero vector v œ V such that

T (v) = ⁄ v. Such vector v is called an eigenvector of T corresponding

to the eigenvalue ⁄.

• Let T : V æ V be a linear operator on an n-dimensional vector space

V with ordered basis —. We define the characteristic polynomial of T

to be the characteristic polynomial of A = [T ]—.

Example 35. 1. Consider T : R[x] æ R[x], T (p(x)) = pÕ(x). If (⁄, p(x))
is an eigenpair of T then

T (p(x)) = ⁄p(x) ∆ pÕ(x) = ⁄p(x) ∆ p(x) = ce⁄x, where c œ R.

2. Consider T : R2 æ R2 be the linear operator that rotates each vector
in the plane through an angle of 90 degree counterclockwise. Then T

has no eigenvectors and no eigenvalues.

Theorem 5.4. Let T : V æ V be a linear operator on a vector space V .

Then

1. A scalar ⁄ œ F is an eigenvalue of T if and only if (T ≠ ⁄I) is not

invertible.

2. Let ⁄ be an eigenvalue of T . A vector v œ V is an eigenvector of T

corresponding to ⁄ if and only if v ”= 0 and v œ N(T ≠ ⁄I).

Proof. Exercise.

Lemma 14. Let V be an n-dimensional vector space with ordered basis

—. Then the characteristic polynomial of the linear operator T does not

depend on the chosen basis. That is, if – is another ordered basis for V , the

characteristic polynomial of T is also the characteristic polynomial of [T ]–.

Proof Sketch. Recall: If — = {v1, . . . , vn} is an ordered basis of an n-dimensional
vector space V , then

[T ]— =
Ë
[T (v1)]— [T (v2)]— · · · [T (vn)]—

È
œ Mn◊n(F).

If – is another ordered basis of V , then

[T ]— = Q≠1[T ]–Q,
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where Q is the change of coordinate matrix that changes —-coordinates into
–-coordinates,

Q = [IV ]–— =
Ë
[v1]– [v2]– · · · [vn]–

È
.

That means [T ]— is similar to [T ]–. From the previous theorem, [T ]— and
[T ]– have the same characteristic polynomial. Therefore, the characteristic
polynomial of the linear operator T does not depend on the chosen basis.

Definition 45. • A linear operator T on a finite-dimensional vector

space V is called diagonalizable if there is an ordered basis — for V

such that [T ]— is a diagonal matrix.

• Version 1: A square matrix A is called diagonalizable if LA is diago-

nalizable.

Theorem 5.5. Let T : V æ V be a linear operator on an n-dimensional

vector space V . Then T is diagonalizable if and only if there is an ordered

basis — for V consisting of eigenvectors of T .

Proof. (∆) Suppose T is diagonalizable. By definition, there exists an or-
dered basis — = {v1, . . . , vn} such that [T ]— is diagonal. That is

S

WWWWWWU

⁄1 0 · · · 0
0 ⁄2 · · · 0
...

...
...

0 0 · · · ⁄n

T

XXXXXXV
= [T ]— =

Ë
[T (v1)]— [T (v2)]— · · · [T (vn)]—

È
.

So [T (vk)]— = ⁄kek, for 1 Æ k Æ n, where {e1, . . . , en} is the standard ordered
basis of Fn. Therefore,

T (vk) = ⁄kvk, 1 Æ k Æ n.

Since vk is an element in a basis of V , vk ”= 0. Therefore, vk is an eigenvector
of T for 1 Æ k Æ n.
(≈) Conversely, suppose V has an ordered basis — = {v1, . . . , vn} of eigen-
vectors of T . Then, there are scalars ⁄1, . . . , ⁄n œ F such that

T (vk) = ⁄kvk, ’1 Æ k Æ n.

Hence, [T (vk)]— = ⁄kek, ’1 Æ k Æ n, and

[T ]— =

S

WWWWWWU

⁄1 0 · · · 0
0 ⁄2 · · · 0
...

...
...

0 0 · · · ⁄n

T

XXXXXXV
.
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Below is the version of Theorem 5.4 for the linear operator LA : Fn æ Fn,
where A œ Mn◊n(F). Note that eigenvectors of the linear operator LA are
eigenvectors of the matrix A.

Theorem 5.6. Let A œ Mn◊n(F). Then A is diagonalizable if and only if

there is an ordered basis — for Fn
of eigenvectors of A.

Example 36. Recall to the previous theorem. The matrix A =

S

U1 2
3 2

T

V has

two eigenvalues ⁄1 = ≠1 and ⁄2 = 4. Two corresponding eigenvectors are

v1 =

S

U 1
≠1

T

V , v2 =

S

U2
3

T

V .

Since v1 is not a multiple scalar of v2, the set {v1, v2} is linearly independent.
So {v1, v2} is a basis of Fn. Hence, A is diagonalizable.

Theorem 5.7 (Diagonalizable Matrix – Definition Version 2). Let A œ
Mn◊n(F). Then A is diagonalizable if and only if there exist an invertible

matrix P and a diagonal matrix D such that A = PDP ≠1
.

Proof. Note that A = [LA]–, where – = {e1, . . . , en} is the standard ordered
basis of Fn. Then
A is diagonalizable … ÷ an ordered basis — = {v1, . . . , vn} for Fn such that
[LA]— = D, a diagonal matrix.
… D = P ≠1AP , where P = [ILA ]–

—
=

Ë
v1 v2 · · · vn

È

… PDP ≠1 = A, where P =
Ë
v1 v2 · · · vn

È
.

Remark 16. The above proof provides a procedure to check whethere a
square matrix is diagonalizable or not. If yes, it provides the factorization
of A as PDP ≠1 where D is a diagonal matrix.

• Find all eigenvalues of A.

• Find a basis for each eigenspace of A.

• If
q

⁄: eigenvalue of A

E⁄ = n, A is diagonalizable. Let P be a square ma-

trix whose columns are eigenbases of A and let D be a diagonal matrix
whose diagonal entries are eigenvalues of A corresponding to the col-
umn of P . Then

A = PDP ≠1.

• If
q

⁄: eigenvalue of A

E⁄ ”= n, A is not diagonalizable.
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Example 37. The matrix A =

S

U1 2
3 2

T

V is diagonalizable and

A = [v1 v2]

S

U≠1 0
0 4

T

V [v1 v2]≠1 =

S

U 1 2
≠1 3

T

V

S

U≠1 0
0 4

T

V

Q

a

S

U 1 2
≠1 3

T

V

R

b
≠1

.

Theorem 5.8. Let T be a linear operator on a vector space V and let

⁄1, . . . , ⁄k be distinct eigenvalues of T . If v1, . . . , vk are eigenvectors of T

such that T (vi) = ⁄ivi, (1 Æ i Æ k), then {v1, . . . , vk} is linearly independent.

Proof.
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MATH 146 LINEAR ALGEBRA 1 (Advanced Level)
Section 2 WINTER 2020

Mar 30, Lecture 31: Eigenvalues and Eigenvectors (cont’d)

Recall: Let T be a linear operator on a finite-dimensional vector space V .
Then T is diagonalizable … There is an ordered basis for V such that [T ]—
is diagonal … There is an ordered basis — for V of eigenvectors of T .

Recall a part of the proof. (≈) Conversely, suppose V has an ordered basis
— = {v1, . . . , vn} of eigenvectors of T . Then, there are scalars ⁄1, . . . , ⁄n œ F
such that

T (vk) = ⁄kvk, ’1 Æ k Æ n.

Hence, [T (vk)]— = ⁄kek, ’1 Æ k Æ n, and

[T ]— =

S

WWWWWWU

⁄1 0 · · · 0
0 ⁄2 · · · 0
...

...
...

0 0 · · · ⁄n

T

XXXXXXV
.

Lemma 15. If A diagonalizable, and — = {v1, . . . , vn} is an ordered basis

for Fn
of eigenvectors of A, then

1. D = [LA]— is diagonal and Dkk is the eigenvalue corresponding to vk

for 1 Æ k Æ n.

2. P ≠1AP = D, where P be the n ◊ n matrix whose k-th column is the

k-th vector of —, P = [v1 · · · vn].

Proof. 1. Proved last time.
2. Using the following lemma (prove this –Hint: Use the change of coordi-
nates matrix theorem).

Lemma 16. Let A œ Mn◊n(F) and let “ be an ordered basis for Fn
. Then

[LA]“ = Q≠1AQ, where Q is the n ◊ n matrix whose k-th column is the k-th

vector of “.
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Theorem 5.7 (Diagonalizable Matrix – Definition Version 2). Let A œ
Mn◊n(F). Then A is diagonalizable if and only if there exist an invertible

matrix P and a diagonal matrix D such that P ≠1AP = D.

Proof. (∆) Proved in Lemma 15.
(≈) Suppose there exist an invertible matrix P and a diagonal matrix D

such that P ≠1AP = D. Since P is invertible, the columns of P , v1, . . . , vn,
form a basis for Fn. Let — = {v1, . . . , vn} be an ordered basis for Fn. By
Lemma 16, [LA]— = P ≠1AP = D. So A is diagonalizable.

Remark 16. If there exist an invertible matrix P and a diagonal matrix D

such that P ≠1AP = D, then the columns of P are eigenvectors of A and the
diagonal entries of D are the eigenvalues of A corresponding to the columns
of P . It answers the question that the factorization A = PDP ≠1, where
P is invertible and D is diagonal, if exists, is not unique. Even if we sort
the diagonal entries of D in a given order (such as decreasing or increasing
order), D is then unique, but P is still not unique.

Question: how to find a basis for Fn from the eigenvectors of A (if such basis
exists)?

Theorem 5.8. Let T : V æ V be a linear operator and dim V = n. Let

⁄1, . . . , ⁄k be distinct eigenvalues of T . If v1, . . . , vk are eigenvectors of T

corresponding to the eigenvalues ⁄1, . . . , ⁄k, then {v1, . . . , vk} is linearly in-

dependent.

Proof. Prove by induction on k.
For k = 1, since v1 is an eigenvector of T , v1 ”= 0, so {v1} is linearly
independent.
Assume the theorem holds for k≠1 distinct eigenvalues, where k≠1 Ø 1, and
we have k distinct eigenvalues ⁄1, . . . , ⁄k. Suppose v1, . . . , vk are eigenvectors
of T corresponding to the eigenvalues ⁄1, . . . , ⁄k.
Consider

c1v1 + · · · + ck1vk≠1 + ckvk = 0, where c1, . . . , ck œ F. (2)

Applying T ≠ ⁄kI to both sides of Equation (2), we have

c1(⁄1 ≠ ⁄k)v1 + · · · + ck≠1(⁄k≠1 ≠ ⁄k)vk≠1 = 0.

By the induction hypothesis, {v1, . . . , vk≠1} is linearly independent. There-
fore,

c1(⁄1 ≠ ⁄k) = c2(⁄2 ≠ ⁄k) = ck≠1(⁄k≠1 ≠ ⁄k) = 0.
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Since ⁄j ”= ⁄k for 1 Æ j Æ k ≠ 1, we have (⁄j ≠ ⁄k) ”= 0 for 1 Æ j Æ k ≠ 1.
Hence

c1 = . . . = ck≠1 = 0.

Then Equation (2) reduces to ckvk = 0, which leads to ck = 0 since vk ”= 0.
Consequently, c1 = · · · = ck = 0, and it follows that {v1, . . . , vk} is linearly
independent.

Corollary 5.8.1. Let T be a linear operator on an n-dimensional vector
space V . If T has n distinct eigenvalues, then T is diagonalizable.

Example 37. The matrix A =

S

U1 2
3 2

T

V has two distinct eigenvalues ⁄1 = ≠1

and ⁄2 = 4. So A is diagonalizable.

Remark 17. The converse of Corollary 5.8.1 is not true. That is, there
exists a linear operator T on an n-dimensional vector space such that T is
diagonalizable but T does not have n distinct eigenvalues. For example, the
identity matrix is diagonalizable, even though In has only one eigenvalue
⁄ = 1:

A = In = P ≠1InP, for any invertible matrix P.

Definition 46. A polynomial f(t) œ F[t] splits over F if there are scalars

c, a1, . . . , an (not necessarily distinct) in F such that

f(t) = c(t ≠ a1)(t ≠ a2) · · · (t ≠ an).

Example 38. Consider f(t) = t3 + t2 + t + 1 = (t2 + 1)(t + 1).

• f(t) does not split over R, Q.

• f(t) splits over C: f(t) = (t + i)(t ≠ i)(t + 1).

• f(t) splits over F2: f(t) = (t + 1)(t + 1)(t + 1).

Theorem 5.9. The characteristic polynomial of any diagonalizable linear

operator splits.

Proof. Let T be a diagonalizable linear operator on an n-dimensional vector
space V . Then there exists an ordered basis — of V so that [T ]— is a diagonal
matrix D. Then the characteristic polynomial of T is

pD(t) = (⁄1 ≠ t) . . . (⁄n ≠ t) = (≠1)n(t ≠ ⁄1) . . . (t ≠ ⁄n),

which splits over F.

91



Definition 47. Let ⁄ be an eigenvalue of a linear operator T on an n-

dimensional vector space or a matrix A œ Mn◊n(F) with characteristic poly-

nomial p(t).

• The (algebraic) multiplicity of ⁄ is the largest positive integer k for

which (t ≠ ⁄)k
is a factor fo p(t).

• The geometric multiplicity of ⁄ is dim(E⁄), the dimension of the eigenspace

E⁄ = {v œ Fn : T (v) = ⁄v}.

• Note that E⁄ = Null(T ≠ ⁄I) and E⁄ has at least one nonzero eigen-

vector. Therefore,

1 Æ dim(E⁄) Æ n.

Theorem 5.10. Let T be a linear operator on a finite dimensional vector

space V , and let ⁄ be an eigenvalue of T having algebraic multiplicity m.

Then 1 Æ dim(E⁄) Æ m.

Proof. Suppose dim(E⁄) = k. Choose an ordered basis {v1, . . . , vk} for E⁄

and extend it to an ordered basis — = {v1, . . . , vk, vk+1, . . . , vn} for V . Let
A = [T ]—. Since T (vj) = ⁄vj for 1 Æ j Æ k, we have

A =

Q

a⁄Ik B

0 C

R

b .

From Assignment 5, we have

pA(t) = det(A ≠ tIn) = det

Q

a(⁄ ≠ t)Ik B

0 C ≠ tIn≠k

R

b

= det((⁄ ≠ t)Ik) det(C ≠ tIn≠k) = (⁄ ≠ t)k det(C ≠ tIn≠k).

So (⁄ ≠ t)k is a factor of pA(t), therefore, k Æ m,
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Theorem 5.11. Let T be a linear operator on a vector space V and let

⁄1, . . . , ⁄k be distinct eigenvalues of T . For each j = 1, 2, . . . , k, let Sj be a

finite linearly independent subset of the eigenspace E⁄j . Then

S = S1 fi S2 fi · · · Sk

is a linearly independent subset of V .

Proof.
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Theorem 5.12. Let T be a linear operator on a finite dimensional vector

space V such that the characteristic polynomial of T splits. Let ⁄1, . . . , ⁄k

be all distinct eigenvalues of T . Then

1. T is diagonalizable i� the algebraic multiplicity of ⁄j is equal to dim(E⁄j )
for all 1 Æ j Æ k.

2. If T is diagonalizable and —j is an ordered basis for E⁄j , for each j,

then — = —1 fi —2 fi · · · fi —k is an ordered basis for V consisting of

eigenvectors of T .

Proof.
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Remark 18. The above proof provides a procedure to check whethere a
square matrix is diagonalizable or not. If yes, it provides the factorization
of A as PDP ≠1 where D is a diagonal matrix.

• Find all eigenvalues of A. Suppose ⁄1, . . . , ⁄k are all distinct eigenval-
ues of A and aj is the algebraic multiplicity of ⁄j , for 1 Æ j Æ k.

• Find a basis for each eigenspace E⁄j , for 1 Æ j Æ k.

• If there exists 1 Æ j Æ k such that dim E⁄j ”= aj , the matrix A is not
diagonalizable.

• If aj = dim E⁄j for all 1 Æ j Æ k, the matrix A is diagonalizable.
Let — = —1 fi —2 fi · · · fi —k, where —j is an ordered basis for E⁄j , for
1 Æ j Æ k. Let P be a square matrix whose columns are vectors from —

and let D be a diagonal matrix whose diagonal entries are eigenvalues
of A corresponding to the column of P . Then

A = PDP ≠1.

Example 39. The matrix A =

S

U1 2
3 2

T

V is diagonalizable and

A = [v1 v2]

S

U≠1 0
0 4

T

V [v1 v2]≠1 =

S

U 1 2
≠1 3

T

V

S

U≠1 0
0 4

T

V

Q

a

S

U 1 2
≠1 3

T

V

R

b
≠1

.

Example 40. Check whether A =

S

WWU

≠2 1 1
≠1 0 1
≠2 2 1

T

XXV is diagonalizable. If yes,

find an invertible matrix P and a diagonal matrix D such that P ≠1AP = D.
Also, find A100.
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