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Partial fractions reduction of a rational
function.

Theorem. Let q 6= 1 be a polynomial with R-coe�cients.

(i) We have factorization

q(x) = a(x� r1)
m1 . . . (x� rM)mM (x2 + b1x+ c1)

n1 . . . (x2 + bNx+ cn)
nn

where a 2 R \ {0}, r1, . . . , rM denote the real roots of q with respective
multiplicities m1, . . . ,mM , and b1, c1, . . . , bN , cN 2 R with b2j � 4cj < 0 for
j = 1, . . . , N

(ii) If p is a polynomial with R-coe�cients and

deg p < deg q

then there is a unique sequence A1,1, . . . , BN,mN , CN,mN of real numbers for
which

p(x)

q(x)
=

1

a

"
MX

j=1

mjX

k=1

Aj,k

(x� rj)k
+

NX

j=1

njX

k=1

Bj,kx+ Cj,k

(x2 + bjx+ cj)k

#
(⇤)

Remark: Observe that m1 + · · ·+mM + 2[n1 + · · ·+ nN ] = deg q.

You will be unlikely, in practice, to have to use this horrible formula (⇤)
in settings with deg q > 5. Hence consider sample deg q = 5 cases, where
notation simplifies (e.g. we drop double subscripts where it shall not lead to
confusion):

ap(x)

(x� r1) . . . (x� r5)
=

5X

j=1

Aj

x� rj

ap(x)

(x� r1) . . . (x� r3)(x� r4)2
=

4X

j=1

Aj

x� rj
+

B

(x� r4)2
[here B = A4,2]

ap(x)

(x� r1) . . . (x� r3)(x2 + bx+ c)
=

3X

j=1

Aj

x� rj
+

Bx+ C

x2 + bx+ c

ap(x)

(x� r)(x2 + bx+ c)2
=

A

x� r
+

B1x+ C1

x2 + bx+ c
+

B2x+ C2

(x2 + bx+ c)2
.

1



Sketch proof of Theorem. (i) The Fundamental Theorem of Algebra
gives a set of deg q C-roots of q, including multiplicity. The non-R roots
come in conjugate pairs, and give rise to the polynomials x2 + bjx + cj, as
suggested.

(ii) Let us consider the RHS (right hand side) of (⇤), multiplied by aq(x).
What we and up with is a R-linear span of polynomials from the set

Fq =

⇢
q(x)

(x� rj)k
: j = 1, . . . ,M, k = 1, . . . ,mj

�
[

⇢
q(x)

(x2 + bjx+ cc)k
,

xq(x)

(x2 + bjx+ cc)k
: j = 1, . . . , N, k = 1, . . . , nj

�
.

Notice that this set has m1 + · · ·+mM + 2[n1 + · · ·+ nN ] = deg q elements.
Furthermore,

deg q = dimVq, where Vq = {p : p is a polynomial with deg p < deg q}.

We shall liberally use facts from linear algebra. We will be done once we
establish that

Fq is a basis for Vq. (⇤⇤)

The method is by (a horrible) induction.

We first establish some base cases. [Understanding these tells us a large
part of why this Theorem is true.]

Case deg q = 0. Then q(x) = a (constant) and Vq = {0}, so there is nothing
to prove.

Case deg q = 1. Then q(x) = a(x � r) and Vq is the space of constant

polynomials, clearly spanned by q(x)
a(x�r) = 1 (constant).

Cases deg q = 2. Here Vq = {Ax+B : A,B 2 R}. We have

q(x) =

8
><

>:

a(x� r1)(x� r2) r1 6= r2 ) Fq = {x� r1, x� r2}
a(x� r)2 ) Fq = {x� r, 1}
a(x2 + bx+ c) b2 � 4c < 0 ) Fq = {1, x}.

In each case above, Fq is a basis for Vq.

2



Induction steps. [Now the real work begins.] We assume that (⇤⇤) holds
for any q with deg q  n, and fix such q.

Linear factor. Let r 2 R. By assumption (⇤⇤) we see that

• (x�r)Fq = {(x�r)f(x) : f 2 Fq} is a basis for (x�r)Vq = {(x�r)p(x) :
p 2 Vq} (consider why this is a subspace of polynomials),

• if q(r) 6= 0 then q is linearly independent of (x � r)Vq (think about
this), and

• if q(r) = 0 then r = rj and
q(x)

(x�rj)
mj is linearly independent of (x�r)Vq.

Combining the facts, we see that

F(x�r)q =

(
{q} [ [(x� r)Fq] if q(r) 6= 0n

q(x)
(x�rj)

mj

o
[ [(x� r)Fq] if r = rj

is a linearly independent set in V(x�r)q of size deg[(x� r)q] = deg q + 1, and
hence a basis.

Quadratic factor. Let b, c 2 R with b2 � 4c < 0. By assumption (⇤⇤) we see
that

• (x2 + bx+ c)Fq = {(x2 + bx+ c)f(x) : f 2 Fq} is a basis for (x2 + bx+
c)Vq = {(x2 + bx+ c)p(x) : p 2 Vq},

• if b, c 6= bj, cj for any j = 1, . . . ,M then q and xq are linearly inde-
pendent of each other and of(x2 + bx+ c)Vq (think harder about this),
and

• if b, c = bj, cj for some j then q(x)
(x2+bjx+cj)

nj and xq(x)
(x2+bjx+cj)

nj are is linearly

independent of each other and of (x2 + bx+ c)Vq.

Combining the facts, we see that

F(x2+bx+c)q =

(
{q, xq} [ [(x2 + bx+ c)Fq] if b, c 6= bj, cjn

q(x)
(x2+bjx+cj)

nj ,
xq(x)

(x2+bjx+cj)
nj

o
[ [(x2 + bx+ c)Fq] if b, c = bj, cj

is a linearly independent set in V(x2+bx+c)q of size deg[(x2+bx+c)q] = deg q+2,
and hence a basis.

3



Hence we have all cases where deg q = n + 1, and all cases where q admits
no roots with deg q = n+2 (hence n is even). Thus, by induction (⇤⇤) holds
generally. ⇤

Written by Nico Spronk, for use by students of Math 148 at
University of Waterloo.
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An error estimate for trapezoidal sums

Theorem. Let f : [a, b] ! R stisfy that

• f is twice di↵erentiable on [a, b], and

• K = supx2[a,b] |f 00
(x)| < 1.

Then, for any parititon P = {a = x0 < x1 < · · · < xn = b} we have that the
trapezoid sums satisfy

����T (f, P )�
Z b

a

f

���� 
K

12

nX

j=1

(xj � xj�1)
3.

Remark. Notice that the error estimate is dominated by
K
12n`(P )

3
where

`(P ) = maxj=1,...,n(xj � xj�1). Hence we expect this to be small if `(P ) is

small.

Proof. (I) (Big trapezoid estimate.) Let us first suppose that P = {a < b}
is a most trivial partition and we wish to consider the di↵erence

T (f, P )�
Z b

a

f =
[f(a) + f(b)](b� a)

2
�
Z b

a

f.

We let the accumlated di↵erence between a and a+ x:

g : [0, b� a] ! R, g(x) =
[f(a) + f(a+ x)]x

2
�
Z a+x

a

f.

Let us consider derivatives, using product rule, chain rule and F.T. of C. I:

g0(x) =
f 0
(a+ x)x

2
+

f(a) + f(a+ x)

2
� f(a+ x)

=
f(a)

2
+

f 0
(a+ x)x

2
� f(a+ x)

2

g00(x) =
f 00

(a+ x)x

2
+

f 0
(a+ x)

2
� f 0

(a+ x)

2
=

f 00
(a+ x)x

2
.

Notice that

g(0) = 0 and g0(0) = 0.

1



Since x � 0 and a+ x 2 [a, b] our assumptions on f 00
provide that

|g00(x)| = |f 00
(a+ x)|
2

x <
K

2
x ) �K

2
x  g00(x)  K

2
x.

We thus haveZ x

0


�K

2
u

�
du 

Z x

0

g00(u) du 
Z x

0

K

2
u du (order properties)

=) �K

4
x2  g0(x)� g0(0) = g0(x)  K

4
x2

(F.T. of C. II)

We apply exactly the same reasoning (order properties, then F.T. of C. II)

to the last estimate to see that

�K

12
x3  g(x)  K

12
x3.

We then substitute x = b� a to get

�K

12
(b� a)3  g(b� a) =

[f(a) + f(b)](b� a)

2
�
Z b

a

f  K

12
(b� a)3

which is the same as saying that

����
[f(a) + f(b)](b� a)

2
�
Z b

a

f

���� 
K

12
(b� a)3. (~)

(II) Now let us refine this vulgar big trapezoid estimate into smaller trape-

zoids. For P = {a = x0 < x1 < · · · < xn = b}, as given, we apply (~) to

each interval [xj�1, xj]:

����T (f, P )�
Z b

a

f

���� =

�����

nX

j=1

f(xj�1) + f(xj)

2
(xj � xj�1)�

Z b

a

f

�����

=

�����

nX

j=1

f(xj�1) + f(xj)

2
(xj � xj�1)�

nX

j=1

Z xj

xj�1

f

�����

✓
additivity

over intervals

◆


nX

j=1

�����
[f(xj�1) + f(xj)](xj � xj�1)

2
�
Z xj

xj�1

f

����� (triangle ineq.)


nX

j=1

K

12
(xj � xj�1)

3
=

K

12

nX

j=1

(xj � xj�1)
3

by (~) ⇤.
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Example. Let us try to use geometric partitions to estimate log 2 =
R 2

1
dx
x .

We let f(x) = 1
x and Pn = {1 < 2

1
n < 2

2
n < · · · < 2}.

Let us compute the trapezoidal sum:

T (f, Pn) =

nX

j=1

2
� j�1

n + 2
� j

n

2
(2

j
n � 2

j�1
n )

=

nX

j=1

1 + 2
� 1

n

2
(2

1
n � 1) =

n

2
(2

1
n � 2

� 1
n ).

Now we compute the error estimate of the last theorem. We have f 0
(x) = � 1

x2

and f 00
(x) = 2

x3 so

K = sup

x2[1,2]
|f 00

(x)| = 2.

We have error estimate

|T (f, Pn)� log 2|  K

12

nX

j=1

(2
j
n � 2

j�1
n )

3

=
1

6

nX

j=1

2
3 j�1

n (2
1
n � 1)

3
=

(2
1
n � 1)

3

6

nX

j=1

2
3
n (j�1)

=
(2

1
n � 1)

3

6
· 2

3 � 1

2
3
n � 1

=
7(2

1
n � 1)

3

6(8
1
n � 1)

Hence we have

���
n

2
(2

1
n � 2

� 1
n )� log 2

��� 
7(2

1
n � 1)

3

6(8
1
n � 1)

<
7

6
(2

1
n � 1)

2.

Notice that

7

6
(2

1
n � 1)

2 < 10
�6 , 2 <

 p
7/6

103
+ 1

!n

.

Let us estimate by first noticing that 1 <
p
7/6 so it su�ces to find n for

which 2 < (
1001
1000)

n
= (1.001)n. A bit of a computational experimentation

shows that

n = 695

3



su�ces. [We really do not wish to compute log2 of anything, since this is the

same computational complexity as computing log 2, and defeats the purpose

of devising numerical error estimates.]

Remark. If we look at the proof of the Theorem we can refine the estimate

to

����T (f, P )�
Z b

a

f

���� 
1

12

nX

j=1

Kj(xj�xj�1)
3

where each Kj = sup

x2[xj�1,xj ]
|f 00

(x)|.

This has the disadvantage of often making the estimates more computation-

ally complex, and improves only when we expect |f 00
(x)| to be unusually large

on a few small subintervals of [a, b].

Remark. If, in the theorem above, we only assume that f is di↵erentiable

with

L = max
x2[a,b]

|f 0
(x)| < 1

[but not necessarily twice di↵erentiable], we gain a much weaker estimate.

Indeed consider the following di↵erence of a midpoint sum with P = {a < b}:

f

✓
a+ b

2

◆
(b� a)�

Z b

a

f =


f

✓
a+ b

2

◆
� f(c)

�
(b� a)

✓
M./A.V.T. for

Integrals

◆

= f 0
(d)

✓
a+ b

2
� c

◆
(b� a)

✓
M.V.T. for

Derivatives

◆

where c in [a, b] arises from the Mean/Average Value Theorem for Integrals,

and d between c and the midpoint
a+b
2 arises from Mean Value Theorem for

Derivatives, in particular |a+b
2 � c| < 1

2(b� a). Hence we get estimate

����f
✓
a+ b

2

◆
(b� a)�

Z b

a

f

���� 
L

2
(b� a)2.

As in (II) of the proof of the theorem we gain for P = {a = x0 < · · · < xn =

b} midpoint estimate

����Sm(f, P )�
Z b

a

f

���� 
L

2

nX

j=1

(xj � xj�1)
2.

Written by Nico Spronk, for use by students of Math 148 at
University of Waterloo.
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Solving a system of linear equations

I wish to show a notionally convenient way of solving linear equations. I shall
proceed by example.

Consider equations

(1) A + B = 0
(2) 2A � 2B + C = 0
(3) A + B � 2C = 1
(4) �4A + C = �1

Her is the typical strategy for solving:
8
>><

>>:

A + B = 0
2A � 2B + C = 0
A + B � 2C + 1

�4A + C + �1

(3)� (1)
(2)� 2⇥ (1)

�!

8
>><

>>:

A + B = 0
� 4B + C = 0

� 2C = 1
�4A + C = �1

(2)÷ (�4)
(3)÷ (�2)

�!

8
>><

>>:

A + B = 0
B � C/4 = 0

C = �1/2
�4A + C = �1

(2) + (3)÷ 4
then

(1)� (2)
�!

8
>><

>>:

A = 1/8
B = �1/8

C = �1/2
�4A + C = �1

Hence we conclude that

A =
1

8
, B = �1

8
and C = �1

2

The last equation is consistent, as �4 · 18 +(�1
2) = �1, and serves as an error

check. This was exhusting. TURN TO NEXT PAGE.

1



Let us consider, again, the same system of equations:

A + B = 0
2A � 2B + C = 0
A + B � 2C = 1

�4A + C = �1

We consider a matrix (really just an array of numbers) whose, rows reflect
the equations, whose first 3 columns are the coe�cients of the unknowns,
and whose the last column is the values of the equations. The last separated
from the “coe�cient matrix”.

R1

R2

R3

R4

2

664

1 1 0 | 0
2 �2 1 | 0
1 1 �2 | 1
�4 0 1 | �1

3

775

A B C value

The operations on the equations, last page, are now simply row operations
on the matrix, where we treat each row as a vector:

2

664

1 1 0 | 0
2 �2 1 | 0
1 1 �2 | 1
�4 0 1 | �1

3

775

R3 �R1

R2 � 2 ·R1
�!

2

664

1 1 0 | 0
0 �4 1 | 0
0 0 �2 | 1
�4 0 1 | �1

3

775

�1
4R2

�1
2R3
�!

2

664

1 1 0 | 0
0 1 �1

4 | 0
0 0 1 | �1

2
�4 0 1 | �1

3

775

R2 +
1
4R3

then
R1 �R2
�!

2

664

1 0 0 | 1
8

0 1 0 | �1
8

0 0 1 | �1
2

�4 0 1 | �1

3

775

The process in reverse, interprets the last matix as equations

R1 : A =
1

8
, R2 : B = �1

8
and R3 : C = �1

2

where the last equation R3 : �4A+ C = �1 serves as an error check.

Written by Nico Spronk, for use by students of Math 148 at
University of Waterloo.
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Arclength for parameterized curves

We let x, y : [a, b] ! R each be functions. We suppose that

• x0, y0 each exist on [a, b], and define continuous functions there.

Examples: (i) Our main class of examples use polar coordinates:

r : [↵, �] ! [0,1), x(✓) = r(✓) cos ✓, y(✓) = r(✓) sin ✓ for ↵  ✓  �

where we assume that r0 exists and is continuous on [↵, �].

(ii) Hyperbolic coordinates: if a, b > 0, then

x, y : R ! R, x(t) = a cosh t, y(y) = b sinh t

parameterize the right half of the hyperbola
x2

a2
� y2

b2
= 1.

Derivation of arclength formula. We consider

� = {(x(t), y(t)) : a  t  b}.

We partition P = {a = t0 < t1 < · · · < tn = b}, and let for j = 1, . . . , n, Lj

denote the secant line connecting (x(tj�1), y(tj�i)) to (x(tj), y(tj)). Pythagoreas’
Theorem provides that

length(Lj) =
q
[x(tj)� x(tj�1)]2 + [y(tj)� y(tj�1)]2.

If we invoke the M.V.T. from di↵erential calculus, we find cj, c⇤j 2 (tj�1, tj)
for which

x(tj)� x(tj�1) = x0(cj)(tj � tj�1) and y(tj)� y(tj�1) = y0(cj)(tj � tj�1).

and hence
length(Lj) =

q
[x0(cj)]2 + [y0(c⇤j)]

2(tj � tj�1).

Now any reasonable notion of arclength should satisfy

length(�) ⇡
nX

j=1

length(Lj)

=
nX

j=1

q
[x0(cj)]2 + [y0(c⇤j)]

2(tj � tj�1) (⇤)

1



The looks almost like a Riemann sum S(
p
(x0)2 + (y0)2, P ) except that we

do not know if cj = c⇤j .

Uniform continuity comes to the rescue. We let F (s, t) =
p
[x0(s)]2 + [y0(t)]2.

Theorem. Given " > 0, there is � > 0 such that

|F (s, t)� F (s, s)| < " whenever |s� t| < � for s, t 2 [a, b].

Proof. We suppose not. Then we can find an " > 0 which allows for each
n in N us to find sn and tn in [a, b] so

|F (sn, tn)� F (sn, sn)| � " while |sn � tn| <
1

n
. (†)

However, Bolzano-Weierstrauss provides us with a subsequence (snk
)1k=1 for

which s0 = limk!1 snk
exists. Then

|tnk
� s0|  |tnk

� snk
|+ |snk

� s0| <
1

nk
+ |snk

� s0|

and the Squeeze Principle implies that limk!1 tnk
= s0 too. But, since x0, y0

are assumed to be continuous functions of t we have

lim
k!1

F (snk
, tnk

) = lim
k!1

q
[x0(snk

)]2 + [y0(tnk
)]2

=
p

[x0(s0)]2 + [y0(s0)]2 = F (s0, s0)

while (†) tells us that |F (snk
, tnk

) � F (s0, s0)| � ". This contradiction tells
us that this result, as stated, must hold. ⇤
With the last theorem in hand, given " > 0, let us choose � > 0 so

|F (s, t)� F (s, s)| < "

b� a
whenever |s� t| < � for s, t 2 [a, b].

We now assume that `(P ) < �, and we compare the formula (⇤) above to the
Riemann sum

S(
p

(x0)2 + (y0)2, P ) =
nX

j=1

q
[x0(cj)]2 + [y0(cj)]2(tj � tj�1).

2



We use the triangle inequlity to get
�����

nX

j=1

q
[x0(cj)]2 + [y0(c⇤j)]

2(tj � tj�1)� S(
p
(x0)2 + (y0)2, P )

�����


nX

j=1

����
q

[x0(cj)]2 + [y0(c⇤j)]
2 �

q
[x0(cj)]2 + [y0(cj)]2

���� (tj � tj�1)

=
nX

j=1

|F (cj, c
⇤
j)� F (cj, cj)|(tj � tj�1)


nX

j=1

"

b� a
(tj � tj�1) = "

We combine the estimate at (⇤) with the estimate above to see that

length(�) ⇡ S(
p

(x0)2 + (y0)2, P ), provided that `(P ) is small.

Thus, taking `(P ) ! 0 we define

length(�) =

Z b

a

p
[x0(t)]2 + [y0(t)]2 dt.

Written by Nico Spronk, for use by students of Math 148 at
University of Waterloo.

3
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A di↵erentiable integral function without continuous derivative:
an application of Alternating Series Test

Let

F (x) =

Z x

0

sin

✓
1

t

◆
dt.

Question. Is F di↵erentiabe at 0?

Remark. If x 6= 0, then F.T.ofC. I tells us that F
0
(x) = sin

�
1
x

�
.

Answer. We notice that F (0) = 0 and

F (�x) =

Z �x

0

sin

✓
1

t

◆
dt =

Z x

0

sin

✓
1

�u

◆
d(�u) =

Z x

0

sin

✓
1

u

◆
du = F (x).

Thus F is even. Hence we will asses F
0
(0) by

lim
x!0

F (x)� F (0)

x� 0
= lim

x!0

F (x)

x
and it su�ces the learn lim

x!0+

F (x)

x
.

To this end we fix x > 0, for now, and consider

F (x) =

Z x

0

sin

✓
1

t

◆
dt = lim

u!0+

Z x

u

sin

✓
1

t

◆
dt

= lim
n!1

Z x

1
n⇡

sin

✓
1

t

◆
dt

= lim
n!1

nX

k=kx

Z 1
k⇡

1
(k+1)⇡

sin

✓
1

t

◆
dt+

Z x

1
k⇡

sin

✓
1

t

◆
dt

=

1X

k=kx

Z 1
k⇡

1
(k+1)⇡

sin

✓
1

t

◆
dt+

Z x

1
kx⇡

sin

✓
1

t

◆
dt

where
1

kx⇡
 x <

1
(kx�1)⇡ , so

1
⇡x  kx and kx � 1 <

1
⇡x , which means that

kx =

⇠
1

⇡x

⇡
 1

⇡x
+ 1 (⇤)

Now we let

ak =

Z 1
k⇡

1
(k+1)⇡

����sin
✓
1

t

◆���� dt > 0

so

F (x) =

1X

k=kx

(�1)
k
ak +

Z x

1
kx⇡

sin

✓
1

t

◆
dt. (†)

1



We implicitly define

1

u
+ ⇡ =

1

t
so t =

u

1 + ⇡u
and dt =

du

(1 + ⇡u)2

so the transfomation t 7! u takes [
1

(k+2)⇡ ,
1

(k+1)⇡ ] to [
1

(k+1)⇡ ,
1
k⇡ ] and we have

ak+1 =

Z 1
(k+1)⇡

1
(k+2)⇡

����sin
✓
1

t

◆���� dt =
Z 1

k⇡

1
(k+1)⇡

����sin
✓
1

u
+ ⇡

◆����
du

(1 + ⇡u)2


Z 1
k⇡

1
(k+1)⇡

����sin
✓
1

u

◆���� du = ak.

We may now use the error estimate from Leibnitz’s Alternating Series Test (L.A.S.T.):

�����

1X

k=kx

(�1)
k
ak

�����  akx =

Z 1
kx⇡

1
(kx+1)⇡

����sin
✓
1

t

◆���� dt (~)

We then use (†) then (⇤) as follows:

|F (x)| 
Z 1

kx⇡

1
(kx+1)⇡

����sin
✓
1

t

◆���� dt+
Z x

1
kx⇡

����sin
✓
1

t

◆���� dt

=

Z x

1
(kx+1)⇡

����sin
✓
1

t

◆���� dt 
Z x

1
(kx+1)⇡

1 dt

= x� 1

(kx + 1)⇡
=

(kx + 1)⇡x� 1

(kx + 1)⇡

 2x

(kx + 1)⇡

Now since limx!0+ kx = limx!0+
⌃

1
⇡x

⌥
= 1 we have

0 
����
F (x)

x

���� 
2

(kx + 1)⇡

x!0+�! 0

which leads to

lim
x!0+

F (x)

x
= 0 hence F

0
(0) = 0.

Recalling that F is even, we realize limit from the left is su�cient.

Bonus Problem. Let H(x) =

Z x

0

����sin
✓
1

t

◆���� dt. Is H di↵erentiable at 0?

We remark that the critical estimate at (~) will not be available for this example.

2
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Cauchy product, revisted

Proposition.. Let
1X

k=0

ak,
1X

k=0

bk

each be absolutely converging series. Then

1X

k=0

ak ·
1X

k=0

bk =
1X

k=0

ck where ck =
kX

j=0

ajbj�k.

Proof. We let A =

1X

k=1

|ak| and B =

1X

k=1

|bk| so

�����

1X

k=0

ak

�����  A and

�����

1X

k=0

bk

�����  B.

Let us apply the Cauchy Criterion. Given " > 0 et use find N in N for which

nX

k=m

|ak| <
"

4B
and

nX

k=m

|bk| <
"

4A
whenever n > m � N.

Notice that for m � N we also have

�����

1X

k=0

ak �
mX

k=1

ak

����� = lim
n!1

�����

nX

k=0

ak �
mX

k=1

ak

�����  lim
n!1

nX

k=m+1

|ak| 
"

4B

and, likewise �����

1X

k=0

bk �
mX

k=0

bk

����� 
"

4A
.

Hence given n � 2N + 1 so
n
2 � N +

1
2 , we have that

�����

nX

k=0

ak ·
nX

`=0

b` �
nX

k=0

 
kX

j=0

ajbj�k

!����� =

�������

X

k,`=1,...,n
k+l>n

akb`

�������


X

k,`=1,...,n
k+l>n

|ak||b`|


nX

k=1

|ak|
nX

`=bn
2 c

|b`|+
nX

k=bn
2 c

|ak|
nX

k=1

|b`|

< A
"

4A
+

"

4B
B =

"

2

1



Thus for n � 2N + 1 we have

�����

1X

k=0

ak ·
1X

k=0

bk �
nX

k=0

ck

����� 

�����

1X

k=0

ak ·
1X

k=0

bk �
nX

k=0

ak ·
nX

k=0

bk

�����+

�����

nX

k=0

ak ·
nX

k=0

bk �
nX

k=0

ck

�����

<

�����

1X

k=0

ak ·
1X

k=0

bk �
1X

k=0

ak ·
nX

k=0

bk

�����+

�����

1X

k=0

ak ·
nX

k=0

bk �
nX

k=0

ak ·
nX

k=0

bk

�����+
"

2

 A

�����

1X

k=0

bk �
nX

k=0

bk

�����+

�����

1X

k=0

ak �
nX

k=0

ak

�����

nX

k=0

|bk|+
"

2

 A
"

4A
+

"

4B
B +

"

2
= ".

Hence we have shown the desired result. ⇤
Remark. Notice that

1X

k=0

|ak| ·
1X

k=0

|bk| =
1X

k=0

 
kX

j=0

|aj||bj�k|
!

where

|ck| =

�����

kX

j=0

ajbj�k

����� 
kX

j=0

|aj||bj�k|

so the Comparison Test shows that

1X

k=0

ck is absolutely convergent.

2
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Lecture notes for March 23.

Intergal Test – revisted.

The integral test can help resolve some of the most subtle series.

Example. Does
1X

k=2

1

(log k)log k
converge?

Now let f : [2,1) ! R be given by f(t) = 1
(log t)log t = e� log t log(log t)

. Notice that

f 0
(t) = e� log t log(log t)


� log(log t)

t
� 1

t

�
< 0 ) f is decreasing.

Hence we have satisfied hypotheses of, and may use, the Integral Test:

1X

k=2

1

(log k)log k
converges ,

Z 1

2

e� log t log(log t) dt converges.

Like the series, this daunting improper integral does not seem to yield to any obvious com-

parison. Hence let us use change of variables u = log t so eu = t and hence eu du = dt, and
for x > 2 we have

Z x

2

e� log t log(log t) dt =

Z log x

log 2

e�u log ueu du =

Z log x

log 2

eu

uu
du

x!1�!
Z 1

log 2

eu

uu
du.

[Keep in mind, that this limit is either finite non-negative or 1.] It may be possible to find a

nice comparison with g : [log 2,1) = [log 2, 1] [ [1,1) ! R. given by g(u) = eu

uu = eu�u log u
,

to see that the limit is finite. [Any suggestions?] However, let us notice that

g0(u) = eu�u log u
[1�(log u�1)] = �eu�u log u

log u < 0, for u > 1 ) g is decreasing on [1,1).

Hence we may again use the Integral Test:

Z 1

1

eu

uu
du converges ,

1X

k=1

⇣ e
k

⌘k

converges.

Let us try the Ratio Test on the series:

�
e

k+1

�k+1

�
e
k

�k =
ekk

(k + 1)k(k + 1)
=

e
�
1 +

1
k

�k
(k + 1)

k!1�! 0 < 1

since limk!1
�
1 +

1
k

�k
= e. Hence

P1
k=1

�
e
k

�k
converges, and we can deduce that

P1
k=2

1
(log k)log k

converges.

1

.



[Notice, as well, for k � 3 we have comparison
�
e
k

�k 
�
e
3

�k
, and hence it follows from the

Comparison Test against geometric series, that
P1

k=1

�
e
k

�k
converges. There is a lesson, here:

eu

uu 
�
e
3

�u
= e�(log 3�1)u

for u � 3, and the Intergal Comparison Test would have su�ced,

earlier. This answers the question posed earlier.]

Question. Will Raabe’s test work on

1X

k=2

1

(log k)log k
? [Check that the Ratio Test in incon-

clusive.]

Take-away point. The Integral Test is useful, and works in both directions.

Convergence of functions.

Goal. We wish to show statements like

ex =

1X

k=0

xk

k!
or sin x =

1X

k=0

(�1)
k

(2k + 1)!
x2k+1

which, as we know, must mean that

ex = lim
n!1

nX

k=0

xk

k!
or sin x = lim

n!1

nX

k=0

(�1)
k

(2k + 1)!
x2k+1.

More generally we wish to consider

f(x) =
1X

k=0

fk(x) = lim
n!1

nX

k=0

fk(x).

Indeed, in the first case above fk(x) =
xk

k! , and in the second, fk(x) =
(�1)k

(2k+1)!x
2k+1

.

We can abstract this idea a bit further. We let sn(x) =
Pn

k=0 fk(x), and then we are really

interested in statements like

f(x) = lim
n!1

sn(x).

This may seem belaboured, but we shall see that notions of convergence vary widely for

functions.

Definition. (Pointwise convergence.) Let f1, f2, . . . and f be functions on an interval I.
We say that

lim
n!1

fn = f pointwise on I, if lim
n!1

fn(x) = f(x) for each x in I.

This is clearly the minimum we would expect. It is worth investigating its properties by way

of examples.

2



Examples. (i) (Instability of di↵erentiability/continuity.) Let g : [�⇡, ⇡] ! R be given by

g(x) =

8
><

>:

0 if x  �⇡
2

1
2 [sin x+ 1] if � ⇡

2 < x  ⇡
2

1 if
⇡
2 < x

.

Notice that

g0(x) =

8
><

>:

0 if x  �⇡
2

1
2 cos x if � ⇡

2 < x  ⇡
2

0 if
⇡
2 < x

and hence g0 exists everywhere (±⇡
2 must be checked manually) and is continuous.

We then let fn(x) = [g(x)]n, i.e. fn = gn. Then each fn is di↵erentiable with continuous

derivative, thanks to the Chain Rule. However, since 0  g(x) < 1 for x < ⇡
2 we see that

lim
n!1

fn(x) = lim
n!1

[g(x)]n =

(
0 if x < ⇡

2

1 if
⇡
2  x.

Hence a pointwise limit of di↵erentiable/continuous functions need not be continuous.

[Play with this yourself. Go to https://www.desmos.com/calculator (internet search

“desmos”). Type in

y = 0

n
x < �⇡

2

o
(syntax: y = 0{x < �pi/2}), then hit+

y =
1

2
(sin x+ 1)

100
n
�⇡

2
< x <

⇡

2

o
, then hit+

y = 1

n
x >

⇡

2

o

Play with the exponent 100 to get a feel for how this converges.]

(ii) (Instability of integrals.) Let fn : [0, 2] ! R be given by

fn(x) =

8
><

>:

n2x if 0  x < 1
n

�n2
�
x� 1

n

�
+ n = 2n� n2x if

1
n  x < 2

n

0 if
2
n  x  2

[As above, it may instructive to see how desmos depicts this with n = 1, then n = 3, etc.]

We compute that

Z 2

0

fn(x) dx = n2

Z 1
n

0

x dx+ n

Z 2
n

1
n

(2� nx) dx = 1.

3



However, since f(0) = 0, and for x > 0 we have fn(x) = 0 whenever
2
n  x, i.e.

⌃
2
x

⌥
 n, we

see that

lim
n!1

fn(x) = 0.

In particular notice that

lim
n!1

Z 2

0

fn(x) dx = 1 6= 0 =

Z 2

0

h
lim
n!1

fn(x)
i
dx.

Hence integrals of pointwise limits need not limits of integrals.

(iii) (Limits need not even be integrable.) We can enumerate Q\ [0, 1]. Indeed consider the

following labelling of these elements

0 1 1/2 1/4 3/4 . . .
1/3 2/3 1/6 5/6 1/12 . . .
1/5 2/5 3/5 4/5 1/10 . . .
1/7 2/7 . . . . . . . . . . . .

=

q1 q3 q6 q10 . . . . . .
q2 q5 q9 . . . . . . . . .
q4 q8 . . . . . . . . . . . .
q7 . . . . . . . . . . . . . . .

[For example, 1/15 is 4 places along the 3rd row; 1/14, 1/21 and 1/35 are some ways along

the 4th row.]

We let for any set E ⇢ [0, 1], �E(x) =

(
1 if x 2 E

0 if x 62 E.

Let fn = �{q1,...,qn} : [0, 1] ! R. Notice that each fn is piecewise continuous, hence integrable,

with
R 1

0 fn = 0. However, limn!1 fn(x) = �Q(x), and is not integrable!

Take-away point. Pointwise convergence is highly unstable. Next lecture we shall introduce
uniform convergence, which is much better.

4
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Lecture notes for March 25.

Uniform Convergence – three theorems.

LAST TIME:

Definition. (Pointwise convergence.) Let f1, f2, . . . and f be functions on an interval I.
We say that

lim
n!1

fn = f pointwise on I, if lim
n!1

fn(x) = f(x) for each x in I.

This disappointing notion of convergence does not respect continuity (hence not di↵erentia-
bility), nor integrals.

The following is more subtle, but more robust.

Definition. (Uniform convergence.) Let f1, f2, . . . and f be functions on an interval I. We
say that

lim
n!1

fn = f uniformly on I

if, given " > 0, there is N in N for which

|fn(x)� f(x)| < " for every x in I, whenever n � N.

This may be restated as follows. Given " > 0, there is N in N for which

f(x)� " < fn(x) < f(x) + " for every x in I, whenever n � N.

Hence for n � N , we have

{(x, fn(x)) : x 2 I} ⇢ {(x, y) : f(x)� " < y < f(x) + " : x 2 I}

in other words the graph y = fn(x) sits inside a certain “"-bubble” about the graph y = f(x),
whenever n � N .

[Play some more with desmos, which is mentioned last lecture. Depict

y = x2

y = x2 � 1

10

y = x2 +
1

10
.

1



Even with this rather large " = 1
10 , you will have to enlarge to see the "-bubble about the

graph y = x2. Change x2 to sin x, to get a new perspective.]

Exercise: Consider the three examples of sequences of functions from last lecture. Observe
how none of them converge uniformly. (For two of these sequences, this will be evident form
the two theorems below.)

The next two theorems show how uniform continuity is very stable.

Theorem. (Uniform convergence and integrals.) Let f1, f2, . . . and f be functions on [a, b],
such that

• each of f, f1, f2, . . . are integrable on [a, b], and

• lim
n!1

fn = f uniformly on [a, b].

Then

lim
n!1

Z b

a

fn =

Z b

a

f.

Proof. We use uniform convergence: given " > 0 there N be so

|fn(x)� f(x)| < "

b� a+ 1
for every x in [a, b], whenever n � N.

Thus, if n � N , we use linearity and order properties of integrals to see that

����
Z b

a

fn �
Z b

a

f

���� =
����
Z b

a

(fn � f)

���� 
Z b

a

|fn � f | 
Z b

a

"

b� a+ 1
< "

which shows that limn!1
R b

a fn =
R b

a f . ⇤
Remark. Above, we assume integrability of f . In the next result we make no extra as-
sumptions about f .
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Theorem. (Uniform convergence and continuity.) Let f1, f2, . . . and f be functions on an
interval I, such that

• each of f1, f2, . . . is continuous on I, and

• lim
n!1

fn = f uniformly on I.

Then
f is continuous on I.

Proof. We will leverage continuity of certain elements fn into learning the same for f .
Intuition: ”if there is a continuous function g whose graph lies in the “"-bubble” about that
of f , then g’s continuity can be leveraged to get near continuity of f . If for each " I can find
such g, f will be continuous.

Fix x0 in I and " > 0. Then uniform convergence provides N in N for which

|fn(x)� f(x)| < "

3
for every x in I, whenever n � N.

Next we let � > 0 satisfy the definition of continuity of fN at x0:

|fN(x)� fN(x0)| <
"

3
whenever x 2 I, |x� x0| < �.

Now we can put this together. Let x 2 I with |x� x0| < �. Then

|f(x)� f(x0)|  |f(x)� fN(x)|+ |fN(x)� fN(x0)|+ |fN(x0)� f(x0)|

<
"

3
+

"

3
+

"

3
= ".

This shows that f is continuous at x0. This being true for any x0 in [a, b], we see that f is
continuous on [a, b]. ⇤

Remark/Exercise. Remind yourself of the definition of uniform continuity. Show that if
each fn, above, is uniformly continuous, then so too is f . (Interestingly, this proof is mildly
simpler than the one above.) Recall that uniform continuity is automatic if I = [a, b], but
not if I is not closed and bounded.

3



The next result returns us to series.

Theorem. (Weierstrass M-Test.) Let f1, f2, . . . be functions on an interval I, such that

there are M1,M2, . . . such that each sup
x2I

|fk(x)|  Mk and M =
1X

k=1

Mk converges.

Then there is a function f : I ! R such that
1X

k=1

fk = lim
n!1

nX

k=1

fk = f uniformly on I.

In particular, if each fk is continuous, then so too is f .

Proof. For each x in I, |fk(x)|  Mk so
P1

k=1 fk(x) converges absolutey, thanks to the
Comparison Test. Hence we define defines f(x) =

P1
k=1 fk(x) for x in I.

Given " > 0 there is N in N such that for m � N we have

" >

�����M �
mX

k=1

Mk

����� =

�����

1X

k=m+1

Mk

����� =
1X

k=m+1

Mk.

Hence n � N we have for any x in I that
�����f(x)�

mX

k=1

fk(x)

����� =

�����

1X

k=m+1

fk(x)

����� =

����� limn!1

nX

k=m+1

fk(x)

�����

 lim
n!1

nX

k=m+1

|fk(x)|  lim
n!1

nX

k=m+1

Mk

=
1X

k=m+1

Mk < ".

Notice that the above estimate is for every x in I, and hence we get f = limm!1
Pm

k=1 fk =P1
k=1 fk uniformly on I.

If each fk is continuous, then each
Pm

k=1 fk is continuous, and the Theorem on Uniform
convergence and continuity show that f must be, too. ⇤

Summary.

Uniform convergence and integrals: on finite length intervals, the integral of the limit
is the limit of integrals.

Uniform convergence and continuity: uniform limits of continuous functions are con-
tinuous.

Weierstrass M-Test: if the bounds of a sequence of functions are summable (i.e. have
converging series) then the series converges uniformly.

4
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Lecture notes for March 27.

Power series and Taylor series.

LAST TIME:

Uniform convergence and continuity: uniform limits of continuous functions are con-
tinuous.

Weierstrass M-Test: if the bounds of a sequence of functions are summable (i.e. have
converging series) then the series converges uniformly.

Definition. A power series about a in R is any function defined in a neighbourhood of a of
the form

f(x) =
1X

k=0

ak(x� a)k (~)

where (ak)1k=0 ⇢ R. This being a series, the determination of when it converges is an issue.
This is where the Root Test really comes into its own. This series converges whenever

lim sup
k!1

k
p

|ak| · |x� a| = lim sup
k!1

k
p
|ak(x� a)k| < 1

and diverges whenever the above lim sup is greater than 1. Hence this motivates us to define
the important radius of convergence:

R =
1

lim supk!1
k
p
|ak|

whose value we shall take as 1 if lim supk!1
k
p
|ak| = 0, and as 0 if lim supk!1

k
p

|ak| = 1.
We thus learn the following.

Crucial Fact. Give a power series f(x) as in (~) with radius of convergence R, we have
that

f(x) =
1X

k=0

ak(x� a)k
(
converges if |x� a| < R

diverges if |x� a| > R
.

The behavior at x� a = ±R can vary widely, as we shall see in examples (quite possibly on
A6).

1



Role of Ratio Test. We saw in A5, Q2, that

if r = lim
k!1

|ak+1|
|ak|

exists, then r = lim
k!1

k
p
|ak|.

Hence we conclude that the radius of convergence satisfies

R = lim
k!1

|ak|
|ak+1|

, if the limit exists.

This holds even if the limit is 1.

Examples. (i) We consider power series about 0:

f(x) =
1X

k=1

xk

kp

where p > 0. Then

lim
k!1

1
kp

1
(k+1)p

= lim
k!1

(k + 1)p

kp
= 1.

Hence we have radius of convergence p = 1.

(ii) We consider power series about 2:

f(x) =
1X

k=0

k!(x� 2)k.

Here we have

lim
k!1

k!

(k + 1)!
= lim

k!1

1

k + 1
= 0.

This series clearly converges when |x� 2| = 0, i.e. x = 2. If |x� 2| > 0, i.e. x 6= 2, then this
series diverges. Hence this is a degenerate case: it is not defined on a neighbourhood of 2,
but only at 2 itself.

(iii) We consider power series about 0:

f(x) =
1X

k=1

xk

2k

We could apply either Root or Ratio Tests to see that R = 2, in this case. Or, we may
observe this as the geometric series

f(x) =
1X

k=1

⇣x
2

⌘k
=

1

1� x
2

=
2

2� x
if |x| < 2.

Of course, if |x| � 2, this series diverges.

2



Exercise. Suppose f(x) =
P1

k=0 ak(x�a)k has radius of convergenceR1, g(x) =
P1

k=0 ak(x�
a)k has radius of convergence R2. Show that each of

f(x) + g(x) =
1X

k=0

(ak + bk)(x� a)k, f(x)g(x) =
1X

k=0

 
kX

j=0

ajbk�j

!
(x� a)k

holds whenever |x � a| < min{R1, R2}; hence these series have radius of convergence R �
min{R1, R2}.

Theorem. (Convergence of power series.) Let f(x) =
P1

k=0 ak(x � a)k be a power series
with radius of convergence R > 0. Then for any 0 < r < R we have that

f(x) = lim
n!1

nX

k=0

ak(x� a)k uniformly on [a� r, a+ r].

In particular, f is continuous on (a�R, a+R) (which is all of R if R = 1).

Proof. The heart of this proof is the Weierstrass M-Test. However, we must do a bit of
development, first.

Since r < R we exploit the method by which we devised R, rather than its actual definition,
to get that

L = lim sup
k!1

k
p

|ak| · r = lim sup
k!1

k
p
|ak| · |a� (a± r)| < 1.

Hence there is s < 1 for which

L = lim sup
k!1

k
p
|ak| · r < s.

Using the definition of lim sup we see that there N in N such that

sup
k�n

k
p

|ak| · r < L+ (s� L) = s whenever n � N

and hence
k � N ) k

p
|ak| · r < s ) |ak|rk < sk.

Now we are in good shape. Let fk(x) = ak(x� a)k, so the last line tells us that

|fk(x)| = |ak(x� a)k|  |ak|rk < sk for |x� a|  r and k � N

where 0 < s < 1. Let

Mk =

(
|ak|rk if k = 0, 1, . . . , N � 1

sk if k � N
.

Then the Comparison Test tells us that
P1

k=0 Mk converges. Hence the Weierstrass M-Test
tells us that f =

P1
k=0 fk converges uniformly on [a� r, a + r]. Continuity on [a� r, a + r]

follows from Uniform convergence and continuity. Notice that if x 2 (a � R, a + R), then
x 2 [a� r, a+ r] for any r < min{(a+R)� x, x� (a�R)}. ⇤

3



We now come to some important examples.

Taylor series. Suppose that each derivative f (k) exists in a neighbourhood of a. We define
the Taylor series of f about a by

1X

k=0

f (k)(a)

k!
(x� a)k.

Of course, we wish to make this meaningful.

Proposition. Suppose f as above admits r > 0 for which the remainder term admits
uniform bound

|Rn(x)| =
����
f (n+1)(cx)

(n+ 1)!
(x� a)n+1

����  Mn for |x� a|  r where lim
n!1

Mn = 0.

Then the radius of convergence of the Taylor series satisfies R > r, and

f(x) =
1X

k=0

f (k)(a)

k!
(x� a)k for |x� a|  r.

Proof. We do as we did in A4. We have for x in [a� r, a+ r] that

�����f(x)�
nX

k=0

f (k)(a)

k!
(x� a)k

����� = |Rn(x)|  Mn
n!1! 0

which, by squeeze principle means that

f(x) = lim
n!1

nX

k=0

f (k)(a)

k!
(x� a)k =

1X

k=0

f (k)(a)

k!
(x� a)k

uniformly on [a� r, a+ r]. ⇤
With complex analysis this can be vastly improved. This is a topic for PM332 or PM352.

Summary. Power series functions are defined on an interval determined by radius of con-
vergence. Radius of convergence can be determined via the Root Test, and very often the
Ratio Test.

Taylor polynomials converge to a Taylor series, provided that there is uniform control of
remainders.

4
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Lecture notes for March 30.

Uniform Convergence and derivatives – derivatives of power series.

LAST WEEK:

Uniform convergence and integrals: on finite length intervals, the integral of the limit

is the limit of integrals.

Uniform convergence and continuity: uniform limits of continuous functions are con-

tinuous.

Weierstrass M-Test: if the bounds of a sequence of functions are summable (i.e. have

converging series) then the series converges uniformly.

In other words, uniform convergence behaves nicely with integrals and continuity.

Theorem. (Convergence of power series.) Let f(x) =
P1

k=0 ak(x � a)k be a power series
with radius of convergence R > 0. Then for any 0 < r < R we have that

f(x) = lim
n!1

nX

k=0

ak(x� a)k uniformly on [a� r, a+ r].

In particular, f is continuous on (a�R, a+R) (which is all of R if R = 1).

Question. Does uniform convergence behave nicely with respect to derivatives?

In brief, the answer is no.

Examples. (i) Let fn : R ! R be given by

fn(x) =

8
>><

>>:

�x if x  � 1
2n

1
n �

q
1

2n2 � x2 if � 1
2n < x  1

2n

x if
1
2n < x

.

[As usual, it is nice to sketch this. Do it for n = 3 on desmos (if you do it for any larger n
you will have to enlarge your picture).] We notice that fn is di↵erentiable with

f 0
n(x) =

8
>><

>>:

�1 if x  � 1
2n

xq
1

2n2�x2
if � 1

2n < x < 1
2n

1 if
1
2n  x

where we are forced to reason manually at x = ± 1
2n .

1
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Notice that lim
n!1

fn(x) = |x| uniformly for x in R; in fact |fn(x) � |x|| 
1� 1p

2

n , so a simple

squeeze argument su�ces.

The absolute value function is well-known to not be di↵erentiable at 0, even though each

f 0
n(0) = 0.

(ii) We notice that

��� sin(4
kx)

2k

���  1
2k . Hence the Weierstrauss M-Test shows that

f(x) =
1X

k=1

sin(4
kx)

2k
= lim

n!1

nX

k=1

sin(4
kx)

2k
uniformly

and hence is continuous on R. However, each fn(x) =
Pn

k=1
sin(4kx)

2k admits derivative

f 0
n(x) =

nX

k=1

2
k
cos(4

kx).

These derivatives are unbounded at 0, in fact unbounded at any
`
2m⇡ where ` 2 Z andm 2 N.

Hence we have that

lim
n!1

f 0
n(x) = lim

n!1

nX

k=1

2
k
cos(4

kx) diverges at infinitely many points.

It is thus impossible to write f 0
(x) = limn!1 f 0

n(x) for general x. [It is unliklely that f is

anywhere di↵erentiable ... but that’s another story.]

Hence we are led to expect that we need to know more if di↵erentiability and derivatives are

to be respected by limits.
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Aside. For any (bk)1k=0 ⇢ [0,1), there is a subsequence (bkj)
1
j=1 so

lim sup
k!1

bk = lim
j!1

bkj .

Indeed, we let k1 = 1 and inductively find for j = 1, 2, 3, . . . a kj+1 so

kj+1 > kj and sup
`�kj+1

b` � bkj+1 >

(h
sup`�kj+1 b`

i
� 1

j if sup`�kj+1 b` < 1
j if sup`�kj+1 b` = 1.

[Notice, under sup we have kj + 1, not kj+1.] Then squeeze principle provides that

lim
j!1

bkj = lim
k!1

sup
`�k

b` = lim sup
k!1

bk.

Application: Power series are good. Given the examples above, consider it remarkable

that power series are stable for operations of calculus. Much of it boils down to the following.

Lemma. Let (ak)1k=0 ⇢ R. Then the power series

f(x) =
1X

k=0

ak(x� a)k and g(x) =
1X

k=1

kak(x� a)k�1

admit the same radius of convergence.

Proof. It is premature to deem g as the derivative of f , but we are so close.

We first observe that convergence of a series is not e↵ected by multiplication by a real number

x� a, so

g(x) =
1X

k=1

kak(x� a)k�1
converges , (x� a)g(x) =

1X

k=1

kak(x� a)k converges.

Secondly, we observe that

lim
k!1

k
p
k = lim

k!1
e

log k
k = elimk!1

log k
k = e0 = 1.

We finally have that

lim sup
k!1

k
p

|kak| = lim
j!1

kj
p

kj · kj

q
|akj | = lim

j!1
kj

q
|akj | = lim sup

k!1

k
p

|ak|

where the subsequence is chosen to realize the lim supk!1
k
p
|ak|, as above. ⇤
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Theorem. (Derivatives and integrals of power series.) Let f(x) =
P1

k=0 ak(x � a)k have
radius of convergence R > 0. Then

(i) for x 2 (a�R, a+R),

Z x

a

f(t) dt =
1X

k=0

ak
k + 1

(x� a)k+1, and

(ii) f is di↵erentiable on (a�R, a+R) with f 0
(x) =

1X

k=1

kak(x� a)k�1.

Proof. (i) Since fn(x) =
Pn

k=0 ak(x� a)k, above, converge uniformly on [a, x] (or [x, a]) for
each x in (a�R, a+R), we can use Uniform convergence and integrals to see that

Z x

a

f(t) dt =

Z x

a

lim
n!1

nX

k=0

ak(t� a)k dt = lim
n!1

Z x

a

nX

k=0

ak(t� a)k dt

= lim
n!1

nX

k=0

ak
k + 1

(x� a)k+1
=

1X

k=0

ak
k + 1

(x� a)k+1.

(ii) The fucntions fn above satisfy f 0
n(x) =

Pn
k=1 kak(x� a)k�1

. Let

g(x) =
1X

k=1

kak(x� a)k�1

as in the Lemma, above. Then by Convergence of power series we have that

lim
n!1

f 0
n = g uniformly on [a� r, a+ r] for 0 < r < R.

Since each fn(a) = a0, we apply F.T.ofC. II to each f 0
n, and then Uniform convergence and

integrals to see for x in (a�R, a+R) that

f(x) = lim
n!1

fn(x) = lim
n!1


a0 +

Z x

a

f 0
n(t) dt

�
= a0 +

Z x

a

g(t) dt.

But then, by F.T.ofC. I, we see that

f 0
(x) = g(x) =

1X

k=1

kak(x� a)k�1. ⇤

Corollary. Let f(x) =
P1

k=0 ak(x� a)k be as above. Then

ak =
f (k)

(a)

k!
for each k = 0, 1, 2, . . .

In particular, the power series representation for f is unique on (a�R, a+R).

Proof. A simple induction shows that

f(a) = a0, f
0
(a) = a1, f

00
(a) = 2a2, . . . , f

(k)
(a) = k!ak. ⇤

4



Summary. Uniform convergence does not respect di↵erentiability.

However, power series functions are di↵erentiable, with expected derivatives. They also

admit expected integrals/antiderivatives.
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Math 148, Section 002 (Spronk), Winter 2020

Lecture notes for April 1. (No foolin’ !)

Taylor series. (For real this time!)

LAST WEEK (March 27):

Proposition. Suppose f is in infinitely di↵erentiable in a neighbourhood of a and admits

r > 0 for which the remainder terms admit uniform bounds:

|Rn(x)| =
����
f (n+1)(cx)

(n+ 1)!
(x� a)n+1

����  Mn for |x� a|  r where lim
n!1

Mn = 0.

Then

f(x) =
1X

k=0

f (k)(a)

k!
(x� a)k for |x� a|  r.

Hence the Taylor series has radius of convergence R � r.

Let us see how this plays out in examples.

Examples. (i) ex =
1X

k=0

xk

k!
on R, centred at a = 0.

Indeed, consider any r > 0. Then we have remainder term

0 < Rn(x) =
ecx

(n+ 1)!
xn+1  er

(n+ 1)!
rn+1 if |x|  r.

We note that for n > N > r we have

er

(n+ 1)!
rn+1  er

rN

N !

✓
r

N + 1

◆n+1�N
n!1�! 0.

[Actually, this decays very quickly: the Ratio Test show that
P1

n=1
rn+1

(n+1)! converges, which

implies that limn!1
rn+1

(n+1)! = 0.]

It is now easy to form other power series representations with same radius of convergence
R = 1:

e5x =
1X

k=0

5k

k!
xk, e�x2

=
1X

k=0

(�1)k

k!
x2k, ex�1 =

1X

k=0

1

k!
(x� 1)k.

These are in fact the Taylor series about 0, 0, respectively 1; see the last Corollary of last
lecture.

1



(ii) sin x =
1X

k=0

(�1)k

(2k + 1)!
x2k+1, cos x =

1X

k=0

(�1)k

(2k)!
x2k on R centered at a = 0.

Here we observe, for the cosine case, that for 0 < r we have

|R2n(x)| =
����
cos(2n+1)(cx)

(2n+ 1)!
x2n+1

���� 
r2n+1

(2n+ 1)!
n!1�! 0

with reasoning similar to that above. The case for sine is very similar (see A5).

Notice that if we write

sin x =
1X

k=0

(�1)k

(2k + 1)!
x2k+1 =

1X

`=0

a`x
`

we find that a` = 0 for each even `.

Notice, furthermore, that we can use di↵erentiation of series:

cos x = sin0 x =
d

dx

1X

k=0

(�1)k

(2k + 1)!
x2k+1 =

1X

k=0

(�1)k(2k + 1)

(2k + 1)!
x2k =

1X

k=0

(�1)k

(2k)!
x2k.

(iii) Geometric series:
1

1� x
=

1X

k=0

xk on (�1, 1), centered at a = 0.

Here we did not require Taylor’s Theorem, though it may be manually checked that
�

d
dx

�k 1
1�x =

k!
(1�x)k , and hence evaluates to k! at x = 0. Hence this is the Taylor series (which we should

have known from last Corollary of last lecture).

We can use this to recentre. Let us consider centre a = �1.

1

1� x
=

1

2� (x+ 1)
=

1
2

1� x+1
2

=
1X

k=0

(x+ 1)k

2k+1
.

Notice that this series admit radius of convergence R = 2.

We can use integration an di↵erentiation of series for |x| < 1, e.g.:

� log(1� x) =

Z x

0

dt

1� t
=

Z x

0

1X

k=0

tk dt =
1X

k=0

xk+1

k + 1
=

1X

k=1

xk

k

1

(1� x)2
=

d

dx

1

1� x
=

d

dx

1X

k=0

xk =
1X

k=1

kxk�1 =
1X

k=0

(k + 1)xk

2



Let us take a slightly di↵erent perspective to the result which we quoted at the beginning of
this lecture.

Proposition. (Endpoints.) Suppose the Taylor series of f about a has radius of convergence

0 < R < 1, and on [a, a+R] (and/or on [a�R, a]) we have that

|Rn(x)| =
����
f (n+1)(cx)

(n+ 1)!
(x� a)n+1

����  Mn where lim
n!1

Mn = 0.

Then

on (a�R, a+R] (and/or on [a�R, a+R)).

Moreover, convergence is uniform on [a, a+R] (and/or on [a�R, a]).

Proof. We proceed nearly exactly as in the lecture of March 27 (i.e. as in A4). We have for
x in [a, a+R] (and/or on [a�R, a]) that

�����f(x)�
1X

k=0

f (k)(a)

k!
(x� a)k

�����  Mn
n!1! 0

which, by squeeze principle means that

f(x) = lim
n!1

nX

k=0

f (k)(a)

k!
(x� a)k =

1X

k=0

f (k)(a)

k!
(x� a)k

uniformly on [a, a+R] (and/or on [a�R, a]). ⇤

Example. For f(x) = � log(1�x) =
1X

k=1

xk

k
, above we should revisit the derivative sequence

f 0(x) =
1

1� x
, f 00(x) =

1

(1� x)2
, . . . , f (n)(x) =

(n� 1)!

(1� x)n
.

Thus

0  Rn(x) =
f (n+1)(cx)

(n+ 1)!
xn+1 =

xn+1

(n+ 1)(1� cx)n+1
 1

n+ 1
for � 1  x  0

since 1
(1�cx)n+1  1 as �1  cx  x  0. Notice that this estimate will not work for 0  x  1,

though we have convergence for (�1, 0] by usual power series results. Hence we see that

� log(1� x) =
1X

k=1

xk

k
for x in [�1, 1).
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Newton’s binomial series. We recall the Binomial Theorem: if n 2 N then

(1 + x)n =
nX

k=0

✓
n

k

◆
xk

We will, in principle, generalize this to (1 + x)↵, where ↵ in R.

Let us now let ↵ 2 R and define f↵(x) = (1+ x)↵ for x > �1. Notice that f↵(x) = e↵ log(1+x)

for general ↵, which is why we must restrict the domain. We compute

f 0
↵(x) = ↵(1+x)↵�1, f 00

↵(x) = ↵(↵�1)(1+x)↵�2, . . . , f (k)
↵ (x) = ↵(↵�1) . . . (↵�k+1)(1+x)↵�k.

[Notice that if ↵ 2 N, then this process will eventually terminate in zeros.] We thus get
Taylor polynomial about 0 given by

Pn(x) = 1 +
nX

k=1

↵(↵� 1) . . . (↵� k + 1)

k!
xk.

It will be convenient to define the generalized binomial coe�cients:
✓
↵

0

◆
= 1,

✓
↵

k

◆
=

↵(↵� 1) . . . (↵� k + 1)

k!
for k = 1, 2, . . .

so we may write

Pn(x) =
nX

k=0

✓
↵

k

◆
xk

We now make a simplifying assumption:

0 < ↵ < 1.

Hence for k � 1 we have
✓
↵

k

◆
=

↵(↵� 1) . . . (↵� k + 1)

k!
= (�1)k�1↵(1� ↵) . . . (k � 1� ↵)

k!
= (�1)k�1

����

✓
↵

k

◆���� (�)

We will try the Ratio Test to determine radius of convergence:

���↵
k

���
��� ↵

k+1

��� =
↵(1�↵)...(k�1�↵)

k!
↵(1�↵)...(k�1�↵)(k�↵)

(k+1)!

=
k + 1

k � ↵
k!1�! 1

Hence the power series g(x) =
Pn

k=0

�
↵
k

�
xk has R = 1.

4



On the other hand, if 0 < r < 1, and |x|  r then

|Rn(x)| =

�����
f (n+1)
↵ (cx)

(n+ 1)!
xn+1

����� =
����

✓
↵

n+ 1

◆
(1 + cx)

↵�n�1xn+1

���� =
����

✓
↵

n+ 1

◆���� r
n+1

=
↵(1� ↵) . . . (n� ↵)

(n+ 1)!
rn+1  rn+1 n!1�! 0

and this limit is uniform on [�r, r]. Hence we conclude for 0 < ↵ < 1 that

(1 + x)↵ =
1X

k=0

✓
↵

k

◆
xk for |x| < 1. (|)

Extend to ↵ in R. We use integration and di↵erentiation of series to see for 0 < ↵ < 1,
�1 < x < 1 that

1

↵ + 1
[(1 + x)↵+1 � 1] =

Z x

0

(1 + t)↵ dt =

Z x

0

1X

k=0

✓
↵

k

◆
tk dt =

1X

k=0

1

k + 1

✓
↵

k

◆
xk+1

↵(1 + x)↵�1 =
d

dx
(1 + x)↵ =

d

dx

" 1X

k=0

✓
↵

k

◆
xk

#
=

1X

k=1

k

✓
↵

k

◆
xk�1

The formulas
↵ + 1

k + 1

✓
↵

k

◆
=

✓
↵ + 1

k + 1

◆
,

k

↵

✓
↵

k

◆
=

✓
↵� 1

k � 1

◆

along with elementary manipulations of series show that

(1 + x)↵+1 =
1X

k=0

✓
↵ + 1

k

◆
xk, (1 + x)↵�1 =

1X

k=0

✓
↵� 1

k

◆
xk.

Then, a simple induction shows for any n in N that

(1 + x)↵+n =
1X

k=0

✓
↵ + n

k

◆
xk, (1 + x)↵�n =

1X

k=0

✓
↵� n

k

◆
xk. (1)

(2) For ↵ = �1 we have geometric series 1
1+x =

P1
k=0(�1)kxk, where we notice that (�1)k =��1

k

�
. We can take derivatives of this series, as in (1) above.

(3) For n in N we have the Binomial Theorem. Here
�
n
k

�
= 0 if k � n.

We collect (1), (2) and (3) together to see that (|) holds for any ↵ in R.
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Endpoints x = ±1 for case 0 < ↵. Notice that for ↵ > 0 but ↵ 62 N that

k

"
1�

��� ↵
k+1

���
���↵

k

���

#
= k


1� k � ↵

k + 1

�
= k · 1 + ↵

k + 1
k!1�! 1 + ↵ > 1 (⇤)

Hence by Raabe’s Test,
P1

k=0

�
↵
k

�
is absolutely convergent. Thus, as

���↵
k

�
xk
�� 

���↵
k

��� for x in
[�1, 1], Hence the Weierstrass M-Test tells us that

g(x) =
1X

k=0

✓
↵

k

◆
xk converges uniformly to a continuous function on [�1, 1]

Then (|) tells us that g(x) = (1 + x)↵ for x in (�1, 1). Hence continuity tells us that

2↵ = (1 + 1)↵ = lim
x!1�

(1 + x)↵ = lim
x!1�

g(x) =
1X

k=0

✓
↵

k

◆
and

0 = (1� 1)↵ = lim
x!�1+

(1 + x)↵ = lim
x!�1+

g(x) =
d↵eX

k=0

(�1)k
����

✓
↵

k

◆����+ (�1)d↵e
1X

d↵e+1

����

✓
↵

k

◆����

where we have used to obvious analogue of (�) to gain the last formula. In particular, for
↵ > 0 we have that

(1 + x)↵ =
1X

k=0

✓
↵

k

◆
xk for � 1  x  1. (|+)

Endpoints x = ±1 for case �1 < ↵ < 0. Here the computation (⇤) gives value 1 + ↵
which satisfies 0 < 1 + ↵ < 1. Also, (�) becomes

�
↵
k

�
= (�1)k

���↵
k

��� and hence

1X

k=0

✓
↵

k

◆
=

1X

k=0

(�1)k
����

✓
↵

k

◆����

converges conditionally by Raabe’s Alternating Series Test. Furthermore, we have

|Rn(x)| =
����

✓
↵

n+ 1

◆
xn+1

(1 + cx)↵�n�1

���� 
����

✓
↵

n+ 1

◆���� for 0  x  1.

where limn!1
��� ↵

n+1

��� = 0 (part of Raabe’s Alternating Series Test). Hence by the last
Proposition, on Endpoints, we conclude for �1 < ↵ < 0 that

(1 + x)↵ =
1X

k=0

✓
↵

k

◆
xk for � 1 < x  1. (|�)

Exercise. Show that if ↵  �1, then at neither of the endpoints ±1 does the binomial
series converge.
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Summary. Taylor series must be understood as approximation by Taylor polynomials.
Hence the Taylor Remainder Formula always plays a role.

In many cases, the natural radius of convergence for the Taylor series defines the interval on
which “function = series” (!!). Also, typically, if the series converges at an endpoint, shown
either

– via Taylor’s theorem, or

– by way a Weierstrass M-Test argument, like for the endpoints of binomial series for ↵ > 0,
above.

(!!) Next lecture, I will show an example where this is not true.
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Math 148, Section 002 (Spronk), Winter 2020

Lecture notes for April 3.

Last remarks on power series.

LAST WEEK:

The following is our only way to see that a function can be represented by Taylor series.

Proposition. Suppose f as above admits r > 0 for which the remainder term admits
uniform bound

|Rn(x)| =
����
f (n+1)

(cx)

(n+ 1)!
(x� a)n+1

���� =
����
1

n!

Z x

a

f (n+1)
(t)(x� t)n dt

����  Mn for |x� a|  r

where limn!1 Mn = 0. Then

f(x) =
1X

k=0

f (k)
(a)

k!
(x� a)k for |x� a| < r.

Surprising example. (Just because a Taylor series exists, doesn’t mean that it has mean-

ing.) Define f : R ! R by

f(x) =

(
e�

1
x2 if x 6= 0

0 if x = 0.

Claim 1. For each n in N, there is a polynomial pn with pn(0) = 0 such that

f (n)
(x) = e�

1
x2 pn

✓
1

x

◆
for x 6= 0.

We prove this by induction. First see that

f 0
(x) = e�

1
x2

✓
� 2

x3

◆
= e�

1
x2

"
�2

✓
1

x

◆3
#

so p1(t) = �2t3. Suppose the result holds for n. Then

f (n+1)
(x) =

d

dx


e�

1
x2 pn

✓
1

x

◆�
= e�

1
x2


� 2

x3
pn

✓
1

x

◆
� 1

x2
p0n

✓
1

x

◆�
.

Indeed, if p( 1x) = a1
1
x + a2

1
x2 + · · ·+ am

1
xm , then

d
dtp(

1
x) = �a1

1
x2 � 2a2

1
x3 � · · ·�mam

1
xm+1 =

� 1
x2p0(

1
x). Thus pn+1(t) = �2t3pn(t)� t2p0n(t).

1



Claim 2. lim
x!0

e�
1
x2

xn
= 0 for any n in N.

We use L’hopital’s rule many times

lim
x!0

e�
1
x2

xn
= lim

x!0

1
xn

e
1
x2

= lim
x!0

1n
xn+1

e
1
x2

1
x3

= lim
x!0

n
xn�2

e
1
x2

= lim
x!0

n(n�2)
xn�4

e
1
x2

= · · · = lim
x!0

8
<

:

n(n�2)...2

e
1
x2

if n is even

n(n�2)...3·1x

e
1
x2

if n is odd

and the last limit is 0.

Claim 3. f (n)
(0) = 0 for each n in N.

We have

f 0
(0) = lim

x!0

f(x)� f(0)

x� 0
= lim

x!0

e�
1
x2

x
= 0

by Claim 2. We apply induction and Claim 1 to see

f (n+1)
(0) = lim

x!0

e�
1
x2 pn

�
1
x

�

x
= lim

x!0
e�

1
x2
p(x)

x
= 0.

Since
p(x)
x is the sum of terms of the form

a
xn , we can apply Claim 2.

Conclusion. We have that f is infinitely di↵erentiable on R with f (n)
(0) = 0 for each n in

N. Hence we get Taylor series about a = 0 given by
P1

k=0 0x
k
. This admits infinite radius

of convergence. Yet

f(x) =
1X

k=0

0xk
= 0 only for x = 0.

What’s going on?

We have failed to attempt to check the remainders

|Rn(x)| =

�������

e
� 1

c2x pn+1

⇣
1
cx

⌘

n!
xn+1

�������
=

����
1

n!

Z x

0

e�
1
t2 pn+1

✓
1

t

◆
(x� t)n dt

����

Given the Proposition from last week, we must conclude that |Rn(x)| are not nicely bounded

in any neighbourhood of 0.

A related example. f(x) =

(
e
� 1

(x�1)2 if |x| > 1

0 if |x|  1
is infinitely di↵erentiable on all of R.

Clearly f (k)
(0) = 0 for all k in N. But the Taylor series about a = 0 satisfies

f(x) =
1X

k=0

0xk
only for � 1  x  1, even though radius of convergence satisfies R = 1.
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The following is what we hope happens to power series at endpoints.

Abel’s Limit Theorem. Suppose
P1

k=0 ak converges. Then

f(x) =
1X

k=0

akx
k defines a continuous function on (�1, 1].

Proof. The nth Term Test tells us that limn!1 |an| = 0. Thus 0  |ak|  M for some M
and hence it follows that lim supk!1

k
p
|ak|  1. Thus Convergence of Power Series tells

us that f(x) =
P1

k=0 akx
k
converges, and define a continuous function on (�1, 1). Hence it

remains to check that

lim
x!1�

f(x) = lim
x!1�

1X

k=0

akx
k
=

1X

k=0

ak. (⇤)

We begin with a finite sum rearrangement formula, known as Abel summation: for n =

0, 1, 2, . . . , we let Sn =
Pn

k=0 ak and set S�1 = 0, and get

nX

k=0

akx
k
=

nX

k=0

(Sk � Sk�1)x
k
=

nX

k=0

Skxk �
nX

k=0

Sk�1x
k

=

nX

k=0

Skxk �
n�1X

k=0

Skx
k+1

= Snx
n
+ (1� x)

n�1X

k=0

Skx
k

Since we have assumed that

lim
n!1

Sn = lim
n!1

nX

k=0

ak =
1X

k=0

ak := S

we have for |x| < 1 that limn!1 Snxn
= 0. Thus

f(x) =
1X

k=0

akx
k
= lim

n!1

nX

k=0

akx
k
= lim

n!1

"
Snx

n
+ (1� x)

n�1X

k=0

Skx
k

#
= (1� x)

1X

k=0

Skx
k.

Let us put this to good use. Given " > 0 we let

• N in N be so |Sk � S|  "

2
for k � N ; and

• let � =
"

2

hPN
k=1 |Sk � S|

i .

We recall that

(1� x)
1X

k=0

xk
= 1 for � 1 < x < 1.

3



Then for 1� � < x < 1 we have

|f(x)� S| =

�����(1� x)
1X

k=0

Skx
k � (1� x)

1X

k=0

Sxk

�����

= (1� x)

�����

1X

k=0

(Sk � S)xk

�����  (1� x)
1X

k=0

|Sk � S|xk

= (1� x)
NX

k=0

|Sk � S|xk
+ (1� x)

1X

k=N+1

|Sk � S|xk

 (1� x)
NX

k=0

|Sk � S|+ (1� x)
1X

k=N+1

"

2
xk

= (1� x)
NX

k=0

|Sk � S|+ "

2
xN+1 <

"

2
+

"

2
= "

which shows (⇤). ⇤

Corollary. (Endpoints.) Suppose that
1X

k=0

ak(x� a)k has radius of convergence 0 < R < 1

and the series
1X

k=0

ak(�R)
k, respectively

1X

k=0

akR
k, converges. Then

lim
x!(a�R)+

1X

k=0

ak(x� a)k =
1X

k=0

ak(�R)
k, respectively lim

x!(a+R)�

1X

k=0

ak(x� a)k =
1X

k=0

akR
k.

Proof. We shall prove only the left endpoint case. Consider the power series in variable t

1X

k=0

ak(�R)
ktk

which satisfies the hypotheses of Abel’s limit theorem. Thus we have

1X

k=0

ak(�R)
k
= lim

t!1�

1X

k=0

ak(�R)
ktk = lim

t!1�

1X

k=0

ak(�Rt)k = lim
x!(a�R)+

1X

k=0

ak(x� a)k

where the last inequality is facilitated by variable substitution x� a = �Rt. ⇤
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Examples. (i) We have for �1 < x < 1 that

� log(1� x) =

Z x

0

dt

1� t
=

Z x

0

1X

k=1

xk dt =
1X

k=0

xk+1

k + 1
=

1X

k=1

xk

k

with

1X

k=1

(�1)
k

k
convergent, thanks to Leibniz’s alternating series test. Then the Corollary

shows that

� log 2 = � lim
x!�1+

log(1� x) = lim
x!�1+

1X

k=1

xk

k
=

1X

k=1

(�1)
k

k
.

(ii) If ↵ > 0, it was shown last lecture that

(1 + x)↵ =

1X

k=0

✓
↵

k

◆
xk

for � 1 < x < 1.

Also, Raabe’s Test was applied to show that

1X

k=0

✓
↵

k

◆
converges absolutely. Hence

1X

k=0

✓
↵

k

◆
(±1)

k
= lim

x!±1⌥

1X

k=0

✓
↵

k

◆
xk

= lim
x!±1⌥

(1 + x)↵ =

(
2
↵

if ± 1 = 1

0 if ± 1 = �1.

(iii) Like (ii), above, we have for �1 < ↵ < 0 that

1X

k=0

✓
↵

k

◆
is a conditionally convergent

alternating series. Hence the right endpoint x = 1 works, and we see that 2
↵
=

1X

k=0

✓
↵

k

◆
, as

above.

Summary. We absolutely require some knowledge of the Taylor remainder to see that

“function = Taylor series” on an interval ... well, unless we are manipulating one of our

reference series.

Abel’s Limit Theorem is a a way of handling endpoints. However, this is really a means of

last resort, as we have buried much of the analysis into a clever and tricky proof. [At least

we can see why Abel is famous.]
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A Guide to Series Comparison Tests

General Results

nth Term Test. (Weakest test.)
P1

k=1 ak converges ) limn!1 an = 0.

Cauchy Criterion. (Important.)
P1

k=1 ak converges , given " > 0 there is N in N so

|
Pn

k=m ak| < ", whenever N  M < n.

Results on non-negative series.

We assume, for now, that ak � 0 for k = 1, 2, . . .

Monotone Convergence. (Underlying fact.) The sequence (Sn)1n=1, Sn =
Pn

k=1 ak is non

decreasing. Hence
P1

k=1 ak converges , supn2N Sn < 1.

Comparison Test. (Most important.) Suppose bk � 0 for each k and there is N in N so

ak  bk for each k � N.

(i)
P1

k=1 bk converges )
P1

k=1 ak converges; and

(ii)
P1

k=1 ak diverges )
P1

k=1 bk diverges.

Application of Monotone Convergence. Notice that (ii) is the contrapositive of (i).

Limit Comparison Test. (Useful in practice.) Suppose bk > 0 and

lim
k!1

ak
bk

= L exists.

(i) If L > 0 then
P1

k=1 bk converges ,
P1

k=1 ak converges; and

(ii) If L = 0, then
P1

k=1 bk converges )
P1

k=1 ak converges.

Ratio Comparison Test. (Useful in theory.) Suppose ak, bk > 0 and there is N in N so

ak+1

ak
 bk+1

bk
for each k � N

(i)
P1

k=1 bk converges )
P1

k=1 ak converges; and

(ii)
P1

k=1 ak diverges )
P1

k=1 bk diverges.

1



Ratio Test. (Very Important, easy to compute.) Suppose ak > 0 and

lim
k!1

ak+1

ak
= r exists.

(i) r < 1 )
P1

k=1 ak converges; and

(ii) r > 1 )
P1

k=1 ak diverges.

Really is Ratio Comparison Test against geometric series,
P1

k=1 s
k.

Root Test. (Very Important for power series, harder to compute.) Let R = lim sup
k!1

k
p
ak.

(i) R < 1 )
P1

k=1 ak converges; and

(ii) R > 1 )
P1

k=1 ak diverges.

Is Comparison Test against geometric series is one direction, nth Term test in the other.

Integral Test. (Very important.) Suppose that f : [1,1) ! R and there is N in N so that

f is integrable on [1, N ], non-decreasing on [N,1), and f(k) = ak for k � N.

Then

1X

k=1

ak converges ,
Z 1

1

f converges.

This gives important p-series,
P1

k=1
1
kp .

Raabe’s Test. (When ratio test indecisive, and no obvious comparisons in sight.) Suppose

ak > 0 and

p = lim
k!1

k

✓
1� ak+1

ak

◆
exists.

(i) p > 1 )
P1

k=1 ak converges;

(ii) p < 1 )
P1

k=1 ak diverges; and

(iii) p = 1 and supk2N k
���1� k

⇣
1� ak+1

ak

⌘��� < 1 )
P1

k=1 ak diverges.

Really Ratio Comparison Test against p-series. Also succeeds when p = 1.

2



How results are proved:

Monotone Convergence
of sequences

+3 Comparison Test +3

↵◆

%-

TTT
TTT

TTT
TTT

TTT
TTT

TTT
TTT

TTT
TTT

TTT
TTT

Limit Comparison Test

nth Term Test +3 Root Test +3 Ratio Comparison Test

↵◆

px iiii
iiii

iiii
iiii

i

iiii
iiii

iiii
iiii

i

Geometric series +3

08iiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiii
Ratio Test

Integral Test
p-series

+3 Raabe’s Test

An imperfect guide on use of these tests in practice: ak � 0

lim
k!1

ak = 0 no
//

yes

✏✏

nth Term Test

decreasing
f : [M,1) ! R
with f(k) = ak

yes
//

no

✏✏

Integral Test

“Obvious” comparison with
– geometric series
– p-series

no (ak>0)

✏✏

yes
//

nomany
ak=0 XXXXX

XXXXX
XXXXX

XXXXX
XXXX

XXXX
,,

XXXXX
X

Comparison Test/
Limit Comparison
Test

Less obvious
Comparison (⇤⇤)

yes
oo

maybe?

kkWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWW

r = lim
k!1

ak+1

ak
exists no

//

r 6=1

))

SSS
SSS

SSS
SSS

SSS
SSS

S
r=1

✏✏

R = lim sup
k!1

k
p
ak 6= 1 (⇤)

yes

✏✏

no

OO

p = lim
k!1

k

✓
1� ak+1

ak

◆
exists

p=1
✏✏

p 6=1

))

SSS
SSS

SSS
SSS

SSS
SSS

S

no

llllll

lllllllllllll

55lllllllllllllllllllllllll

Ratio Test Root Test

sup
k2N

k

����1� k

✓
1� ak+1

ak

◆���� < 1 yes
//

no

rrrrrrr

rrrrrrrrrrrr

rrrrrrrrrrrrrrrr

99rrrrrrrrrrrrrrrrrr

Raabe’s Test

(⇤) computation likely di�cult; (⇤⇤) possibly really di�cult
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Results on general series.

Absolute Convergence.
1X

k=1

|ak| converges. Can use any test of last section on |ak|.

Cauchy Product.
1X

k=0

ak,
1X

k=0

bk absolutely convergent. Then

1X

k=0

ak ·
1X

k=0

bk =
1X

k=0

 
kX

j=0

ajbk�j

!
.

May fail if absolute convergence assumption dropped.

Leibniz’s Alternating Series Test. If

• ak eventually decreasing, non-negative: ak � ak+1 � 0 when k � N

• lim
k!1

ak = 0

then

1X

k=1

(�1)k+1ak converges.

Raabe’s Alternating Series Test. If ak > 0 and

p = lim
k!1

k

✓
1� ak+1

ak

◆
exists

(i) p > 1 )
P1

k=1(�1)kak converges absolutely;

(ii) 0 < p  1 )
P1

k=1(�1)kak converges (conditionally if p < 0); and

(iii) 0 < p )
P1

k=1(�1)kak diverges.

Case p = 1 occurs sometimes with absolute convergence; case p = 0 must be inspected by
other means.
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