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PARTIAL FRACTIONS REDUCTION OF A RATIONAL
FUNCTION.

Theorem. Let g # 1 be a polynomial with R-coefficients.
(i) We have factorization

qx) =alz —r)™ ... (z —ry)™ (2* + bz +c)™ ... (22 + by +c,)"™"

where a € R\ {0}, r1,...,ry denote the real roots of q with respective
multiplicities mq, ..., my, and by, cq,...,by,cy € R with b? —4c; < 0 for
j=1,...,N

(ii) If p is a polynomial with R-coefficients and

degp < degq
then there is a unique sequence Ai 1, ..., BNmy,Cnmy 0f Teal numbers for
which
ZL‘ M & x4+ C
e G (%)
q(z) ]21; x—rj Zlkzl (22 + bjx + ¢;)F

Remark: Observe that my + -+ +my +2[ny + - + ny| = degq.

You will be unlikely, in practice, to have to use this horrible formula (x)
in settings with degq > 5. Hence consider sample degq = 5 cases, where
notation simplifies (e.g. we drop double subscripts where it shall not lead to
confusion):

ap(x) _ Z A;

(x—r1)...(x—rs)

i) = 4 4 b ere B =
T RNEETA i Dhrhs [here B = Ay

ap(x) A; Bx +C

(x—r1)...(x —r3) (a2 + bz +¢) Z *
ap(x) A Bz + C} Box + Oy

(x—7)(22+br+c)2 x—1 a2+brt+c  (p2+br+c)?




Sketch proof of Theorem. (i) The Fundamental Theorem of Algebra
gives a set of degq C-roots of ¢, including multiplicity. The non-R roots
come in conjugate pairs, and give rise to the polynomials z? + b;x + ¢;, as
suggested.

(ii) Let us consider the RHS (right hand side) of (x), multiplied by aq(z).
What we and up with is a R-linear span of polynomials from the set

q(z) .
F,=<——:7=1.... M k=1,... ;
q {(:E—T])k j ? Y ? ) 7m]}u

{ q(z) zq(x)

(@2 4+ bjx + c.)F (22 + bjx + c.)*

jzl,,N,k:L,n]}

Notice that this set has mq + -« +my; + 2[ng + - - - + ny] = deg g elements.
Furthermore,

degq = dimV,, where V, = {p : p is a polynomial with degp < degq}.

We shall liberally use facts from linear algebra. We will be done once we
establish that
F, is a basis for V. (%)

The method is by (a horrible) induction.

We first establish some base cases. [Understanding these tells us a large
part of why this Theorem is true.]

Case degq = 0. Then ¢(x) = a (constant) and V, = {0}, so there is nothing
to prove.

Case degqg = 1. Then ¢(z) = a(x — r) and V, is the space of constant
(z

polynomials, clearly spanned by af’x—)r) = 1 (constant).

Cases degq = 2. Here V, = {Az + B : A, B € R}. We have

alx —r)(x—re) 1T F£19 = F,={x—r;,x—ro}
q(x) = S a(x —r)? = Fy={z -1}
a(zg + bz + ¢) b —de<0 = F,={1,z}.

In each case above, F} is a basis for V.



Induction steps. [Now the real work begins.] We assume that (*x) holds
for any ¢ with degq < n, and fix such q.

Linear factor. Let r € R. By assumption () we see that

o (z—r)F,={(z—r)f(z): f € F,}isabasis for (z—r)V, = {(z—r)p(x) :
p € V,} (consider why this is a subspace of polynomials),

e if ¢(r) # 0 then ¢ is linearly independent of (z — )V, (think about
this), and

e if g(r) = 0 then r = r; and —4)

(z—r;)™i

is linearly independent of (z —r)Vj,.
Combining the facts, we see that

P A Gl ) if q(r) # 0
T s ol - nE] it =

is a linearly independent set in V{,_,, of size deg[(x — 7)q] = degq + 1, and
hence a basis.

Quadratic factor. Let b,c € R with * — 4¢ < 0. By assumption (**) we see
that

o (2 +br+c)F,={(z>+bx+c)f(x): f € F,}is a basis for (z? + bz +
)y ={(x* + bz +c)p(x) : p € V, },

o if b,c # b;,cj for any 7 = 1,..., M then ¢ and zq are linearly inde-
pendent of each other and of(z? + bx + ¢)V, (think harder about this),
and

e ifb,c = bj, ¢; for some j then 7 +bz_(ﬁcj)nj and 1 +Zf£i)cj)nj are is linearly

independent of each other and of (22 + bz + ¢)V,.

Combining the facts, we see that

r {q’$Q}U[($2+bx+c)Fq] if b, ¢ # b, ¢;
(z2+bz+c)g — x zq(z :
‘ {(x2+bi(x ) ) } U[(a® + ba + &)F,) ifbc=b;,c;

is a linearly independent set in Vg2 4y ¢)q Of size deg[(2?+bx+c)q] = deg ¢+2,
and hence a basis.



Hence we have all cases where degq = n + 1, and all cases where ¢ admits
no roots with degq = n+2 (hence n is even). Thus, by induction (x*) holds
generally. O
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AN ERROR ESTIMATE FOR TRAPEZOIDAL SUMS
Theorem. Let f : [a,b] — R stisfy that

e f is twice differentiable on [a,b], and

o KK = sup,cqu | (@) < oo

Then, for any parititon P = {a =xy < x1 < --- < x, = b} we have that the
trapezoid sums satisfy

e [ <ES 0y

Remark. Notice that the error estimate is dominated by %nf(P)?’ where
((P) = maxj_1,__n(r; — zj_1). Hence we expect this to be small if ¢(P) is

.....

Proof. (I) (Big trapezoid estimate.) Let us first suppose that P = {a < b}
is a most trivial partition and we wish to consider the difference

rippy - [[r- L0

We let the accumlated difference between a and a + z:

[f(a) + fla+ )|z ot
2 _/a f

g:[0,b—al >R, g¢g(z)=

Let us consider derivatives, using product rule, chain rule and F.T. of C. I:

fla+z)x N fla)+ f(a+x)

g(x) ==, 5 — fla+z)
_fla  flatz)r  flatz)
2 2 2
gy = (a;w)w N f(a2+ z) f(a;x) _ (a;x)x'

Notice that
g(0)=0 and ¢'(0)=0.

1



Since x > 0 and a + x € [a, b] our assumptions on f” provide that

1 |f”(a+x>| K K " K
_ & < < 7.
9" ()] <o = —pr<g@) <
We thus have
/ } u < / u) du < / —udu (order properties)
0
K K

We apply exactly the same reasoning (order properties, then F.T. of C. II)
to the last estimate to see that
K 4
— < < =
% =9 = g
We then substitute x = b — a to get

—K(b—a)?’ <gb—a)= [f(a)—}-féb)](b—a) —/ f < %(b—a)s

3.

12
which is the same as saying that
[f(a) + f(0)](b—a) K
s [ < oo ©)

(IT) Now let us refine this vulgar big trapezoid estimate into smaller trape-
zoids. For P = {a = xy < x; < -+ < x, = b}, as given, we apply (V) to
each interval [z;_q, z;]:

‘T(f,P)—/abf _ if(afj—l);f(xj)(xj_l,j1)_/abf

ZfSU]lJrf%) v — ;1) Z/

flaj—1) + fl@y)](z; — x5-1) I
2 _/m lf

additivity
over intervals

(triangle ineq.)

j_

K n
< Z E(%‘ —xja)’ =5 ) (v —aj)’ by (©) 0.
=1



Example. Let us try to use geometric partitions to estimate log2 =

2 dx
1z
We let f(a:)—%andPn:{1<2% <2 <o <2}
Let us compute the trapezoidal sum:
n —i=t + 2—l . i1
T(f,P)=Y 2" "2 "on _ 9%
(P = 3 T ek o)
7j=1
L 1+ 27% 1 n, 1 1
— 2% — 1) = — (2% — 97 w).
I )
7j=1
Now we compute the error estimate of the last theorem. We have f'(z) = — 2
and f"(z) = % so

K = sup |f"(z)| = 2.
z€[1,2]
We have error estimate

n

K J i
T(f, P,) —log2| < EZ(2n Nk

j=1
- éigi%j;l(gi — 1) = (Q:LT_U?) - )
j=1 j=1
C@2n 1) 221 T7(2n - 1)
T 6 2v 1 6(’8F—1)
Hence we have

Notice that

7 V76 \"
6(2%—1)2<10—6 & 2<< /+1>.

103

Let us estimate by first noticing that 1 < \/7/_6 so it suffices to find n for
which 2 < (1035)" = (1.001)". A bit of a computational experimentation
shows that

n = 695

3



suffices. [We really do not wish to compute log, of anything, since this is the
same computational complexity as computing log 2, and defeats the purpose
of devising numerical error estimates.|

Remark. If we look at the proof of the Theorem we can refine the estimate
to

‘ (f,P)— ‘_ 122[( —x;.1)° where each K;= sup |f"(z)|.

T€[zj1,7;]

This has the disadvantage of often making the estimates more computation-
ally complex, and improves only when we expect | f”(z)| to be unusually large
on a few small subintervals of [a, b].

Remark. If; in the theorem above, we only assume that f is differentiable
with

L = max |f'(z)] < o
z€[a,b]

[but not necessarily twice differentiable|, we gain a much weaker estimate.
Indeed consider the following difference of a midpoint sum with P = {a < b}:

() = (5) e (M)

— F(d) (a ; b C> b o <M.\‘/.T.‘for)

Derivatives

where ¢ in [a, b] arises from the Mean/Average Value Theorem for Integrals,
and d between ¢ and the midpoint “*b arises from Mean Value Theorem for
Derivatives, in particular |42 — (| < (b —a). Hence we get estimate

‘f<a+b)(b—a)—/abf <L

As in (II) of the proof of the theorem we gain for P={a =29 < --- < z,, =
b} midpoint estimate

Sulf, P) — /abf

WRITTEN BY NICO SPRONK, FOR USE BY STUDENTS OF MATH 148 AT
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SOLVING A SYSTEM OF LINEAR EQUATIONS

I wish to show a notionally convenient way of solving linear equations. I shall
proceed by example.

Consider equations

(1) A+ B = 0
(2) 24 — 2B + C = 0
(3) A+ B — 20 = 1
(4) —4A + C = -1
Her is the typical strategy for solving:
A+ B = 0
20 — 2B + C = 0
A+ B - 20 + 1
—4A + C + -1
(3) — (1) A+ B = 0
(2) =2 x () — 4B + C = 0
- 2C = 1
—4A + C = -1
(2) +(=4) A+ B = 0
(8) = (=2) B - C/4 = 0
C = —-1/2
—4A + C = -1
(2)+(3)+4
then A = 1/8
(1);(2) B = —1/8
cC = -1/2
—4A + C = -1
Hence we conclude that
A= ! B=— ! and C = L
Ty U7 MY T
The last equation is consistent, as —4- % + (—%) = —1, and serves as an error

check. This was exhusting. TURN TO NEXT PAGE.

1



Let us consider, again, the same system of equations:

A+ B = 0
20 — 2B + C = 0
A+ B — 20 = 1
—4A + C = -1

We consider a matriz (really just an array of numbers) whose, rows reflect
the equations, whose first 3 columns are the coefficients of the unknowns,
and whose the last column is the values of the equations. The last separated
from the “coefficient matrix”.

R, [1 1 0 | 0
Ry |2 =2 1 | 0
Ry |1 1 =2 1
Ry |-4 0 1 | -1

The operations on the equations, last page, are now simply row operations
on the matrix, where we treat each row as a vector:

1 1 0 | 0] B—=R [1 1 0 | 0]
2 =2 1 | 0|20 4 1 | 0
11 =2 | 1 0o 0 -2 | 1
-4 0 1 | -1 -4 0 1 | -1}
Ry + iR3
—3R2T1 1 0 | 0] then 1 00 | L]
~3Rs |0 1 -1 | 0| Bi-R |0 10 | -1
— 4 1 i
0 0 1 | —3 0 01 | —3
-4 0 1 | -1 -4 01 | -1
The process in reverse, interprets the last matix as equations
1 1 1
R . A = — R : B = —— d R : C —_
1 g’ 2 3 an 3 5
where the last equation R3: —4A 4+ C' = —1 serves as an error check.
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ARCLENGTH FOR PARAMETERIZED CURVES

We let x,y : [a,b] — R each be functions. We suppose that

e ',y each exist on [a,b], and define continuous functions there.

Examples: (i) Our main class of examples use polar coordinates:
r: o, B] = [0,00), x(0) = r(0)cosh, y() =r(0)sind fora <6 <
where we assume that ' exists and is continuous on |, f].
(ii) Hyperbolic coordinates: if a,b > 0, then
z,y: R — R, z(t) = acosht, y(y) = bsinht
2 42

parameterize the right half of the hyperbola x_2 s 1.
a

Derivation of arclength formula. We consider
D = {(x(t),y(t)) 1 a < t < b}.

We partition P ={a =1ty <t; <--- <t, =0b},and let for j =1,...,n, L;
denote the secant line connecting (z(¢;_1), y(t;—:)) to (x(t;), y(t;)). Pythagoreas’
Theorem provides that

length(L;) = \/[ﬂf(tj) =zt + [y(t;) — y(t;-1)]

If we invoke the M.V.T. from differential calculus, we find ¢;, ¢} € (tj—1,t;)
for which

x(ty) — x(tj_1) = o' (c;)(t; — tj—1) and y(t;) —y(t;-1) =y (c;)(t; —tj-1).

and hence

length(L;) = /[#/(cj)]2 + [y (¢§))2(t; — t;1).

Now any reasonable notion of arclength should satisfy

length(I") ~ Z length(L;)
j=1

=3 e R~ 1) ("

1



The looks almost like a Riemann sum S(y/(z')? + (¢/)?, P) except that we

do not know if ¢; = c;f.

Uniform continuity comes to the rescue. We let F(s,t) = /[2/(s)]2 + [y (¢)]2.
Theorem. Given € > 0, there is 6 > 0 such that
|F(s,t) — F(s,s)| <& whenever |s —t| < § fors,t € [a,b].

Proof. We suppose not. Then we can find an € > 0 which allows for each
n in N us to find s, and ¢, in [a, b] so

1
|F(sp,tn) — F(Sn, sn)| > € while |s, — t,] < —. (1)
n

However, Bolzano-Weierstrauss provides us with a subsequence (s, )52, for
which sy = limy_, S, exists. Then

1
|tnk - 50| < |tnk - Snk| + |Snk - 30| < n_k + |Snk - 80|

and the Squeeze Principle implies that limy_, t,, = so too. But, since 2’, 3/
are assumed to be continuous functions of ¢ we have

lim F(sp,,tn,) = lim y/[2'(sn,)]? + [V (tn,)]?

k—o0 k—o0

= Vo (50)2 + [/ (s0)]* = F(s0, 50)

while (1) tells us that |F(s,,,tn,) — F(s0,50)] > €. This contradiction tells
us that this result, as stated, must hold. Il

With the last theorem in hand, given € > 0, let us choose 6 > 0 so
|F(s,t) — F(s,s)] < bL whenever |s —t| < § for s,t € [a,b].
—a

We now assume that ¢(P) < 0, and we compare the formula (x) above to the
Riemann sum

SV () + () P) = Z \/[33’(63)]2 + ()P = ti).




We use the triangle inequlity to get

Z \/[x’(cj)P + (G —t0) = S(V (@) + ()% P)
<>

= |F(cj¢}) = Fleg, )|t — t1)
=1

¢W@W+wme—¢wwm+wwMﬂ@—wq)

n
€
Szb_a(tj—tj—l) =¢
j=1
We combine the estimate at (x) with the estimate above to see that

length(I') ~ S(\/(2')? + (v')?, P), provided that ¢(P) is small.
Thus, taking ¢(P) — 0 we define

m@wm=/¢wwuww&#
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A differentiable integral function without continuous derivative:
an application of Alternating Series Test

Let

Question. Is F differentiabe at 07
Remark. If # # 0, then F.T.ofC. I tells us that F’(z) = sin (l)
Answer. We notice that F'(0) = 0 and

- 1 v 1 v 1
F(—z) = / sin < ) dt = / sin <—> d(—u) = / sin <—) du = F(zx).
0 t 0 —U 0 L
Thus F is even. Hence we will asses F’(0) by

F(x)-F F F
lim M = lim ﬁ and it suffices the learn lim (:1:)
z—0 xz—0 =0 I =0t I

To this end we fix x > 0, for now, and consider
o1 . (1
F(x) :/ sin (—) dt = lim sin (—) dt
0 t u—0t m t
. o1
= lim sin (—) dt
n— 00 L t
I § ! “ g+ [ sin(2) d
_ngrolo / Sln( ) t+/lsm (Z) t
km

(k+1)7‘r

1 * 1
sm( ) dt+/ sin <—> dt
=kz (k+1) k%ﬂ ¢

where = <1 < " SO % <k,and k;, — 1< ﬂ—lgg, which means that

1)71"

1 1
km—[—-‘g——l—l (%)

T T

Now we let )
2 1
ak:/ sin(;) dt >0
(=

SO

Flz) = i(—l)kak%— / sin G) dt. )

kzkz kg



We implicitly define

1 u du
—+m=-s0t= and dt = ——
u t 1+ 7u (1 + 7u)?
so the transfomation t — u takes [m, W] to [m, =] and we have
=y . 1 = . 1 du = . 1
Qi1 = sin| - ]| dt = sin|—+7)| ——= < sin | — )| du = ay.
1 t 1 u (14 7u)? 1 u
(k+2)m (k+1)m (k+1)m

We may now use the error estimate from Leibnitz’s Alternating Series Test (L.A.S.T.):

Z(—l)kak <ay, = /km: sin (%)‘ dt (@)
k=ks

(kg +1)m
We then use (T) then (k) as follows:

1

< [

(kz+1)7 kg
X 1 X
:/ sin(—)‘dtﬁ/ 1dt
1 t 1
(kg+1)m (kx+1)m
B 1 (ke + D72 —1
B (kp + D1 (ky + D7
< 2z
~ (ky+ )
Now since lim,_,g+ k, = lim,_,o+ (ﬂ—u = 0o we have
o< |E®) o2 ey
x (k: + )

which leads to

F
lim (z) =0 hence F'(0) = 0.

z—0t T

Recalling that F' is even, we realize limit from the left is sufficient.

Bonus Problem. Let H(z) = /
0

sin (%) ‘ dt. Is H differentiable at 07

We remark that the critical estimate at (©) will not be available for this example.
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Cauchy product, revisted

Proposition.. Let

[e o] [ee]
E ar, g b
=0 k=0

[e's) 00 00 k
E ak E b, = E ¢, where ¢, = g a;b;_p
k=0 k=0 k=0 §=0

Proof. We let A = Z lag| and B = Z |bk| so Zak < A and Zbk < B.
k=1 k=1 k=0 k=0

Let us apply the Cauchy Criterion. Given € > 0 et use find N in N for which
z”: lag| < = and z": |bi| < £ whenever n > m > N.
= 4B = 4A -

Notice that for m > N we also have

00 m
D= )
k=0 k=1

n

g
< lim ) < =
< lim ] < 75

k=m+1

= lim
n—oo

n m
D o= ak
k=0 k=1

and, likewise

£
< —.
~ 4A

Shdon
k=0 k=0

Hence given n > 2N +1so 5 > N + %, we have that

n

Zak.gm_i(i%bj_k)‘: S abl< S Jadibd

k=0 k=0 \j=0 k4=1,...,n kt=1,....,n
k+I>n k+Ii>n
<3l 3l 3 Jal 3o
k=1 =]%] k=% k=1
g e g
<A 4 fp==
4A + 4B 2



Thus for n > 2N + 1 we have

Z Zbk Sa

k=0

k=0 k=0 k=0 k=0
£, fpii_.
- 4A+4B 2 '

Hence we have shown the desired result.

Remark. Notice that

00 0 [e's) k
B (z |ajubj_k|)
k=0 k=0 k=0 \j=0

where
k

Z ajbj_k

J=0

k| =

k
<> lajl [l
§=0

o0
so the Comparison Test shows that Z ¢y is absolutely convergent.
k=0

< Zak; Zbk_zak Zbk + Zak Zbk_
P e k=0

< ZakZbk—ZakZbk + Zak-Zbk—Zak-Zbk +
= k=0 k=0 — — — k=0 k=0

>

k=0

€
2
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Lecture notes for March 23.
Intergal Test — revisted.

The integral test can help resolve some of the most subtle series.
Example. Does Z _ converge?
(log k)losk

Now let f: [2,00) — R be given by f(t) = ﬁ)logt = e~ logtlos(los?)  Notice that

; ; <0 = fis decreasing.

f/(t) _ e—logtlog(logt) [_M 1

Hence we have satisfied hypotheses of, and may use, the Integral Test:

o 1 00
Z ———— converges < / e~ lostloslogt) gt converges.
- IOg k)log k 9

Like the series, this daunting improper integral does not seem to yield to any obvious com-
parison. Hence let us use change of variables u = logt so e* = t and hence e* du = dt, and
for x > 2 we have

T log z log x et o0 U
/ e—logtlog(logt) dt = / e—ulogu Uy = / S du T—00 / C du
2 log 2 log 2 u* log 2 u*

[Keep in mind, that this limit is either finite non-negative or oo.] It may be possible to find a
nice comparison with g : [log2,00) = [log2,1] U [1,00) — R. given by g(u) = & = ev-ulosv,
to see that the limit is finite. [Any suggestions?] However, let us notice that

g (u) = e* 8 1—(logu—1)] = —e"“ “18%logu < 0, foru >1 = g is decreasing on [1,00).
Hence we may again use the Integral Test:

gt . e\
— du converges <& Z (—) converges.
o il

Let us try the Ratio Test on the series:

( e )kJrl ekk ¢ .

©F " GFDMEED) 140 (k+1)

. . 1 k _ [ele] e k o0
since limy,_,o (14 1) = e. Hence Y37 (£)" converges, and we can deduce that Y7, Togkyle®
converges.

— 0«1

o |



[Notice, as well, for £ > 3 we have comparison (%)k < (g)k, and hence it follows from the

Comparison Test against geometric series, that >~ (%)k converges. There is a lesson, here:
Z—Z < (:—i)u = e~(og3=1u for o4 > 3. and the Intergal Comparison Test would have sufficed,

earlier. This answers the question posed earlier.]

- 1
Question. Will Raabe’s test work on E m? [Check that the Ratio Test in incon-
og K )©
k=2

clusive.]

Take-away point. The Integral Test is useful, and works in both directions.

Convergence of functions.

Goal. We wish to show statements like

e k e k
T _ z o Z (-1) 2k+1
e = £ F or SIN T = £ ml’

z . — z* . . . (_1)k 2k+1
e :JI—?&ZF or smx:nll_)rgozmx )

k=0 k=0

More generally we wish to consider

fl@) =) fole) = lim }  fi(a).

(“1* 2k+1
k+1)! :

Indeed, in the first case above fi(z) = %, and in the second, fi(x) =

We can abstract this idea a bit further. We let s,,(z) = Y,_, fx(z), and then we are really
interested in statements like

fz) = lim s, (z).

This may seem belaboured, but we shall see that notions of convergence vary widely for
functions.

Definition. (Pointwise convergence.) Let fi, fo,... and f be functions on an interval I.
We say that

lim f, = f pointwise on I, if lim f,(x) = f(x) for each z in I.

This is clearly the minimum we would expect. It is worth investigating its properties by way
of examples.



Examples. (i) (Instability of differentiability /continuity.) Let ¢ : [—7, 7] — R be given by

0 ifr < -3
glx) = isinz+1] if —Z<z<Z.
1 if § <z
Notice that
0 ifr < -7
g(xr) =< 3cosz if —Z<a<Z
0 if § <

and hence ¢ exists everywhere (&7 must be checked manually) and is continuous.
We then let f,(x) = [g(z)]", i.e. f, = ¢". Then each f, is differentiable with continuous

derivative, thanks to the Chain Rule. However, since 0 < g(z) < 1 for x < 7 we see that

0 ifx<3
L if 5 <z

n—oo n—oo

hmh@Fﬂmb@WZ{

Hence a pointwise limit of differentiable/continuous functions need not be continuous.

[Play with this yourself. Go to https://www.desmos.com/calculator (internet search
“desmos”). Type in

(sinz + 1)'%° {—g <z< g} , then hit+

Play with the exponent 100 to get a feel for how this converges.]
(ii) (Instability of integrals.) Let f, : [0,2] — R be given by

n’x if0§x<%
folz) = —nQ(x—%)—l—n:Qn—an if%§x<%
0 if 2 <z <2

[As above, it may instructive to see how desmos depicts this with n = 1, then n = 3, etc.]

We compute that

1

2 2
/ fn(x)dx:n2/ xdx—l—n/ (2 —nz)dr=1.
0 0 1



However, since f(0) = 0, and for > 0 we have f,(z) = 0 whenever 2 < z, i.e. [2] < n, we
see that
lim f,(x) =0.
In particular notice that
2

lim i fo(@)de =1#0= /02 [lim fn(:c)} dx.

n—oo n—00

Hence integrals of pointwise limits need not limits of integrals.

(iii) (Limits need not even be integrable.) We can enumerate QN [0, 1]. Indeed consider the
following labelling of these elements

0 1 1/2 1/4 3/4 ... @1 43 qe qio
1/5 2/5 3/5 4/5 1/10 ... —  q gs

[For example, 1/15 is 4 places along the 3rd row; 1/14, 1/21 and 1/35 are some ways along
the 4th row.]

1 ifzecF

We let f t Ec[o,1], _
e let for any se [0,1], xg(x) {0 it B,

Let fo = X{q1,..qn} : [0,1] = R. Notice that each f, is piecewise continuous, hence integrable,
with fol fn = 0. However, lim,_,~ fn.(z) = xo(x), and is not integrable!

Take-away point. Pointwise convergence is highly unstable. Next lecture we shall introduce
uniform convergence, which is much better.
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Uniform Convergence — three theorems.

LAST TIME:

Definition. (Pointwise convergence.) Let fi, fa,... and f be functions on an interval I.
We say that

lim f, = f pointwise on I, if lim f,(x) = f(z) for each x in I.
n—oo n—oo

This disappointing notion of convergence does not respect continuity (hence not differentia-
bility), nor integrals.

The following is more subtle, but more robust.

Definition. (Uniform convergence.) Let fi, fa,... and f be functions on an interval I. We
say that

lim f, = f uniformly on I
n—o0
if, given € > 0, there is N in N for which

|fu(z) — f(x)| < e for every x in I, whenever n > N.

This may be restated as follows. Given € > 0, there is N in N for which

f(z) —e < fu(x) < f(x) + € for every z in I, whenever n > N.
Hence for n > N, we have

{(z, fu(z)) sz el C{(z,y): flz) —e <y < flz) +e:zel}

in other words the graph y = f,,(z) sits inside a certain “c-bubble” about the graph y = f(x),
whenever n > N.

[Play some more with desmos, which is mentioned last lecture. Depict

y=x
1
— 2
YT 0
1
— 24
Yy=x +10.



Even with this rather large ¢ = %, you will have to enlarge to see the e-bubble about the
graph y = x?. Change z? to sinz, to get a new perspective.]

Exercise: Consider the three examples of sequences of functions from last lecture. Observe
how none of them converge uniformly. (For two of these sequences, this will be evident form
the two theorems below.)

The next two theorems show how uniform continuity is very stable.

Theorem. (Uniform convergence and integrals.) Let fi, fo,... and f be functions on [a,b],
such that

e cach of f, f1, fa,... are integrable on |a,b], and

e lim f, = f uniformly on [a,b)].
n—oo

i [ [

Proof. We use uniform convergence: given £ > 0 there N be so

Then

|[fu(x) = f2)] <

€
— fi i , 0|, whenever n > N.
P gy reveryzin [a, b], whenev >

Thus, if n > N, we use linearity and order properties of integrals to see that

[ [ = |-l [in-n< [ = <

which shows that lim,, .o, [* f, = [o f. 0

Remark. Above, we assume integrability of f. In the next result we make no extra as-
sumptions about f.



Theorem. (Uniform convergence and continuity.) Let fi, fo,... and f be functions on an
interval I, such that

e cach of fi, fa,... is continuous on I, and

e lim f, = f uniformly on I.
n—oo

Then
f s continuous on I.

Proof. We will leverage continuity of certain elements f,, into learning the same for f.
Intuition: ”if there is a continuous function g whose graph lies in the “e-bubble” about that
of f, then ¢’s continuity can be leveraged to get near continuity of f. If for each ¢ I can find
such g, f will be continuous.

Fix zp in I and € > 0. Then uniform convergence provides N in N for which
|fu(z) — f(z)] < % for every z in I, whenever n > N.
Next we let 0 > 0 satisfy the definition of continuity of fy at xq:
|fn(z) = fn(mo)| < % whenever x € I, |z — x| < 6.

Now we can put this together. Let x € I with |z — x| < 0. Then

[f (@) = fxo)| < |f(x) = fn(@)| + [fn(x) = fv(zo)| + [ (w0) — f(20)]

N
LS S E
3 3 3

= E.

This shows that f is continuous at z. This being true for any xq in [a, b], we see that f is
continuous on [a, b]. O

Remark/Exercise. Remind yourself of the definition of uniform continuity. Show that if
each f,, above, is uniformly continuous, then so too is f. (Interestingly, this proof is mildly
simpler than the one above.) Recall that uniform continuity is automatic if I = [a, b], but
not if / is not closed and bounded.




The next result returns us to series.

Theorem. (Weierstrass M-Test.) Let fi, fa,... be functions on an interval I, such that

there are My, My, ... such that each sup |fx(z)| < My and M = Z M, converges.
xel 1
Then there is a function f: I — R such that

ka = lim ka = f uniformly on I.

In particular, if each fy is continuous, then so too is f.

Proof. For each z in I, |fy(x)| < My so Y po, fu(z) converges absolutey, thanks to the
Comparison Test. Hence we define defines f(x) = > 7, fx(x) for z in 1.

Given € > 0 there is N in N such that for m > N we have

M—ZMk Z M| = Z M,
k=1

k=m+1 k=m+1
Hence n > N we have for any = in [ that

> fulx)

>

lim ) ful)

f@) =Y ful@)
k=1

k=m+1 k=m+1
n n
< 1 .
< lim > [fi(z)] < lim > M,
k=m+1 k=m+1

oo
= Z M, <e

k=m-+1

Notice that the above estimate is for every x in I, and hence we get f = lim,, . Z?: e =
> rey fr uniformly on I.

If each f; is continuous, then each ), fi is continuous, and the Theorem on Uniform
convergence and continuity show that f must be, too. O

Summary.

Uniform convergence and integrals: on finite length intervals, the integral of the limit
is the limit of integrals.

Uniform convergence and continuity: uniform limits of continuous functions are con-
tinuous.

Weierstrass M-Test: if the bounds of a sequence of functions are summable (i.e. have
converging series) then the series converges uniformly.

4
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Power series and Taylor series.

LAST TIME:

Uniform convergence and continuity: uniform limits of continuous functions are con-
tinuous.

Weierstrass M-Test: if the bounds of a sequence of functions are summable (i.e. have
converging series) then the series converges uniformly.

Definition. A power series about ¢ in R is any function defined in a neighbourhood of a of
the form

flz) =) ape —a) (@)

where (a;)72, C R. This being a series, the determination of when it converges is an issue.
This is where the Root Test really comes into its own. This series converges whenever

limsup v/|ax| - |z — a| = limsup v/|ar(z — a)k| < 1

k—o0 k—o0

and diverges whenever the above lim sup is greater than 1. Hence this motivates us to define
the important radius of convergence:

1

- limsupy 4/Jaxl

whose value we shall take as oo if limsupy_, ., {/|ax| = 0, and as 0 if lim sup,_, ., ¥/|ax| = 0.
We thus learn the following.

R

Crucial Fact. Give a power series f(x) as in (V) with radius of convergence R, we have

that
flz) = Z 0z — a)t converges if |v —a|l <R
— diverges if | —al > R

The behavior at © — a = £ R can vary widely, as we shall see in examples (quite possibly on
A6).



Role of Ratio Test. We saw in A5, Q2, that

if r = lim 1] exists, then r = lim /|ag|.
k—o0 |ak| k—oo

Hence we conclude that the radius of convergence satisfies

R = lim —|ak|

, if the limit exists.
k—oo |ak+1|

This holds even if the limit is oo.

Examples. (i) We consider power series about 0:

k

M@ =325

where p > 0. Then

lim ]"’Lp = limwzl.

k—o0 m k—o00 kp
Hence we have radius of convergence p = 1.
(ii) We consider power series about 2:

fl@) =kl —2)"
k=0
Here we have
k! 0

G A T
This series clearly converges when |x — 2| =0, i.e. 2 = 2. If [t — 2| > 0, i.e. © # 2, then this

series diverges. Hence this is a degenerate case: it is not defined on a neighbourhood of 2,
but only at 2 itself.

(iii) We consider power series about 0:

fl@) =33

We could apply either Root or Ratio Tests to see that R = 2, in this case. Or, we may
observe this as the geometric series

f(x):Z@)k:liz:QExifm<2-
2

k=1

k

2[5

Of course, if |z| > 2, this series diverges.



Exercise. Suppose f(z) = > ,-, ax(z—a)* has radius of convergence Ry, g(z) = > po, ar(x—
a)* has radius of convergence Ry. Show that each of

flz)+g(x) = Z(ak + b)) (z — a)*, flx)g(x) = Z (Z ajbkj> (x —a)"

k=0 k=0 \j=0

holds whenever |z — a| < min{R;, Ry}; hence these series have radius of convergence R >
min{ Ry, Ry }.

Theorem. (Convergence of power series.) Let f(x) = > o ar(z — a)¥ be a power series
with radius of convergence R > 0. Then for any 0 < r < R we have that

n

f(z) = lim Z ar(x — a)* uniformly on [a —r,a + 7).

In particular, f is continuous on (a — R,a + R) (which is all of R if R = c0).

Proof. The heart of this proof is the Weierstrass M-Test. However, we must do a bit of
development, first.

Since r < R we exploit the method by which we devised R, rather than its actual definition,

to get that
L = limsup /|ay| - r = limsup v/|ax| - |a — (a £ 7)| < 1.

k—o0 k—o0

Hence there is s < 1 for which

L =limsup v/|ag| - r < s.

k—o0

Using the definition of lim sup we see that there N in N such that

sup v/|ax| -7 < L+ (s — L) = s whenever n > N
k>n

and hence
k>N = a|-r<s = |alr* <s"

Now we are in good shape. Let fy(z) = ax(x — a)¥, so the last line tells us that
|fe(2)] = |ar(z — a)¥| < |ag|r® < s* for |z —a] <rand k> N

where 0 < s < 1. Let
M, — |ag|r* ?fk;zO,l,...,N—l'
sk itk>N
Then the Comparison Test tells us that ), M, converges. Hence the Weierstrass M-Test
tells us that f = - fi converges uniformly on [a — r,a + r]. Continuity on [a — r,a + ]
follows from Uniform convergence and continuity. Notice that if x € (a — R,a + R), then
x €a—r,a+r] for any r < min{(a + R) — z,x — (a — R)}. O

3



We now come to some important examples.

Taylor series. Suppose that each derivative f*) exists in a neighbourhood of a. We define
the Taylor series of f about a by

Of course, we wish to make this meaningful.

Proposition. Suppose f as above admits r > 0 for which the remainder term admits
uniform bound

f(n+1)(ca:) n+1
(n+1)! (z =)™

Rafo)] |

< M, for |z —a| <r where lim M, = 0.
n—oo

Then the radius of convergence of the Taylor series satisfies R > r, and

> fk)
1) =3 T a)f for fp—a <
k=0 '

Proof. We do as we did in A4. We have for z in [a — r,a + r| that

- (k) a n—00
5@) =S T 0| = o) < b0
k=0 '

which, by squeeze principle means that

") (g o M) (g
f@) = im S Lo = S gy

k=0

uniformly on [a — r,a + 7]. O

With complex analysis this can be vastly improved. This is a topic for PM332 or PM352.

Summary. Power series functions are defined on an interval determined by radius of con-
vergence. Radius of convergence can be determined via the Root Test, and very often the
Ratio Test.

Taylor polynomials converge to a Taylor series, provided that there is uniform control of
remainders.
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Lecture notes for March 30.

Uniform Convergence and derivatives — derivatives of power series.
LAST WEEK:

Uniform convergence and integrals: on finite length intervals, the integral of the limit
is the limit of integrals.

Uniform convergence and continuity: uniform limits of continuous functions are con-
tinuous.

Weierstrass M-Test: if the bounds of a sequence of functions are summable (i.e. have
converging series) then the series converges uniformly.

In other words, uniform convergence behaves nicely with integrals and continuity.

Theorem. (Convergence of power series.) Let f(x) = > oo, ar(z — a)¥ be a power series
with radius of convergence R > 0. Then for any 0 < r < R we have that

n

T - k . .
f(z) = Jirgo;ak(x a)® uniformly on la —r,a +r].

In particular, f is continuous on (a — R,a + R) (which is all of R if R = c0).

Question. Does uniform convergence behave nicely with respect to derivatives?
In brief, the answer is no.
Examples. (i) Let f,, : R — R be given by

—x if v < —5-

fule) =L L i <a< L

T if 5= <
[As usual, it is nice to sketch this. Do it for n = 3 on desmos (if you do it for any larger n
you will have to enlarge your picture).] We notice that f, is differentiable with

~1 if v < —5-

T : 1 1

f/(.T): —— lf—%<$<%
1 if L <z

2n

where we are forced to reason manually at x = :I:%.

1



1
=%

n

Notice that lim f,(z) = |z| uniformly for z in R; in fact |f,(z) — |z|| < , S0 a simple
n—oo

squeeze argument suffices.

The absolute value function is well-known to not be differentiable at 0, even though each

f1(0) =0,

(ii) We notice that

sin(4Fx)

o < L. Hence the Weierstrauss M-Test shows that

2k *

o0

sin(4kz . =sin(4kz )
flx) = Z % = nh—>I£1<> Z % uniformly
k=1 k=1

sin(4Fx)

s admits derivative

and hence is continuous on R. However, each f,(z) =3 ,_,

fl(x) = i 2% cos(4Fx).
k=1

These derivatives are unbounded at 0, in fact unbounded at any zimw where ¢ € Z and m € N.
Hence we have that

n—0o0

lim f/(z) = 7111_)1{.10 Z 2% cos(4*x) diverges at infinitely many points.
k=1

It is thus impossible to write f'(z) = lim,,_, f/,(x) for general z. [It is unliklely that f is
anywhere differentiable ... but that’s another story.]

Hence we are led to expect that we need to know more if differentiability and derivatives are
to be respected by limits.



Aside. For any (b;)72, C [0,00), there is a subsequence (b, )32, so

limsup b, = lim by,.
k—00 J—0o0

Indeed, we let k; = 1 and inductively find for j =1,2,3,... a kj;; so

su _ b]—l if su b <00
kjiy1>Fk; and  sup by > by,,, > {[ R Dk

0>kj+1 J if SUPy> ;41 be = 00.
[Notice, under sup we have k; 4+ 1, not k;41.] Then squeeze principle provides that

lim by, = lim sup by = lim sup by.
j—o0 k—o0 0>k k—00

Application: Power series are good. Given the examples above, consider it remarkable
that power series are stable for operations of calculus. Much of it boils down to the following.

Lemma. Let (a;);2, C R. Then the power series

f(z) = Zak(x - a)k and g(x) = Z kag(z — a)k—l

admit the same radius of convergence.
Proof. It is premature to deem ¢ as the derivative of f, but we are so close.

We first observe that convergence of a series is not effected by multiplication by a real number
x — a, so

g(x) = Z kay(x — a)*~! converges & (r —a)g(z) = Z kay(x — a)* converges.
k=1 k=1

Secondly, we observe that

log k . log k
lim VEk = lim e * = Moo "% — 0 =1,
k—o0 k—o0

We finally have that
limsup v/|kax| = lim %/k; - k{/ |ag,;| = lim k‘{/ |ay,;| = lim sup {/ax|
k—o0 J—roo ! J—roo ! k—o0

where the subsequence is chosen to realize the limsup,_, ., {/|ax|, as above. O



Theorem. (Derivatives and integrals of power series.) Let f(z) = Y oo, ax(z — a)* have
radius of convergence R > 0. Then

(i) forz € (a— R,a+ R), / f(t)dt = a)*, and
a k=0
(ii) f is differentiable on (a — R,a + R) with f'(x Zkak z—a)ft

Proof. (i) Since f,(z) = > ,_, ax(z —a)*, above, converge uniformly on [a, z] (or [z, a]) for
each z in (a — R,a + R), we can use Uniform convergence and integrals to see that

/a f(t)dt:/a nh_}rEOkZ_Oak(t—a) nh_}rgo Zakt—a
= lim Z @ (x —a)"™ =
k=0
(ii) The fucntions f, above satisfy f/(z) = >")_, kap(z — a)*~*. Let

x) = Z kay(z — a)*!

as in the Lemma, above. Then by Convergence of power series we have that

k+l

lim f/ = g uniformly on [a —r,a + r] for 0 < r < R.
n—oo

Since each f,,(a) = ag, we apply F.T.ofC. II to each f!, and then Uniform convergence and
integrals to see for x in (a — R,a + R) that

f(z) = lim f,(x) = Tim. [ao + /j fr(t) dt} =ap + /amg(t) dt.

n—oo

But then, by F.T.ofC. I, we see that

flx) =g(x) = kag(w —a)*". O
k=1

Corollary. Let f(z) = > oy ax(z — a)* be as above. Then

(k)
ay = / k'(a) for each k =0,1,2,...

In particular, the power series representation for f is unique on (a — R,a + R).

Proof. A simple induction shows that

f(a’) = Qo, f/(a) = ar, f//(a’) = 2&2, R f(k)(a') = k'ak 0J



Summary. Uniform convergence does not respect differentiability.

However, power series functions are differentiable, with expected derivatives. They also
admit expected integrals/antiderivatives.
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Lecture notes for April 1. (No foolin’!)

Taylor series. (For real this time!)

LAST WEEK (March 27):

Proposition. Suppose f is in infinitely differentiable in a neighbourhood of a and admits
r > 0 for which the remainder terms admit uniform bounds:

f(n+1)(cx)
|R,(x)] = ‘ﬁ(x —a)" < M, for|x —a| <r where lim M, = 0.

n—oo

n—+1)!

Then

o k) (g
f(z) :Zf k'( )(x—a)k for |z —al <.
k=0 '

Hence the Taylor series has radius of convergence R > r.

Let us see how this plays out in examples.
o

Examples. (i) e* = % on R, centred at a = 0.

k=0
Indeed, consider any r» > 0. Then we have remainder term

Cx

T
e s I LSS R 2| < 7.

0<Bule)= o™ S GrD

We note that for n > N > r we have

N n+1-N
e’ r r
— gl e ( ) 0.

(n+1)"  — NI\N+1
[Actually, this decays very quickly: the Ratio Test show that > >~ (ZHTJT), converges, which
implies that lim,, . (:LnTT), =0.]

It is now easy to form other power series representations with same radius of convergence

R = oo: . .

=5 2 = (—1) =1

br __ k —x° _ 2k r—1 __ . k

e’ = % e —Z L e _ZE@ 1)".
k=0 k=0 k=0

These are in fact the Taylor series about 0, 0, respectively 1; see the last Corollary of last
lecture.



Y — (DF — (D
(ii) sinz = g o, cosT = g o= on R centered at a = 0.
 (2k + 1) — (2k)!

Here we observe, for the cosine case, that for 0 < r we have

2n+1
r n—00
0

COS(%H)(%) 2n+1
(2n+1)!

[ Fon ()] = 2n + 1)

IA

with reasoning similar to that above. The case for sine is very similar (see A5).
Notice that if we write

sinx = Z (2(14:? 2k+1 — Zaél’
k=

we find that a, = 0 for each even /(.

Notice, furthermore, that we can use differentiation of series:

. d ~~ (—1)F — (—1)*(2k + 1)
o / — 2k+1 — 2
CoST =sub T = o Zk:o (2k + 1)!:5 Z (2k +1

k=0

o
(iii) Geometric series: = ka on (—1,1), centered at a = 0.
—0

Here we did not require Taylor’s Theorem, though it may be manually checked that (%) g 1% =

k! 1
A=)k
have known from last Corollary of last lecture).

and hence evaluates to k! at x = 0. Hence this is the Taylor series (which we should

We can use this to recentre. Let us consider centre a = —1.
I 1 i z+ 1)
-2 2-(z+1) e gkl

Notice that this series admit radius of convergence R = 2.

We can use integration an differentiation of series for |z| < 1, e.g.:

T 00 ZE

~log(1—2) = | £ /OZt’“dt Zk+1 > %
1 d =

(1—2)? da:l—a: dxz‘” _Zk’”“ kzok“)xk




Let us take a slightly different perspective to the result which we quoted at the beginning of
this lecture.

Proposition. (Endpoints.) Suppose the Taylor series of f about a has radius of convergence
0 < R < o0, and on [a,a + R] (and/or on [a — R, a]) we have that

(n+1)
f—(C;,;)(x —a)"™| < M, where lim M, = 0.

S e e niioe

Then
on (a — R,a + R] (and/or on [a — R,a + R)).
Moreover, convergence is uniform on [a,a + R] (and/or on [a — R, a).

Proof. We proceed nearly exactly as in the lecture of March 27 (i.e. as in A4). We have for
x in [a,a + R] (and/or on [a — R, a]) that

flx) - i f(:'( Y (x —a)*| < M, "=°0
k=0 ’

which, by squeeze principle means that

=0 k=0
uniformly on [a,a + R] (and/or on [a — R, a]). O
© _k
Example. For f(z) = —log(1—x) = Z %, above we should revisit the derivative sequence
k=1
1 1 (n — 1)
’ _ 1" _ (n) —
) = s £0) = g £ =
Thus
fr 0 (e,) +1 "
< Ry(z) = L——Tgntl < for —1<a<
0 Bul@) = ST ~ iy Snpg o Tises0

since W <las—1<¢, <x<0. Notice that this estimate will not work for 0 < z <1,
though we have convergence for (—1,0] by usual power series results. Hence we see that

© Lk

—log(l —z) = Z % for z in [—1,1).

k=1



Newton’s binomial series. We recall the Binomial Theorem: if n € N then
" /n
1 no__ k
Aty =3 ( k)
k=0
We will, in principle, generalize this to (1 4+ x)®, where « in R.

Let us now let a € R and define f,(z) = (1 +x)* for x > —1. Notice that f,(z) = e*le(1+2)
for general a,, which is why we must restrict the domain. We compute

i) = a(l+2)*7Y, f(z) = ala=1)(14+2)*72, ..., f¥(2) = a(a—1) ... (a—k+1)(1+z)*F

[Notice that if & € N, then this process will eventually terminate in zeros.] We thus get
Taylor polynomial about 0 given by

Pu(z) = 1+Za(a— 1)..];:!(04—/64—1)3:,6'

It will be convenient to define the generalized binomial coefficients:

(((D =h (2) R T R

SO we may write

We now make a simplifying assumption:
0<a<l

Hence for k > 1 we have

! ala—1)...(a—k+1 pio(l—a)...(k—1—-« b1
(A BEES S E RS

We will try the Ratio Test to determine radius of convergence:

©)

1o

a(lfa)..égkflfa) E4+1 poee
—

| _
)‘ a(l—a)...(k—1—a)(k—a) k—
(k+1)!

Hence the power series g(z) = >, (§)z* has R = 1.



On the other hand, if 0 < r < 1, and |z| < r then

(n+1) (C ) a
< T n+1 — 1 a—n—1,n+1
(n+1)! <n+1)( * ) ‘

a(l—a)...(n—a)
(n+1)!

— n+1

| B ()] =

(nil) '

n—+00
7,,TL+1 < T,nJrl 0

and this limit is uniform on [—r,r]. Hence we conclude for 0 < o < 1 that

(1+2)° = i <Z‘) 2 for |z| < 1. (&)

k=0

Extend to o in R. We use integration and differentiation of series to see for 0 < a < 1,
—1 <2 <1 that

ail[(1+x)a+1_1] /1+t dt = /0 (2)tkdt:§%“<2)fk“
st s 2[E ()] £
()-00) 20 -62)

along with elementary manipulations of series show that

(1+$)“+1=§:(azl>x’“, (1+ )" i(o‘_l) k,

k=0 k=0

The formulas

N

Then, a simple induction shows for any n in N that
= (a+n =~ (a—n
1+:L,oc+n: ZL‘k, 1+xa—n: < >£L’k 1
e =3 (% ) (1+2) Z ) )

2) For a« = —1 we have geometric series —— ¥ where we notice that (—1)" =
i
( X ) We can take derivatives of this series, as in (1 ) above

(3) For n in N we have the Binomial Theorem. Here (}) =0 if k > n.

We collect (1), (2) and (3) together to see that (&) holds for any « in R.



Endpoints x = +1 for case 0 < a. Notice that for & > 0 but o & N that

. \(&)!] :k[l_k—a] Lt

\(g)\ kE+1 kE+1

Hence by Raabe’s Test, >/, (:) is absolutely convergent. Thus, as ‘(:) xk‘ < ‘(:)‘ for x in

[—1,1], Hence the Weierstrass M-Test tells us that

Q

k

¥ 1l4a>1 (%)

= [«
g(z) = Z ( )xk converges uniformly to a continuous function on [—1, 1]

k
k=0

Then () tells us that g(z) = (1 + ) for z in (—1,1). Hence continuity tells us that

2=(1+1)%= lim (1 +2)* = lim g(x) = Z <Z> and

r—1— r—1—
k=0

[a]
0=(1-1)"= lim (1+2)"= lim g(x)=) (-1

z——11 z——11
k=0

(- 5

[a]+1

()

where we have used to obvious analogue of (#) to gain the last formula. In particular, for
a > 0 we have that

(1+x)a:§:(2)$k for —1<a<1. (ot)

k=0

Endpoints * = £1 for case —1 < a < 0. Here the computation (x) gives value 1 + «
which satisfies 0 < 1+ a < 1. Also, (#) becomes () = (—=1)* |(¢)| and hence

k k
o
k

converges conditionally by Raabe’s Alternating Series Test. Furthermore, we have

a xn—i—l a
R, = — | < for 0 <z <1.
[ B ()] ‘ (n + 1) (14 c¢y)o 1| — (n + 1) ‘ oMY=

where lim,, o ’(nil)| = 0 (part of Raabe’s Alternating Series Test). Hence by the last
Proposition, on Endpoints, we conclude for —1 < oo < 0 that

ki (1) - k§<_1>k

0 0

o0

(1+x)azz<z>xk for —1<z<1. (%)

k=0

Exercise. Show that if & < —1, then at neither of the endpoints +1 does the binomial
series converge.



Summary. Taylor series must be understood as approximation by Taylor polynomials.
Hence the Taylor Remainder Formula always plays a role.

In many cases, the natural radius of convergence for the Taylor series defines the interval on
which “function = series” (!!). Also, typically, if the series converges at an endpoint, shown
either

— via Taylor’s theorem, or

— by way a Weierstrass M-Test argument, like for the endpoints of binomial series for o > 0,
above.

(1) Next lecture, I will show an example where this is not true.
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Lecture notes for April 3.

Last remarks on power series.

LAST WEEK:

The following is our only way to see that a function can be represented by Taylor series.

Proposition. Suppose f as above admits r > 0 for which the remainder term admits
uniform bound

f(nJrl)(cx) (x B a)"'H

Bl = 1

1 x
= —'/ Fr @) (@ — ) dt| < M, for |z —a| <r
n! J,

where lim,,_,oo M,, = 0. Then

o
f(x)zzf k;'( )(x—a)kfor]x—a| <7

k=0

Surprising example. (Just because a Taylor series exists, doesn’t mean that it has mean-

ing.) Define f : R — R by
e ifa A0
fla) = { .

0 if x = 0.

Claim 1. For each n in N, there is a polynomial p, with p,(0) = 0 such that

f(x) = e p, (i) for x # 0.

We prove this by induction. First see that

so p1(t) = —2t3. Suppose the result holds for n. Then

-l Q) [3m() 4]

Indeed, if p(2) = a1 + az 5 + - + @, then Lp(2) = —a1 5 — 2a0 %5 — -+ — May iy =
— 2P/ (3). Thus pu(t) = =26%pa(t) — 2p),(2).



‘ [

e =

N

Claim 2. lim =0 for any n in N.

z—0 "

We use L’hopital’s rule many times

—2)..2 e
o= 1 1n n n(n—2) n(n=2)..2 if n is even
lim = lim 2 = lim = = lim 22 = lim 2~ = ... = lim ex?
- 1 - 1 - - 1 - - — . . .
=0 " =0 o2 z—0 ep% =0 ooz =0 ooz z—0 | Mo 2)1“'3 1z if n is odd
T ex?

and the last limit is 0.
Claim 3. f™(0) = 0 for each n in N.

We have )
- fle) = f0) e
!/ _ — —
FO=m—— ~m5 ="
by Claim 2. We apply induction and Claim 1 to see
7 (L
Fo(0) = lim LA v () = lim e_%p—@j) = 0.
x—0 €T x—0 €T

Since 22 is the sum of terms of the form <, we can apply Claim 2.

Conclusion. We have that f is infinitely differentiable on R with £ (0) = 0 for each n in
N. Hence we get Taylor series about a = 0 given by Y ;- ,0z*. This admits infinite radius
of convergence. Yet

f(z) = ZOxk =0 only for z = 0.
k=0
What’s going on?

We have failed to attempt to check the remainders

1 T 1 n
g [t (7) -

Given the Proposition from last week, we must conclude that |R,(x)| are not nicely bounded
in any neighbourhood of 0.

1

e @07 if x| > 1
0 if |z] <1
Clearly f®)(0) = 0 for all k¥ in N. But the Taylor series about a = 0 satisfies

A related example. f(z) = { is infinitely differentiable on all of R.

o
flz) = Z 0z only for —1 < z < 1, even though radius of convergence satisfies R = 0.
k=0



The following is what we hope happens to power series at endpoints.

Abel’s Limit Theorem. Suppose > ;- aj converges. Then

[e.e]

flz) = Zakxk defines a continuous function on (—1,1].
k=0

Proof. The nth Term Test tells us that lim,, . |a,| = 0. Thus 0 < |ax| < M for some M
and hence it follows that limsup,_,. {/|ax] < 1. Thus Convergence of Power Series tells
us that f(z) = > p, axx® converges, and define a continuous function on (—1,1). Hence it

remains to check that
lim f(x)= lim Zakx = Z (%)

r—1— r—1—
k=0

We begin with a finite sum rearrangement formula, known as Abel summation: for n =
0,1,2,..., welet S, = >} _,a and set S_; =0, and get

Zakm —Z Sk—Sk 1.CC —ZSkxk ZSk 1.%'
k=

n—1
= Z SkiCk — Z Skkarl = Sn.%'n + (1 - .I') Z Ska;k
k=0 k=0 k=0
Since we have assumed that
S = J:%Zak 2w =$
we have for |z| < 1 that lim,_,, S,2™ = 0. Thus
o) n n—1 [e'e)
_ k_ 1 k_ 1 n _ k| (1 _ k
_kz_oaka: —Jg}({)lo;()akx —nh_g)lo Spx™ + (1 x)kZ_OSkx] (1 x)kZ_OSkx.

Let us put this to good use. Given € > 0 we let

° Nianeso|Sk—S|§§fork2N;and

o let § = 5 c .
2|2 15k - 8]
We recall that -
(1—2)) a"=1for —1<z<1.
k=0



Then for 1 — 6 < £ < 1 we have

|f(x) — (1—2x) ZSkx —(1—2x) ZSQZ
k=0
=(1-2)|> (S— 9" <1 —x)Z|Sk — S|ak
k=0 k=0
N 00
=(1—2)) [Sp—= Sl +(1—2) Y |- S
k=0 k=N-+1
N [ee) e
§(1—x)2|5k—5|+(1—x) Z éxk
k=0 k=N+1
N € 9 g
= (1— - R P N E
( :c)kz;\sk S|+ e <o+ g =¢
which shows (x). O

Corollary. (Endpoints.) Suppose that Z ar(x — a)* has radius of convergence 0 < R < 0o

k=0
and the series Z ar(—R)", respectively Z ap R, converges. Then
k=0 k=0

hm Z ap(r —a)k = Z ar(—R)*, respectively z—>%¢izl-ir-lR)* Z ap(r —a)* = Z apRE.
k=0 k=0 k=0

Proof. We shall prove only the left endpoint case. Consider the power series in variable ¢

D (=

k=0

which satisfies the hypotheses of Abel’s limit theorem. Thus we have

Zak(—R)k = tlirF_Zak(— ktk = tlirln_ Zak Rt lim Zak T — a
k=0 k=0

x%(a R)*

where the last inequality is facilitated by variable substitution x — a = — Rt. O



Examples. (i) We have for —1 < z < 1 that

—log(l —z) = i T—3 /Zx dt = Zk :Z%

convergent, thanks to Leibniz’s alternating series test. Then the Corollary

with f: (=
k=1

shows that
log2 =— lim log(l —z)= lim i v i (=1
84— z——1+t & z——1*t 1 k N P E
(ii) If a > 0, it was shown last lecture that
= [a
1+2)" = ¥ for —1<z<1.
=3 ()

Also, Raabe’s Test was applied to show that Z <Z) converges absolutely. Hence
k=0

— [« — [« 2 if £1=1
+1)F = 1 F= lim (1+2)* =
Z<k>( ) x—glzri:!:;(/{?)x x—}:IEll:F( +7) {() if £1=—1.

k=0

(iii) Like (ii), above, we have for —1 < a < 0 that Z (Z) is a conditionally convergent

oo
o
alternating series. Hence the right endpoint x = 1 works, and we see that 2% = Z ( >, as

k=0
above.

Summary. We absolutely require some knowledge of the Taylor remainder to see that
“function = Taylor series” on an interval ... well, unless we are manipulating one of our
reference series.

Abel’s Limit Theorem is a a way of handling endpoints. However, this is really a means of
last resort, as we have buried much of the analysis into a clever and tricky proof. [At least
we can see why Abel is famous.|



A Guide to Series Comparison Tests

General Results
nth Term Test. (Weakest test.) > -, a converges = lim,,_,o a, = 0.

Cauchy Criterion. (Important.) >~ ax converges < given € > 0 there is N in N so
1>, ax| < e, whenever N < M < n.

Results on non-negative series.
We assume, for now, that a, > 0 for k=1,2,...

Monotone Convergence. (Underlying fact.) The sequence (S,)2, Sy =Y 1, G i non
decreasing. Hence Y ;- | aj converges < sup,,cy Sp < 00.

Comparison Test. (Most important.) Suppose by > 0 for each k and there is N in N so
ap < by for each k > N.

(i) Do, bi converges = i ay converges; and

(ii) Yoo, ax diverges = Y oo by diverges.

Application of Monotone Convergence. Notice that (ii) is the contrapositive of (i).

Limit Comparison Test. (Useful in practice.) Suppose by > 0 and

. ag .
lim — = L exists.
k—o0 O

(i) If L > 0 then Y_.°, by converges < >~ aj, converges; and
(ii) If L =0, then Y o2, by converges = Y > ai converges.

Ratio Comparison Test. (Useful in theory.) Suppose ay, by, > 0 and there is N in N so

b
Tl < sl for each k > N
ag bk

(1) dopo, be converges = Y. | ai converges; and

(i) Yoo, ax diverges = Y o by diverges.



Ratio Test. (Very Important, easy to compute.) Suppose a;, > 0 and

R ES |
lim
k—o0 ag

=r exists.

(i) r <1 = >72, ar converges; and
(ii) r > 1 = >"2, ai diverges.
Really is Ratio Comparison Test against geometric series, > -, sk,

Root Test. (Very Important for power series, harder to compute.) Let R = lim sup /ay.

k—o0
(i) R<1= Y2, ax converges; and
(ii) R > 1= > .2, ax diverges.
Is Comparison Test against geometric series is one direction, nth Term test in the other.

Integral Test. (Very important.) Suppose that f : [1,00) — R and there is N in N so that

f is integrable on [1, N|, non-decreasing on [N,0), and f(k) = ax for k > N.

o0 00
Then E ay converges(:)/ f converges.
1
k=1

This gives important p-series, » -, kip

Raabe’s Test. (When ratio test indecisive, and no obvious comparisons in sight.) Suppose
ar > 0 and

p= lim k (1 — %) exists.
k—o0 ag

(i) p>1= >.7, ar converges;
(ii) p < 1 = >_;7, ay diverges; and

1—k (1 — a’;—:l)‘ <00 = Y o a diverges.

(iii) p =1 and supyey k

Really Ratio Comparison Test against p-series. Also succeeds when p = oc.



How results are proved:

Monotone Convergence

:>’ Comparison Test ‘:> Limit Comparison Test
of sequences

ﬂ

nth Term Test =——=| Root Test |——= Ratio Comparison Test

Geometric series =——————=>| Ratio Test

’ Raabe’s Test \

Integral Test ‘

p-series

An imperfect guide on use of these tests in practice: a; > 0

lim a, =0 2 > nth Term Test
k—o0
yesl
decreasing
f:[M,00) >R Integral Test

nol

maybe?

“Obvious” comparison with
) p Comparison Test/ yes Less obvious
— geometric series — > Limit Comparison Comparlson )
— p-series Test
= \
ak
Q41
r = lim exists R lim sup \’f/a #1 (%)
k—o0 ak k—o0

\ Lyes
eXISV Ratio Test Root Test

lpﬂ /N

sup k ‘1 —k (1 — ak“) ‘ < 00 Raabe’s Test
keN Qg

k—o0

p= lim k ( ak“

() computation likely difficult; (*x) possibly really difficult



Results on general series.
oo

Absolute Convergence. Z |ax| converges. Can use any test of last section on |ag|.
k=1

Cauchy Product. Zak, Zbk absolutely convergent. Then

k=0 k=0
00 [e'e) [e's) k
E ag - E bk = E ajbk_j .
k=0 k=0 k=0 \j=0

May fail if absolute convergence assumption dropped.
Leibniz’s Alternating Series Test. If
e a; eventually decreasing, non-negative: ay > apy; > 0 when k> N

e lima,=0
k—o0

o
then Z(— 1)+ ay, converges.
k=1

Raabe’s Alternating Series Test. If a; > 0 and

p= lim k <1 — akﬂ) exists

k—o00

(i) p>1= > 7, (=Dkay converges absolutely;
(il) 0 <p <1 = >72 (—1)*ay converges (conditionally if p < 0); and
(iii) 0 <p = > 22, (—1)*ax diverges.

Case p = 1 occurs sometimes with absolute convergence; case p = 0 must be inspected by
other means.






