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1.1 Normed Vector Spaces
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1.3 Convergence
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1.4 More Convergence
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2.1 Cauchy Sequence 
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2.2 Completeness 
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2.3 Topology 1
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2.4 Topology 2
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3.1 Unions & Intersections
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3.2 Closures & Interiors
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3.3 Examples
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3.4 Properties of Closure & Interior
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4.1 Compactness 1
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4.2 Heine-Borel
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4.3 Open Covers
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4.4 Compactness 2
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5.1 Compactness 3
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5.2 Limits
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Week 7

Welcome to Part 2 of the course! This week we will be starting our study of mul-
tivariable calculus. Naturally, we will start by investigating multivariable di↵erentiation.
As you will soon see, we will consistently use the language of real analysis in our theory.
So, don’t go forgetting all of the real analysis you just learned!

1 Partial Derivatives

In this section we will be exploring partial derivatives and the di↵erentiability of multivari-
able functions. We will freely use the theory of di↵erentiability for functions f : A ! R,
A ✓ R.

Definition. Let f : A ! R, A ✓ Rn, be a multivariable function. We denote such a
function by f(x1, x2, . . . , xn). Fix 1  i  n. We define the partial derivative of f , with
respect to xi, at a = (a1, a2, . . . , an) 2 A to be

@f

@xi
(a) = lim

h!0

f(a+ hei)� f(a)

h
,

provided the limit exists. Here ei is the ith standard basis vector of Rn.

Notation. We also denote @f
@xi

(a) by fxi(a).

The big picture here is that the partial derivative of f , w.r.t xi, at a is obtained by dif-
ferentiating the function with respect to the variable xi, while treating all xj (i 6= j) like con-

stants, and then plugging in the point a. As usual, we denote by @f
@xi

= @
@xi

f(x1, x2, . . . , xn)
the function which takes in a point in A and then gives the partial derivative of f w.r.t.
xi at that point, provided it exists.

Example. Consider f : R2 ! R given by f(x, y) = ex cos(y) + x2y. Then,

@

@x
f(x, y) = ex cos(y) + 2xy

and
@

@y
f(x, y) = �ex sin(y) + x2.

We now use these partial derivatives to define the more general multivariable partial
derivative.

1
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Definition. Let f : A ! Rm, A ✓ Rn, be a function. There exist real valued functions
functions f1, f2, . . . , fm such that f = (f1, f2, . . . , fm). For 1  i  n, we define the partial
derivative of f, w.r.t. xi, at a 2 A by

@f

@xi
(a) =

✓
@f1
@xi

(a),
@f2
@xi

(a), . . . ,
@fm
@xi

(a)

◆
,

provided each @fj
@xi

exists.

Example. Consider f : R3 ! R2 defined by f(x, y, z) = (xy, exz). Here f1(x, y, z) = xy
and f2(x, y, z) = exz. Moreover, for any (x, y, z) 2 R3,

fx(x, y, z) = (y, zexz),

fy(x, y, z) = (x, 0),

and
fz(x, y, z) = (0, xexz).

2
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2 Di↵erentiability

Goal: We will now define the notion of di↵erentiability at a point for functions f : A ! Rm,
A ✓ Rn. We will then discuss how this definition of di↵erentiability relates to the partial
derivatives already established.

Recall. (Linear Approximation Theorem) Remember that a function f : A ! R, A ✓ R,
is di↵erentiable at a point a 2 A if and only if f is defined on an open interval containing
a and there exists a function T (x) = mx such that

lim
h!0

f(a+ h)� f(a)� T (h)

h
= 0.

This above recall/theorem will be our motivating piece for what follows.

Notation. We let L(Rn,Rm) denote the set of linear transformations from Rn to Rm.

Definition. Let a 2 A ✓ Rn and f : A ! Rm be a function. We say f is di↵erentiable
at a if there exists an open set a 2 U ✓ A such that f is defined on U and there exists
T 2 L(Rn,Rm) such that

lim
h!0

f(a+ h)� f(a)� T (h)

||h|| = 0.

Remark.

1. In the above definition, we assume h is small enough that a+h 2 U , so that f(a+h)
is for sure defined.

2. Notice that T 2 L(R,R) if and only if T (x) = mx, so this definition coincides with
our previous characterization.

To prove our next theorem, we need some help from your third assignment!

Definition. Let A be an m⇥ n matrix of real numbers. We define

||A||op = sup{||Ax|| : x 2 Rn, ||x|| = 1},

to be the operator norm on the set of all m⇥ n real matrices, Mm⇥n(R).

One quick thing to note is that if A 2 Mm⇥n(R) and 0 6= x 2 Rn, then the norm
of x/||x|| is 1 and so ||A(x/||x||)||  ||A||op. Hence, ||Ax||  ||A||op · ||x||. Notice that this
final inequality trivially holds when x = 0.

3
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Theorem. Let a 2 A ✓ Rn and f : A ! Rm be a function. If f is di↵erentiable at a then
f is continuous at a.

Proof. Suppose f is di↵erentiable at a 2 A so that f is defined on an open set a 2 U ✓ A
and there exists T 2 L(Rn,Rm) such that

lim
h!0

f(a+ h)� f(a)� T (h)

||h|| = 0.

Now, let B 2 Mm⇥n(R) be the standard matrix of T (ie. relative to the standard bases
for Rn and Rm). Recall from linear algebra that this means T (x) = Bx for all x 2 Rn. In
particular, there exists � > 0 such that for 0 < ||h|| < �,

||f(a+ h)� f(a)� T (h)||
||h|| < 1.

Therefore, for 0 < ||h|| < �,

||f(a+ h)� f(a)�Bh|| < ||h||,
=) ||f(a+ h)� f(a)||� ||Bh|| < ||h|| (Reverse Triangle Ineq.)

=) ||f(a+ h)� f(a)|| < ||Bh||+ ||h||  ||B||op||h||+ ||h||.

As h ! 0 in Rn, ||B||op||h||+ ||h|| ! 0 in R, and so ||f(a+ h)� f(a)|| ! 0 by the Squeeze
Theorem. In particular,

lim
h!0

f(a+ h) = f(a).

Letting x = a+ h, we see that
lim
x!a

f(x) = f(a).

4
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3 Partial Derivatives AND Di↵erentiability

Goal: Determine a relationship between di↵erentiability and partial derivatives.

Theorem. Let a 2 A ✓ Rn and f : A ! Rm be a function. If f is di↵erentiable at a then
all the partial derivatives of f exist at a.

Proof. Suppose f is di↵erentiable at a so that there exists an open set a 2 U ✓ A such
that f is defined on U and there exists T 2 L(Rn,Rm) such that

lim
h!0

f(a+ h)� f(a)� T (h)

||h|| = 0.

Letting B be the standard matrix of T , we see that

lim
h!0

f(a+ h)� f(a)�Bh

||h|| = 0.

Let {e1, e2, . . . , en} be the standard basis for Rn. Consider h = tei, where t 2 R. Observe
that t ! 0 if and only if h ! 0. Moreover,

lim
t!0+

f(a+ tei)� f(a)�Btei
||tei||

= 0,

and so

lim
t!0+

f(a+ tei)� f(a)

t
= Bei.

Similarly,

lim
t!0�

f(a+ tei)� f(a)

�t
= �Bei,

and

lim
t!0�

f(a+ tei)� f(a)

t
= Bei.

Therefore,

lim
t!0

f(a+ tei)� f(a)

t
= Bei,

and so,
@f

@xi
(a) = Bei.

5
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Remark. (Super Important!) With notation as above, we have just proved that

@f

@xi
(a) = Bei.

By matrix multiplication, Bei is actually just the ith column of B. In particular, if B = [bi,j ]
then Bei = (b1,i, b2,i, . . . , bm,i). Moreover, letting f = (f1, f2, . . . , fm) as usual, we have
that

@f

@xi
(a) =

✓
@f1
@xi

(a), . . . ,
@fm
@xi

(a)

◆

and so

bi,j =
@fi
@xj

(a).

This tells us what the matrix B actually is, opposed to just a theoretical matrix
that exists. The below definition gives this matrix a special name.

Definition. If all first order partial derivatives of f : A ! Rm, A ✓ Rn, exist at a 2 A,
we call the matrix

Df(a) =


@fi
@xj

(a)

�

m⇥n

the total derivative of f at a. The above Theorem tells us that if f is di↵erentiable
at a, then the total derivative B = Df(a) exists and strongly relates to the definition of
di↵erentiability.

Definition. When m = 1, Df(a) =
⇣

@f
@x1

(a), . . . , @f
@xn

(a)
⌘
is called the gradient of f at

a and is labelled by rf(a).

We conclude this lecture with some examples.

Example. Consider A = {(x, y) 2 R2 : x < y} and f : A ! R3 given by

f(x, y) =
�p

y � x, xy + 2, ln(y3 � x3 + 1)
�
.

Then,

Df(x, y) =

2

64

�1
2
p
y�x

1
2
p
y�x

y x
�3x2

y3�x3+1
3y2

y3�x3+1

3

75 .

Notice that here I am giving the total derivative as a function of the points in A. I can do
this because the partial derivatives of f all exist at every point in A.

6
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Example. Consider f : R2 ! R given by

f(x, y) =

(
xy

x2+y2 if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0).

We first find rf(0, 0). Note that

@f

@x
(0, 0) = lim

h!0

f((0, 0) + he1)� f(0, 0)

h
= lim

h!0

f(h, 0)� f(0, 0)

h
= 0,

and @f
@y (0, 0) = 0, similarly. Hence rf(0, 0) = (0, 0). In particular, the total deriva-

tive of f exists at (0, 0). However, (1/n, 1/n) ! (0, 0) but f(1/n, 1/n) ! 1/2 6= f(0, 0).
Therefore f is not continuous, and hence not di↵erentiable, at (0, 0). So what
have we learned? Well, a total derivative existing at a point does NOT mean f is di↵eren-
tiable at that point! That is, don’t use the (false) converse of the above Theorem!

Theorem. Let a 2 A ✓ Rn and f : A ! Rm be a function. Moreover, assume A is an
open subset of Rn. If all of the partial derivatives of f exist on A (ie. the total derivative
exists on A) and are continuous at a, then f is di↵erentiable at a.

Proof. Suppose every partial derivative of f exists on A and that every partial derivative
is continuous at a.
Case 1: m = 1.
Suppose a = (a1, a2, . . . , an). Since A is open there exists r > 0 such that Br(a) ✓ A. For
any h = (h1, h2, . . . , hn) 6= 0 such that a+ h 2 Br(a),

f(a+ h)� f(a) = f(a1 + h1, . . . , an + hn)� f(a1, . . . , an)

= f(a1 + h1, . . . , an + hn)� f(a1, a2 + h2, . . . , an + hn)

+ f(a1, a2 + h2, . . . , an + hn)� f(a1, a2, a3 + h3, . . . , an + hn)

+ f(a1, a2, a3 + h3, . . . , an + hn)� f(a1, a2, a3, a4 + h4, . . . , an + hn)

...

+ f(a1, . . . , an�1, an + hn)� f(a1, a2, . . . , an).

However, by the singe variable Mean Value Theorem, for every 1  j  n there exists
cj between aj and aj + hj such that

f(a1, . . . , aj�1, aj + hj , . . . , an + hn)� f(a1, . . . , aj , aj+1 + hj+1, . . . , an + hn)

aj + hj � aj

=
@f

@xj
(a1, . . . , aj�1, cj , aj+1 + hj+1, . . . , an + hn).

7
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Putting all of this mess together,

f(a+ h)� f(a) =
nX

j=1

hj
@f

@xj
(a1, . . . , aj�1, cj , aj+1 + hj+1, . . . , an + hn).

Now, for 1  j  n let

�j :=
@f

@xj
(a1, . . . , aj�1, cj , aj+1 + hj+1, . . . , an + hn)�

@f

@xj
(a1, . . . , an),

and � = (�1, . . . , �n). Then,

f(a+ h)� f(a)�rf(a) · h = h · �.

Since all of the partials are continuous on A, as h ! 0, each �j ! 0, and so � ! 0 in
Rn. Therefore

0  lim
h!0

|f(a+ h)� f(a)�rf(a) · h|
||h|| = lim

h!0

|� · h|
||h||  lim

h!0

||�|| · ||h||
||h|| = 0.

Note that in the last inequality, we used the Cauchy-Schwarz inequality from linear algebra!.
Therefore

lim
h!0

|f(a+ h)� f(a)�rf(a) · h|
||h|| = 0

and so

lim
h!0

f(a+ h)� f(a)�rf(a) · h
||h|| = 0

as well. This exactly means that f is di↵erentiable at a.

Case 2: Follows from Case 1 and the fact that f = (f1, f2, . . . , fm).
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4 Examples

1. Let A = {(x, y) : x > 0, y > 0}, which is open in R2. Consider f : A ! R2 given by

f(x, y) =
⇣p

x+ 2y, sin(xy)x

⌘
. Prove that f is di↵erentiable on A (ie. at every point

in A).

Proof. We see that

fx(x, y) =

✓
1

2
p
x+ 2y

,
xy cos(xy)� sin(xy)

x2

◆

and

fy(x, y) =

✓
1p

x+ 2y
,
x cos(xy)

x

◆

exist on A. Moreover, both fx and fy are continuous on A so that by our theorem,
f is di↵erentiable at every point in A.

2. Consider f : R2 ! R given by

f(x, y) =

8
<

:
(x2 + y2) sin

✓
1p

x2+y2

◆
if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0).

Is f di↵erentiable at (0, 0)?

Proof. We see that

fx(x, y) = 2x sin

 
1p

x2 + y2

!
� cos

 
1p

x2 + y2

!
xp

x2 + y2
,

for all (x, y) 6= (0, 0). Now, we see that (1/n, 0) ! (0, 0) but

fx(1/n, 0) =
2

n
sin(n)� cos(n)

diverges. Therefore fx is not continuous at (0, 0). However, this doesn’t mean that
f is not di↵erentiable at (0, 0). It just means that we can’t use our second theorem.
We are then left to go back to the definition of di↵erentiability and see if

lim
h!0

f(0 + h)� f(0)�Df(0, 0)h

||h|| = 0.

9
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Well,

fx(0, 0) = lim
h!0

f(h, 0)� f(0, 0)

h
= lim

h!0
h2 sin

✓
1

|h|

◆
= 0,

by a standard squeeze theorem argument. Similarly, fy(0, 0) = 0, and so Df(0, 0) =
(0, 0). Now,

lim
h!0

f(0 + h)� f(0)�Df(0, 0)h

||h|| = lim
h!0

f(h)

||h||

= lim
(h1,h2)!(0,0)

q
h21 + h22 sin

 
1p

h21 + h22

!

= lim
(x,y)!(0,0)

p
x2 + y2 sin

 
1p

x2 + y2

!

= 0,

again by the squeeze theorem (real-valued limits preserve order). Therefore f is
indeed di↵erentiable at (0, 0), even though things were looking bad!

3. Consider f : R2 ! R given by f(x, y) =
x2y + x

x2 + y2
if (x, y) 6= (0, 0) and f(0, 0) = 0. Is

f di↵erentiable at (0, 0)?

Proof. Note that

fx(0, 0) = lim
h!0

f(h, 0)� f(0, 0)

h
= lim

h!0

h

h2
,

which doesn’t exist. By the first theorem of section 3, f is not di↵erentiable at
(0, 0).

10
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Week 8 Appendix

Theorem. Let a be an element of an open set U ✓ Rn
and let f : U ! R be a function.

If f is di↵erentiable at a then the surface

S = {(x, z) 2 Rn+1
: z = f(x), x 2 U},

has a tangent hyperplane at (a, f(a)) with normal n = (rf(a),�1).

Proof. Let (xk, f(xk)) ✓ S\{(a, f(a))} be a sequence such that (xk, f(xk)) ! (a, f(a)). By
A1, xk ! a. We must prove that

lim
k!1

n · (xk, f(xk))� (a, f(a))

||(xk, f(xk))� (a, f(a))|| = 0.

Since f is di↵erentiable at a we have that

lim
h!0

f(a+ h)� f(a)�rf(a)h

||h|| = 0.

Letting "(h) = f(a+ h)� f(a)�rf(a)h,

lim
h!0

"(h)

||h|| = 0.

Moreover, we see that

||(xk, f(xk))� (a, f(a))||2 = ||(xk � a, f(xk)� f(a))||2 � ||xk � a||2.

Then, since xk � a ! 0,

0 
���� limk!1

n · (xk, f(xk))� (a, f(a))

||(xk, f(xk))� (a, f(a))||

����

= lim
k!1

|rf(a)(xk � a)� (f(xk)� f(a))|
||(xk, f(xk))� (a, f(a))||

 lim
k!1

|rf(a)(xk � a)� (f(xk)� f(a))|
||xk � a||

= lim
k!1

|"(xk � a)|
||xk � a||

= 0.

The result follows.

1
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Theorem (Dot Product Rule). Let A ✓ Rn
and let f and g be functions from A to Rm

.

If f and g are di↵erentiable at a 2 A then f · g is di↵erentiable at a and

D(f · g)(a) = g(a)Df(a) + f(a)Dg(a).

Proof. Since f and g are di↵erentiable at a there exist r1, r2 > 0 such that f is defined on

Br1(a) and g is defined on Br2(a). By taking r = min{r1, r2}, we see that f · g is defined

on Br(a). Therefore we are left to prove that

lim
h!0

(f · g)(a+ h)� (f · g)(a)�Xh

||h|| ,

where X = g(a)Df(a) + f(a)Dg(a). Well,

lim
h!0

(f · g)(a+ h)� (f · g)(a)�Xh

||h||

= lim
h!0

(f · g)(a+ h)� (f · g)(a)� g(a)Df(a)h� f(a)Dg(a)h

||h||

= lim
h!0

g(a) · (f(a+ h)� f(a)�Df(a)h) + f(a) · (g(a+ h)� g(a)�Dg(a)h)

||h||

+ lim
h!0

f(a) · g(a)� g(a) · f(a+ h)� f(a) · g(a+ h) + f(a+ h) · g(a+ h)

||h||

= 0 + lim
h!0

f(a) · g(a)� g(a) · f(a+ h)� f(a) · g(a+ h) + f(a+ h) · g(a+ h)

||h||

= lim
h!0

g(a) · (f(a)� f(a+ h))� g(a+ h) · (f(a)� f(a+ h))

||h||

= lim
h!0

(g(a)� g(a+ h)) · (f(a)� f(a+ h))

||h|| .

However, by the Cauchy-Schwarz inequality,

|(g(a)� g(a+ h)) · (f(a)� f(a+ h))|
||h||  ||g(a)� g(a+ h)|| · ||f(a)� f(a+ h)||

||h|| .

2
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Therefore,

0  lim
h!0

|(f · g)(a+ h)� (f · g)(a)�Xh|
||h||

 lim
h!0

||g(a)� g(a+ h)|| · ||f(a)� f(a+ h)||
||h||

= lim
h!0

||g(a)� g(a+ h)||
||h|| · ||f(a)� f(a+ h)||

||h|| ||h||

= lim
h!0

||Dg(a)h||
||h||

||Df(a)h||
||h|| ||h||

 lim
h!0

||Dg(a)||op||h||
||h||

||Df(a)||op||h||
||h|| ||h||

= 0

The result follows.

Theorem (Chain Rule). Let A ✓ Rn
and B ✓ Rm

and consider two functions f : A ! Rm

and g : B ! Rk
. If f is di↵erentiable at a 2 A and g is di↵erentiable at f(a) 2 B then

g � f is di↵erentiable at a wth

D(g � f)(a) = Dg(f(a))Df(a).

Proof. We have that f is defined on some open set Br1(a) and g is defined on some open

set Br2(f(a)). By continuity of f , we may shrink r1, if necessary, so that f(Br1(a)) ✓
Br2(f(a)). Therefore g � f is defined on Br1(a). We are then left to show that

lim
h!0

(g � f)(a+ h)� (g � f)(a)�Xh

||h|| = 0,

where X = Dg(f(a))Df(a). To ease notation, let b = f(a),

"(h) = f(a+ h)� f(a)�Df(a)h,

�(k) = g(b+ k)� g(b)�Dg(b)k,

so that

lim
h!0

"(h)

||h|| = 0

and

lim
k!0

�(k)

||k|| = 0.

3
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Now, consider k = f(a + h) � f(a). Note that k ! 0 as h ! 0, by continuity of f at a.
Then,

lim
h!0

(g � f)(a+ h)� (g � f)(a)�Xh

||h||

= lim
h!0

(g � f)(a+ h)� (g � f)(a)�Dg(f(a))Df(a)h

||h||

= lim
h!0

g(k + b)� g(b)�Dg(b)Df(a)h

||h||

= lim
h!0

Dg(b)"(h) + �(k)

||h||

= lim
h!0

Dg(b)
"(h)

||h|| +
�(k)

||h|| .

Now, since

0  ||Dg(b)"(h)||
||h||  ||Dg(b)||op

|||"(h)||
||h|| ! 0,

as h ! 0 we see that

lim
h!0

Dg(b)
"(h)

||h|| = 0.

Next,

lim
h!0

�(k)

||h|| = lim
h!0

�(k)

||k|| ·
||k||
||h|| .

However,

||k|| = ||Df(a)h+ "(h)||  ||Df(a)||op||h||+ ||"(h)||,

from which it follows that
||k||
||h||

is bounded. By a squeeze theorem argument,

lim
h!0

�(k))

||h|| = lim
h!0

�(k)

||k|| ·
||k||
||h|| = 0,

as required.

4
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Theorem (Mean Value theorem). Let U ✓ Rn
be open and let f : U ! Rm

be di↵eren-

tiable. If a, b 2 U such that L(a, b) ✓ U , then for all x 2 Rm
there exists c 2 L(a, b) such

that

x · (f(b)� f(a)) = x · [Df(c)(b� a)] .

Proof. Consider ' : R ! Rn
given by '(t) = (1�t)a+tb so that L(a, b) ✓ '(R). Moreover,

it may be routinely verified (share your proof on Piazza!) that ' is di↵erentiable with

D'(t) = b� a. Since U is open and L(a, b) ✓ U there exists � > 0 such that '(t) 2 U for

all t 2 (0� �, 1 + �). Then, by the chain rule,

D(f � ')(t) = Df('(t))(b� a),

for all t 2 (0� �, 1 + �). Now fix x 2 Rm
.

Consider F : (��, 1+ �) ! R given by F (t) = x · (f �')(t). By the dot product rule,

F is di↵erentiable and

F 0
(t) = x ·D(f � ')(t) = x ·Df('(t))(b� a).

By the single-variable MVT, there exists t0 2 (0, 1) such that

F (1)� F (0) = F 0
(t0)(1� 0).

Hence,

x · f('(1))� x · f('(0)) = x ·Df('(t0))(b� a)

and so

x · (f(b)� f(a)) = x · f(b)� x · f(a) = x ·Df('(t0))(b� a).

Taking c = '(t0), we are done.

5
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Week 9 Appendix

Theorem. (Taylor’s Formula) Let p 2 N, U ✓ Rn
be open and convex, and f 2 Cp

(U).

For all x, a 2 U there exists c 2 L(x, a) such that

f(x) = f(a) +
p�1X

k=1

1

k!
Dkf(a)(x� a) +

1

p!
Dpf(c)(x� a).

Proof. Let x, a 2 U and consider h = x � a = (h1, . . . , hn). Since L(x, a) ✓ U and U is

open, there exists � > 0 such that a+ th 2 U for all t 2 I := (��, 1+ �). Now, the function
g : I ! R given by g(t) = f(a+ th) is di↵erentiable by the chain rule and

g0(t) = Df(a+ th)h =

nX

i=1

@f

@xi
(a+ th)hi.

Moreover, it may be shown by induction that for 1  j  p,

g(j)(t) =
nX

i1=1

· · ·
nX

ij=1

@jf

@xi1x@xi2 · · · @xij
(a+ th)hi1 · · ·hij .

Note that this is the motivation for the definition for the total di↵erential! In particular,

for 1  j  p� 1 we have that

g(j)(0) = Djf(a)(h)

and

g(p)(t) = Dpf(a+ th)(h).

Therefore g : I ! R is p-times di↵erentiable and so by the 1D version of Taylor’s Formula,

g(1)� g(0) =
p�1X

k=1

1

k!
g(k)(0) +

1

p!
g(p)(t),

for some 0  t  1. Thus,

f(x)� f(a) = f(a+ h)� f(a) =
p�1X

k=1

1

k
Dkf(a)(h) +

1

p!
Dpf(a+ th)(h),

and so we are done by taking c = a+ th.

1
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Lemma. Let U ✓ Rn
be open and let f 2 C2

(U). If a 2 U such that F (f, a)(h) > 0 for

all 0 6= h 2 Rn
then there exists m > 0 such that

F (f, a)(x) � m||x||2,

for all x 2 Rn
.

Proof. Consider the compact set K = {x 2 Rn
: ||x|| = 1}. Since f 2 C2

(U) we have

that F (f, a) is continuous and positive on K. By the EVT, there exists m > 0 such that

m = min{F (f, a)(x) : x 2 K}. For 0 6= x 2 Rn
we then see that

x
||x|| 2 K and so

F (f, a)

✓
x

||x||

◆
=

1

||x||2F (f, a)(x) � m.

Lemma. Let U ✓ Rn
be open and let f 2 C2

(U). Suppose a 2 U such that that

rf(a) = 0. Let r > 0 such that Br(a) ✓ U . There exists a function " : Br(0) ! R such

that

lim
h!0

"(h) = 0

and

f(a+ h)� f(a) =
1

2
F (f, a)(h) + ||h||2"(h)

for ||h|| su�ciently small.

Proof. Consider

"(h) :=
f(a+ h)� f(a)� 1

2F (f, a)(h)

||h||2

for 0 6= h 2 Br(0) and define "(0) = 0. We are left to prove that "(h) ! 0 as h ! 0. Let

h 2 Br(0). Since r(f)(a) = 0 we have by Taylor’s Formula that

f(a+ h)� f(a) =
1

2
F (f, c)(h)

for some c 2 L(a, a+ h). Then,

0  |"(h)|||h||2 = |1
2
F (f, c)(h)� 1

2
F (f, a)(h)|

 1

2

X

i

X

j

����
@2f

@xi@xj
(c)� @2f

@xi@xj
(a)

���� |hihj |

 1

2

X

i

X

j

����
@2f

@xi@xj
(c)� @2f

@xi@xj
(a)

���� ||h||
2

2
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and

1

2

X

i

X

j

✓
@2f

@xi@xj
(c)� @2f

@xi@xj
(a)

◆
! 0

as h ! 0 because c ! a as h ! 0 and f 2 C2
(U).

Theorem. (Second Derivative Test) Let U ✓ Rn
be open and let f 2 C2

(U). Suppose

a 2 U such that that rf(a) = 0.

1. If F (f, a)(h) > 0 for all 0 6= h 2 Rn
then f(a) is a local minimum of f .

2. If F (f, a)(h) < 0 for all 0 6= h 2 Rn
then f(a) is a local maximum of f .

3. If there exist h, k 2 Rn
such that F (f, a)(h) > 0 and F (f, a)(k) < 0 then a is a saddle

point of f .

Proof. Let r > 0 such that Br(a) ✓ U . There exists a function " : Br(0) ! R such that

lim
h!0

"(h) = 0

and

f(a+ h)� f(a) =
1

2
F (f, a)(h) + ||h||2"(h)

for ||h|| su�ciently small.

1. Suppose F (f, a)(h) > 0 for all 0 6= h 2 Rn
. Let m > 0 such that

F (f, a)(x) � m||x||2,

for all x 2 Rn
. Then,

f(a+ h)� f(a) =
1

2
F (f, a)(h) + ||h||2"(h) �

⇣m
2

+ "(h)
⌘
||h||2 > 0

for all ||h|| su�ciently small, since m > 0 and "(h) ! 0 as h ! 0. Therefore

f(a+ h) > f(a) for all ||h|| su�ciently small, and so f(a) is a local minimum of f .

2. Follows from (1) by replacing f with �f .

3. Let h 2 Rn
. For small t 2 R,

f(a+ th)� f(a) =
1

2
F (f, a)(th) + ||th||2"(th)

= t2
✓
1

2
F (f, a)(h) + ||h||2"(th)

◆
.

Letting t ! 0, we have that "(th) ! 0 and so f(a + th) � f(a) takes on the same

sign as F (f, a)(h), which can be both positive and negative. Therefore a is a saddle

point.

3
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Week 10 Appendix

Lemma 1. Let U ✓ Rn
be open. Suppose a 2 U so that we may find r > 0 such that

Br(a) ✓ U . Let f : U ! Rn
be continuous and injective when restricted to Br(a) and

assume its first order partials exist on Br(a). If Jf 6= 0 on Br(a) then there exists " > 0

such that B"(f(a)) ✓ f(Br(a)).

Proof. Consider g : Br(a) ! R given by g(x) = ||f(x)� f(a)||. Since f is continuous and

injective on Br(a) we have that g is continuous and g(x) > 0 for all x 6= a. By the EVT,

m = inf{g(x) : ||x� a|| = r} > 0.

Take " = m/2. We claim that B"(f(a)) ✓ f(Br(a)).
Let y 2 B"(f(a)). Again by the EVT, there exists b 2 Br(a) such that

||f(b)� y|| = inf{||f(x)� y|| : x 2 Br(a)}.

For the sake of contradiction, suppose that ||b� a|| = r. Then,

" > ||f(a)�y|| � ||f(b)�y|| � ||f(b)�f(a)||�||f(a)�y|| = g(b)�||f(a)�y|| � m�" = 2"�" = ",

which is a contradiction. Therefore we have that b 2 Br(a).
If we can show that y = f(b) we are done. This is where the information about

the partial derivatives and the Jacobian come into play. Consider the continuous function

h : Br(a) ! R given by h(x) = ||f(x)� y||. By construction, h(b) is the minimum value of

h. Moreover, h2(b) is also the minimum value of of h2. Since b 2 Br(a), which is open, we

have that rh2(b) = 0 (note that in last week’s proof we really just needed the first order

partials to exist at a, not necessarily di↵erentiability at a). However,

h2(x) =
nX

i=1

(fi(x)� yi)
2,

and so for every 1  j  n,

0 =
@h2

@xj
(b) =

nX

i=1

2(fi(b)� yi)
@fi
@xj

(b).

Thus, Df(b)x = 0, where x = (2(f1(b)�y1), 2(f2(b)�y2), . . . , 2(fn(b)�yn))T . Since Df(b)
is invertible (Jf(b) 6= 0) we have that x = 0. Hence f(b) = y, as required.

1
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Lemma 2. Let U ✓ Rn
be open and nonempty. If f : U ! Rn

is continuous, injective,

has all first-order partials existing on U , AND is such that Jf 6= 0 on U , then f�1
is

continuous on f(U).

Proof. To prove that f�1
: f(U) ! Rn

is continuous it su�ces to prove that f(W ) is open

whenever W is open in Rn
and W ✓ U (Why? Piazza!). Well, let W be such a set and

take b 2 f(W ) so that b = f(a) for some a 2 W . Since W is open there exists r > 0 such

that Br(a) ✓ W . By the previous lemma, there then exists " > 0 such that

B"(b) ✓ f(Br(a)).

Thus, B"(b) ✓ f(W ), and so f(W ) is open.

Lemma 3. Let U ✓ Rn
be open and let f 2 C1

(U,Rn
). If a 2 U such that Jf(a) 6= 0

then there exists r > 0 such that Br(a) ✓ U , f is injective on Br(a), Jf 6= 0 on Br(a), and

det

✓
@fi
@xj

(ci)

◆
6= 0

for all c1, c2, . . . , cn 2 Br(a).

Proof. Let W = U ⇥ U ⇥ · · ·⇥ U (n-times). Consider h : W ! R defined by

h(x1, x2, . . . , xn) = det

✓
@fi
@xj

(xi)

◆

Since f 2 C1
(U,Rn

) and a determinant is a polynomial in its entries, we have that h is

continuous. Note that h(a, a, . . . , a) = Jf(a) 6= 0. Thus we may find an open interval

h(a, a, . . . , a) 2 I ✓ R such that 0 62 I. Then, h�1
(I) is open (note that W is open) and so

there exists R > 0 such that BR(a, a, . . . , a) ✓ h�1
(I). But then we may find r > 0 such

that

Br(a)⇥ · · ·⇥Br(a) ✓ BR(a, a, . . . , a) ✓ h�1
(I).

We then see that Jf 6= 0 on Br(a), and

det

✓
@fi
@xj

(ci)

◆
6= 0

for all c1, c2, . . . , cn 2 Br(a).
We are left to show that f injective on Br(a). For the sake of contradiction suppose

there exists x 6= y in Br(a) such that f(x) = f(y). Since f is di↵erentiable on Br(a), every
fi is di↵erentiable on Br(a). Fix 1  i  n. By the MVT there exists ci 2 L(x, y) such

2
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that 0 = fi(x)� fi(y) = Dfi(ci)(x� y). Letting A =

h
@fi
@xj

(ci)
i
we see that A(x� y) = 0.

Since x� y 6= 0, A is not invertible and so

det

✓
@fi
@xj

(ci)

◆
= 0,

a contradiction.

Recall. (Cramer’s Rule) Let A be a n ⇥ n invertible matrix and consider a system of

equations Ax = b. This system has a unique solution x = (x1, x2, . . . , xn)T 2 Rn
given by

xi =
det(A(i))

detA
,

where A(i) is the matrix obtained from A by replacing its ith column by b.

Theorem. (Inverse Function Theorem) Let U ✓ Rn
be open and let f 2 C1

(U,Rn
). If

a 2 U such that Jf(a) 6= 0 then there exists an open set a 2 W ✓ U such that

1. f is injective on W

2. f�1 2 C1
(f(W ),Rn

)

3. For every y 2 f(W ), if x = f�1
(y) then

Df�1
(y) = [Df(x)]�1.

Proof. Since this is a rather long and technical proof, we break it into digestible, enumer-

ated pieces.

1. By Lemma 3 there exists r > 0 with W := Br(a) ✓ U such that f is injective on W ,

Jf 6= 0 on W , and

det

✓
@fi
@xj

(ci)

◆
6= 0

for all c1, c2, . . . , cn 2 W . Moreover, by Lemma 2, f�1
is continuous on f(W ).

2. We claim that f�1 2 C1
(f(W ),Rn

). Fix y0 2 f(W ) and 1  i, j  n. Choose 0 6= t 2
R su�ciently small so that y0 + tej 2 f(W ). We may then find x0, x1 = x1(t) 2 W
such that f(x0) = y0 and f(x1) = y0 + tej . By the MVT, for every 1  i  n there

exists ci = ci(t) 2 L(x0, x1) such that

rfi(ci)(x1 � x0) = fi(x1)� fi(x0) =

(
t if i = j

0 otherwise
.

3
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Therefore,

rfi(ci)(
x1 � x0

t
) =

1

t
(fi(x1)� fi(x0)) =

(
1 if i = j

0 otherwise
.

Now let Aj be the n⇥n matrix whose ith row is rfi(ci). By assumption, det(Aj) 6= 0.

Moreover, Aj(
x1�x0

t ) = ej . For 1  k  n, we then see that

(f�1
)k(y0 + tej)� (f�1

)k(y0)

t
=

x1,k � x0,k
t

,

where by Cramer’s Rule, Qk(t) :=
x1,k�x0,k

t is a quotient of determinants of matrices

whose entries are either 0, 1, or a first-order partial of f evaluated at a c`. As t ! 0

we clearly have that y0 + tej ! y0. But then, by the continuity of f�1
, we have that

x1 ! x0 and so ci ! x0. Since f is C1
, we therefore that that Qk(t) ! Qk, where Qk

is a quotient of determinants of matrices whose entries are either 0, 1, or a first-order

partial of f evaluated at a x0 = f�1
(y0). Since f 2 C1

and f�1
is continuous at y0,

it follows that Qk is continuous at each y0 2 f(W ). Moreover,

lim
t!0

(f�1
)k(y0 + tej)� (f�1

)k(y0)

t
= lim

t!0

x1,k � x0,k
t

= Qk.

Hence all of the partial derivatives of f�1
exist and are continuous at y0 (ie. f�1 2

C1
(f(W ),Rn

)).

3. Finally, we quickly run the chain rule and note that for y 2 f(W ),

I = DI(y) = D(f � f�1
)(y) = Df(f�1

(y))D(f�1
)(y).

The result follows.

Theorem. (Implicit Function Theorem) Suppose U ✓ Rn+p
is open and f = (f1, f2, . . . , fn) 2

C1
(U,Rn

). Suppose x0 2 Rn
and t0 2 Rp

such that f(x0, t0) = 0. If

det

✓
@fi
@xj

(x0, t0)

◆

n⇥n

6= 0,

then there is an open set t0 2 V ✓ Rp
and a unique function g 2 C1

(V,Rn
) such that

g(t0) = x0 and f(g(t), t) = 0 for all t 2 V .

Proof. For every (x, t) 2 U let

F (x, t) := (f(x, t), t) = (f1(x, t), . . . , fn(x, t), t1, t2, . . . , tp).

4
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Notice that F (x0, t0) = (0, t0). Then, F is a function from U to Rn+p
with

DF =

"⇣
@fi
@xj

⌘

n⇥n
B

0p⇥n Ip⇥p

#
,

where 0p⇥n is the p⇥n zero matrix, Ip⇥p is the p⇥p identity matrix, and B is a matrix whose

entries are first-order partials of the f 0
is with respect to the t0js. Taking the determinant

of this crazy matrix evaluated at (x0, t0), we have that

JF (x0, t0) = det

✓
@fi
@xj

(x0, t0)

◆

n⇥n

· det In⇥p 6= 0.

Therefore, by the Inverse Function Theorem there exists an open set (x0, t0) 2 W ✓ U
such that F is injective on W and F�1 2 C1

(F (W ),Rn+p
).

To ease notation, let G = F�1
= (G1, G2, . . . , Gn, Gn+1, . . . , Gn+p). Consider ' :

F (W ) ! Rn
given by

' = (G1, G2, . . . , Gn).

By construction we have that

'(F (x, t)) = x

for all (x, t) 2 W and

F ('(x, t), t) = (x, t),

for al (x, t) 2 F (W ).

Consider V = {t 2 Rp
: (0, t) 2 F (W )} and the function g : V ! Rn

given by

g(t) = '(0, t). Since G is C1
, it follows that ' is also C1

. Hence, g 2 C1
(V,Rn

). Also note

that V is open since F (W ) is open. Finally, we compute that

g(t0) = '(0, t0) = '(F (x0, t0)) = x0,

and note that for all (x, t) 2 F (W ),

f('(x, t), t) = x.

In particular,

0 = f('(0, t), t) = f(g(t), t) = 0

for all t 2 V .

Uniqueness follows from the injectivity of F . (Please share the details on Piazza!)

5
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12.2 Fubinis Theorem 
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12.3 Iterated Integrals
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12.5 Change of Variables 
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