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1.1 Normed Vector Spaces
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1.3 Convergence
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1.4 More Convergence

Ex: V=0 aned” Ge=(l2,-wnoo..)

Clun: ((n)  Chioges in L
FDY (ntradhiown, Spe e exie V= [V
s £, e oue NN st 5f N ten flaa-Vlho <1

Gre VEL o owe MeN st [ul<M £r oll i 6N , aoure thie M>N

=) in e gn—V

obone thet, (> laws Vi
= 02, M0 )= (N, =)

= {Mﬂ-‘\/m-,
; /Mﬂ’ - /Vm’
2

s+ M
1>1

- ; (Contm Vlﬁ(&im

EX: in (C([M])/ /IHW) : Q[n) QC(ED,IJ) ) ﬁ[)(): (nglL))‘

(ow: =1, foo= X

lee €50 ke gun , Obwwe the Gr XU, [fw-fin)=oir] = [-7X + 7
i

X+

—

z 2
- n
22
=t

>0

Thes . INEN st if M2N, flen Zimey
So fir WAl /ﬁ(x)—f(x)}%
B th b of Sip, I-flet

WP lee U b NS, Qo bV, e GoveV ol baoWeV thn () Quthy = Vi
B at —> AV (4ER)

M; Jovesath. Viue



2.1 Cauchy Sequence
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2.2 Completeness
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2.3 Topology 1
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2.4 Topology 2
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3.1 Unions & Intersections
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3.2 Closures & Interiors
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3.4 Properties of Closure & Interior
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4.0 Math 147
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4.1 Compactness 1
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4.2 Heine-Borel

mm [ Hm:— l?vreU-
A . A SR is Ompee 5ff A is Clel + [

M [BG[ZMD JWe;e,«mJ
EV@Y} IZJW Sefperce f:f Vel mrkers hos @ ﬁnvevdmt Subsgponte

(oo Ths fows 1B fr

__lﬂn/n_ lee V be o Mwak Vot e , ASBE
[ A is ched ml B s G e A is G,

! (MCAEB SheB A chad = beA

lewa ABR i} ABwe GPe. gt AXBER is o
Fef: S ABSR we o ke (ah)SAKB k o ope
Sie (a)EA wh A is Gnpe, we mg fod o shopme (b —>0 EA
M«g‘(bﬂusg e hoe o Sbapaa by, —>beb
By Al Gy (oug b)) > (ah) € A% B

Hawe, AX B is Gmfiee !
&nuag I A A haeR we e ton A xAF 1M ' 05 e why? Tnfun!

mm[ﬂme*@vwlj- A g A is Ompe iff A s Cldd + el

Fkvuf: = Dme
= Sqpe Ael b chal wd bl e A s bwdal . AS[MU]" B v 50

@m Groay | MM 0 Owcc. Gue A s ched, A s abo G by e loma
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4.4 Compactness 2
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5.1 Compactness 3
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5.2 Limits
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5.3 Continuity
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Week 7

Welcome to Part 2 of the course! This week we will be starting our study of mul-
tivariable calculus. Naturally, we will start by investigating multivariable differentiation.
As you will soon see, we will consistently use the language of real analysis in our theory.
So, don’t go forgetting all of the real analysis you just learned!

1 Partial Derivatives

In this section we will be exploring partial derivatives and the differentiability of multivari-
able functions. We will freely use the theory of differentiability for functions f : A — R,
ACR.

Definition. Let f : A — R, A C R", be a multivariable function. We denote such a
function by f(z1,z2,...,2y). Fix 1 <i < n. We define the partial derivative of f, with
respect to x;, at a = (ay,az,...,a,) € A to be

of (a) = lim fla+ he;) — f(a)

6$Z’ h—0 h

9

provided the limit exists. Here e; is the i*" standard basis vector of R™.
Notation. We also denote 8%(@) by fu,(a).

The big picture here is that the partial derivative of f, w.r.t x;, at a is obtained by dif-
ferentiating the function with respect to the variable x;, while treating all x; (i # j) like con-
stants, and then plugging in the point a. As usual, we denote by 887{1- = a%if(xl, Xy eey Tp)
the function which takes in a point in A and then gives the partial derivative of f w.r.t.

x; at that point, provided it exists.
Example. Consider f:R? — R given by f(z,y) = €* cos(y) + 2%y. Then,

oo y) = ¢ cosly) + 22y
and

0 _ T 2
8—yf(:c,y)— e’ sin(y) + x*.

We now use these partial derivatives to define the more general multivariable partial
derivative.
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Definition. Let f: A - R™, A C R", be a function. There exist real valued functions
functions f1, fo, ..., fm such that f = (f1, fo, ..., fm). For 1 < i <n, we define the partial
derivative of f, w.r.t. z;, at a € A by

0 0 0 Ofm
L= (P 2w W),

. of; .
provided each 7o, exists.

Example. Consider f : R® — R? defined by f(x,y,z) = (vy,e**). Here fi(x,y,z) = xy
and fo(z,y,z) = €**. Moreover, for any (x,y,z) € R3,

fe(,y, 2) = (y, 2¢7),

fy($a ya Z) = ($7 0)7
and
fo(x,y,2) = (0, 2e™).
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2 Differentiability

Goal: We will now define the notion of differentiability at a point for functions f : A — R™,
A CR"™. We will then discuss how this definition of differentiability relates to the partial
derivatives already established.

Recall. (Linear Approzimation Theorem) Remember that a function f: A — R, A C R,
is differentiable at a point a € A if and only if f is defined on an open interval containing
a and there exists a function T'(x) = maz such that

i fa+h) = f() = T(h)

h—0 h =0

This above recall/theorem will be our motivating piece for what follows.
Notation. We let L(R",R™) denote the set of linear transformations from R" to R™.

Definition. Let a € A CR" and f: A — R™ be a function. We say f is differentiable
at a if there exists an open set a € U C A such that f is defined on U and there exists

T € L(R™,R™) such that _
][CM) - f(m - [h)
L flath) - f@ Ty
im =0. h
h—0 [|h]|
Remark.

1. In the above definition, we assume h is small enough that a+h € U, so that f(a+h)
is for sure defined.

2. Notice that T € L(R,R) if and only if T'(z) = ma, so this definition coincides with
our previous characterization.

To prove our next theorem, we need some help from your third assignment!

Definition. Let A be an m x n matrix of real numbers. We define
|[Allop = sup{[|Az|| : z € R™, ||z[| = 1},
to be the operator norm on the set of all m x n real matrices, My, x,(R).

One quick thing to note is that if A € M,,«,(R) and 0 # = € R", then the norm
of z/||z|| is 1 and so ||A(x/||z||)|| < ||Al|lop- Hence, ||Az|| < ||Allop - ||x]|. Notice that this
final inequality trivially holds when x = 0.
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Theorem. Leta € A CR™and f: A— R be a function. If f is differentiable at a then
f is continuous at a.

Proof. Suppose f is differentiable at a € A so that f is defined on an open set a € U C A
and there exists 1" € L(R™,R™) such that

L Jat+h) = f(a) = T(h)

=0.
h—0 [|R]|

Now, let B € M,xn(R) be the standard matrix of 7" (ie. relative to the standard bases
for R™ and R™). Recall from linear algebra that this means T'(x) = Bz for all x € R™. In
particular, there exists 6 > 0 such that for 0 < ||h|| < 0,

1f(a+h) = fla) = T(h)]]
1Al

<1

Therefore, for 0 < ||h|| < 0,

[1f(a+h) = f(a) = Bhl| <||n]],
= ||f(a+h)— f(a)|| —||Bh|| <||h|| (Reverse Triangle Ineq.)
= [[f(a+h) = f(a)ll <|[BR[[ + (Il < |[BllopllAl] + [[R]-

As h — 0in R", ||B||op||h|| + ||R|| = 0 in R, and so || f(a+ k) — f(a)|| — 0 by the Squeeze
Theorem. In particular,

lim f(a+h) = f(a).

Letting © = a + h, we see that
lim f(2) = f(a).

r—a



MATH 247 Spring 2020

3 Partial Derivatives AND Differentiability

Goal: Determine a relationship between differentiability and partial derivatives.

Theorem. Let a € A CR"™ and f: A — R™ be a function. If f is differentiable at a then
all the partial derivatives of f exist at a.

Proof. Suppose f is differentiable at a so that there exists an open set a € U C A such
that f is defined on U and there exists T' € L(R™, R™) such that

fla+h) = fla) = T(h)

li =0.
" Tl ’
Letting B be the standard matrix of T', we see that
lim fla+h)— f(a) — Bh _o
h—0 [|R]|

Let {e1,ea,...,e,} be the standard basis for R™. Consider h = te;, where t € R. Observe
that ¢ — 0 if and only if h — 0. Moreover,

f(a+te;) — f(a) — Bte;

li =0,
t—0+ ||tes]|
and so
lim fla+tei) — fla) _ Be;.
t—0+ t
Similarly,
lim fla+te) = f(a) = —DBe;,
t—0— —t
and .
lim fla+te) — f(a) _ Be,
t—0— t
Therefore,
g Tt = @) _
t—0 t
and so,
0
8;: (a) = Be;
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Remark. (Super Important!) With notation as above, we have just proved that

of
81‘2‘

(a) = Bei.

By matrix multiplication, Be; is actually just the i*" column of B. In particular, if B = [bi ;]
then Be; = (b1, b24,...,bm ). Moreover, letting f = (f1, f2,..., fm) as usual, we have

that o/ o/ o7
1 m
@ = (@ @)
and so of,
bij = al,; (a).

This tells us what the matrix B actually is, opposed to just a theoretical matrix
that exists. The below definition gives this matrix a special name.

Definition. If all first order partial derivatives of f : A — R™, A C R", exist at a € A,
we call the matrix
Ofi

Df = |5 o)

the total derivative of f at a. The above Theorem tells us that if f is differentiable
at a, then the total derivative B = D f(a) exists and strongly relates to the definition of
differentiability.

mXxn

Definition. When m =1, Df(a) = (%(G)’ e %(a)) is called the gradient of f at
a and is labelled by V f(a).

We conclude this lecture with some examples.

Example. Consider A= {(x,y) € R?: 2z <y} and f: A — R? given by

fl@y) = (Vy—z,2y+2,In(y> — 2% + 1)) .

Then,
—1 1
2\/y—x 2\/y—x
Df(z,y)=| ¥ x
_312 3y2

y371.3+1 y3,1.3+1

Notice that here I am giving the total derivative as a function of the points in A. I can do
this because the partial derivatives of f all exist at every point in A.
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Example. Consider f : R?> — R given by
2z i (@) #(0,0)
= { z°t
) {0 C ey = 0,0)
We first find V f(0,0). Note that
f(h,0) — f(0,0)

of F((0,0) + her) = £(0,0) _ . —0

“ZJ =]
oz (0,0) s h h—0 h

and 3—5(0,0) = 0, similarly. Hence Vf(0,0) = (0,0). In particular, the total deriva-
tive of [ exists at (0,0). However, (1/n,1/n) — (0,0) but f(1/n,1/n) — 1/2 # f(0,0).
Therefore [ is not continuous, and hence not differentiable, at (0,0). So what
have we learned? Well, a total derivative ezisting at a point does NOT mean f is differen-
tiable at that point! That is, don’t use the (false) converse of the above Theorem!

Theorem. Let a € A CR" and f: A — R™ be a function. Moreover, assume A is an
open subset of R™. If all of the partial derivatives of f exist on A (ie. the total derivative
exists on A) and are continuous at a, then f is differentiable at a.

Proof. Suppose every partial derivative of f exists on A and that every partial derivative
is continuous at a.

Case 1: m=1.

Suppose a = (a1, az,...,a,). Since A is open there exists r > 0 such that B,(a) C A. For
any h = (hi,ha,...,hy) # 0 such that a + h € B,(a),

fla+h)— f(a) = fla1 4+ h1,...,an + hy) — fla1,...,an)
= flar + h1,...,an + hy) — flar,a2 + hoy ..., an + hy)
+ f(ar,a2 + ha, ... an + hy) — f(a1,a2,a3 + hs, ..., an + hy)
+ f(a1,a2,a3 + hs,...,an + hy) — f(a1,a2,a3,a4 + ha, ... ,an + hy)

+f(a1a-'-7an—1aan+hn) _f(a17a27--‘7an)-

However, by the singe variable Mean Value Theorem, for every 1 < j < n there exists
c¢j between a; and a; + hj such that

f(al,...,aj_l,aj—i—hj,...,an—i—hn)—f(al,...,aj,aj+1+hj+1,...,an+hn)
aj +h; —a;

0
= a—g(al, ceey@5—1,Cj, Q541 + hj+1, e, G+ hn)
J
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Putting all of this mess together,

f(a—l— h) — f(a) = Zhj%(al, ceeyG5—1,C5, Q541 F hj+1, N hn)
=1
Now, for 1 < j <n let
of of
5]‘ = ail'j(al,. ey @—1,Cj, Q541 + h]’+1, ceyQp Tt hn) — ﬁj(al, ce ,an),

and 0 = (1,...,0,). Then,
fla+h)—fla)=Vf(a)-h="h-6.
Since all of the partials are continuous on A, as h — 0, each 6; — 0, and so d — 0 in
R"™. Therefore

0 <t Lot W) = @) = V@) By, AL, OLTRL_

h—0 ||h]] h—0 ||hl]| ~ h—0 ||A||

Note that in the last inequality, we used the Cauchy-Schwarz inequality from linear algebral.

Therefore h - h
LW h) ~ fa) = V(@) Bl
h—0 |||

and so h - L
o fat ) = f(@) = V@) b
h—0 ||

as well. This exactly means that f is differentiable at a.

Case 2: Follows from Case 1 and the fact that f = (f1, fo,..., fm). O
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4 Examples

1. Let A= {(x,y) : 2 > 0,y > 0}, which is open in R?. Consider f : A — R? given by
fz,y) = (\/x + 2y, w> Prove that f is differentiable on A (ie. at every point
in A).

Proof. We see that

B 1 xy cos(zy) — sin(xy)
o) = sy )

and

fy(@ry) = (\/xi_w’ xcosx(xy))

exist on A. Moreover, both f, and f, are continuous on A so that by our theorem,
f is differentiable at every point in A.

O

2. Consider f:R? — R given by

72 2) sin 1 if (z
flz,y) = (@ +y7) (W) f (z,y) # (0,0)
0 if (z,y) = (0,0).

Is f differentiable at (0,0)?

Proof. We see that

1 1
fo(z,y) = 22sin | ——= | — cos * ,
Va? +y? Va2 +y? ) a2+ 2

for all (x,y) # (0,0). Now, we see that (1/n,0) — (0,0) but

fz(1/n,0) = %sin(n) — cos(n)

diverges. Therefore f, is not continuous at (0,0). However, this doesn’t mean that
f is not differentiable at (0,0). It just means that we can’t use our second theorem.
We are then left to go back to the definition of differentiability and see if

f(0+h) = f(0) = DFO.O _

)
B0 1]
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Well,
AN =1 =1 h 7] =Y
12(0,0) B0 h oo oM |h 0
by a standard squeeze theorem argument. Similarly, f,(0,0) =0, and so Df(0,0) =
(0,0). Now,
O+ )~ £(0) - DFO.0K _ ()

h—0 [|h|] ko0 ||h]|

1
= lim \/h? + h3sin | ———x
(hih2)=(00) V12 (x/hf + hg)
1
= lim +/z2+y?sin ()

(2,y)—(0,0) V2 + 12
== O’
again by the squeeze theorem (real-valued limits preserve order). Therefore f is
indeed differentiable at (0,0), even though things were looking bad! O
Pyt

3. Consider f: R? — R given by f(x,y) =
f differentiable at (0,0)?

212 T @) #(0,0) and £(0,0) =0. Is

Proof. Note that

s f(h,0) — f(0,0) . h
Fo(0.0) = iy FESEE < i

which doesn’t exist. By the first theorem of section 3, f is not differentiable at
(0,0). O

10
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8.3 Mean Value Theorem
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Week 8 Appendix

Theorem. Let a be an element of an open set U C R™ and let f: U — R be a function.
If f is differentiable at a then the surface

S={(z,2) eR"™ : 2 = f(x),z € U},

has a tangent hyperplane at (a, f(a)) with normal n = (V f(a), —1).

Proof. Let (zk, f(zx)) € S\{(a, f(a))} be a sequence such that (zy, f(zx)) — (a, f(a)). By
Al, x; — a. We must prove that

(@, f (1)) = (a, f(a))

lim n - =0.
k=oo  ||(zk, f(xr)) — (a, f(a))]l
Since f is differentiable at a we have that
o St )~ f(@) - V@b

h—0 HhH
Letting e(h) = f(a+ h) — f(a) — V f(a)h,

lim @ =0.
h—0 ||h||

Moreover, we see that
(ks f 1)) = (a, f@)I]? = [[(zx = a, fzx) = F@)|P > ||z, — al*.

Then, since z — a — 0,

0<|lim n-

( ) f(a))
koo ||(zk, f(7r)) — (a, f(a))]]
IV f )

. (a)(zy, —a) — (f(x) —

k—>00 [(zx, f(2k)) — (a, f(a))]]
< i \Vf(a)(zk —a) — (f(zx) — f(a))]
~ koo ||zg — all

The result follows.
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Theorem (Dot Product Rule). Let A C R"™ and let f and g be functions from A to R™.
If f and g are differentiable at a € A then f - g is differentiable at a and

D(f-g)(a) = g(a)Df(a) + f(a)Dy(a).

Proof. Since f and g are differentiable at a there exist r1, 79 > 0 such that f is defined on
By, (a) and g is defined on B,,(a). By taking r = min{ry,r2}, we see that f - ¢ is defined
on By(a). Therefore we are left to prove that

i S 9)at ) = (f-g)(a) — Xh
h—0 [|h]| ’

where X = g(a)Df(a)+ f(a)Dg(a). Well,

f-9)a+h)—(f-g)(a) = Xh

lim (

h—0 ||h]]

o 9@+ ) = (£ - 9)(a) — g(@) D (a)h — f(a) Dg(a)h
h—0 ||h|]

g 9@) - (F(a+ b) = f(a) = Df(@)h) + f(a) - (g(a+ h) = g(a) = Dg(a)h)
h—0 [|h]]

i 1@ 9(@) — g(a) - fa+h) = f(a) - gla+h) + fla+h) -gla+h)
h—0 ||h||

ot 1 £(@) - 9(@) — g(a) - fla+ b) ~ F(@) -glat ) + fla+h)-gla+h)

h—0 HhH

iy 9@ (F(@) = flat ) — gla+ k) - (f(a) = f(a+h))
h—0 [|h]]

i 9(@) = gla+ 1) - (f(a) = fla+h))
h—0 || h]] '

However, by the Cauchy-Schwarz inequality,

(9(a) —gla+h)) - (fla) = fla+ )| _ llgla) = gla+ )| - |[f(a) = fla+h)|
1A - 1A '
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Therefore,
o< b 9@t 1) = (F g)(a) ~ X
) 2l
_ o llat@) — gla+ W)l -|If(@) — f(a+ b)]
S 12|
o lo@) = gt W] @)~ plat )]
h—0 [[R] [[R]
. |[Dg(a)h]| ||Df(a)h||
= lim h
T I T I
. |[Dg(a)lop||RI] | D f (a)l|opl|P]]
lim h
< el
~0
The result follows. O

Theorem (Chain Rule). Let A C R"” and B C R and consider two functions f : A — R™
and g : B — RF. If f is differentiable at a € A and g is differentiable at f(a) € B then
g o f is differentiable at a wth

D(g o f)(a) = Dg(f(a))Df(a).

Proof. We have that f is defined on some open set B, (a) and g is defined on some open
set By,(f(a)). By continuity of f, we may shrink r, if necessary, so that f(B;, (a)) C
By, (f(a)). Therefore g o f is defined on B, (a). We are then left to show that

i WO f)lath) —(go f)a) - Xh
h—0 [|R]|

=0,

where X = Dg(f(a))Df(a). To ease notation, let b = f(a),
e(h) = fla+h) = fa) = Df(a)h,
(k) = g(b+k) = g(b) — Dg(b)k,

so that h
tim £ _
h—0 ||h|
and 5k
lim —( ) =
k—0 ||k||
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Now, consider k = f(a + h) — f(a). Note that &k — 0 as h — 0, by continuity of f at a.
Then,

(go f)la+h)—(go f)la) - Xh

lim
h—0 ||h]]
(9o fath) ~ (90 (@) ~ Dy(f(a) Df(a)h
h—0 [|h]]
_ iy 9 +0) — g(b) — Dg(b)Df(a)h
= lim
h—0 ||h]]
o Dg(b)e(h) +0(k)
h—0 ||h]]
. e(h)  d(k)
= lim Dg(b)—F + —+.
23 PO )
Now, since
[[Dg(b)e(h)] le(M)]|
0< ——— <||Dg(b)||op——— — 0,
iy < POl T
as h — 0 we see that B
. €
ilLl:ﬂng(b)w = 0.
Next,
. o(k) . 6(k) Ikl
lim —~% = lim —~= - —.
h=0 [[h]] =0 [[E][ [[A]]
However,

K[| = 1D f(a)h + ()] < [[Df(a)llopll] + [le(R)]],

from which it follows that

L]
IR
is bounded. By a squeeze theorem argument,
. O(k) . 0(k) 1|
lim —= = lim —= - 7 =0,
h=0 [[hl] - h—o (K] [|R]]

as required.
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Theorem (Mean Value theorem). Let U C R" be open and let f: U — R™ be differen-
tiable. If a,b € U such that L(a,b) C U, then for all x € R™ there exists ¢ € L(a,b) such
that

z- (f(b) = f(a)) =z - [Df(c)(b—a)].
Proof. Consider ¢ : R — R™ given by ¢(t) = (1—t)a+1tb so that L(a,b) C ¢(R). Moreover,
it may be routinely verified (share your proof on Piazza!) that ¢ is differentiable with
Dy(t) = b— a. Since U is open and L(a,b) C U there exists ¢ > 0 such that ¢(t) € U for
all t € (0—6,146). Then, by the chain rule,
D(f o)) = Df(e(t))(b— a),

for all t € (0 — 6,1+ 6). Now fix z € R™.
Consider F': (—0,149) — R given by F(t) = z- (f o¢)(t). By the dot product rule,
F is differentiable and

F'(t) = x- D(fop)(t) =2 - Df(p(t))(b— a).
By the single-variable MVT, there exists ¢y € (0,1) such that
F(1) — F(0) = F'(tp)(1 - 0).

Hence,
z- f(e(1)) =z f(p(0)) =z - Df(p(to))(b—a)
and so

z- (f(0) = fla)) =z f(b) —x- fa) = - Df(p(to))(b—a).

Taking ¢ = ¢(ty), we are done.



9.1 Taylor’s Formula

Definition: Higher order partial derivatives are defined recursively by
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if it exists. We call k the order of the partial derivative. We also use the notation

o f

Ox10xo - - Ox)

friap_yoay =

Also note that I am not assuming the z;’s are distinct here.

Definition: Let f : U — R™ be a function on an open set U C R". We say
f € C*(U,R™) if all partial derivatives of f of order less than or equal to k exist on
U and are continuous on U. If m = 1 we write C*(U,R) = C*(U).
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Week 9 Appendix

Theorem. (Taylor’s Formula) Let p € N, U C R™ be open and convex, and f € CP(U).
For all z,a € U there exists ¢ € L(x,a) such that

o)+ Y. DM (@) —a) + D)~ a)

Proof. Let x,a € U and consider h = x —a = (h1,...,hy). Since L(z,a) C U and U is
open, there exists § > 0 such that a+th € U for all t € I := (—4§,14 ). Now, the function
g: I — R given by g(t) = f(a + th) is differentiable by the chain rule and

g(t)=Df(a+th)h =Y gg ( )hi.
i=1 "

Moreover, it may be shown by induction that for 1 < j < p,

Z Z@ml 933% ...a —(a+th)hi -+ hi;.

i1=1 1;=1 Z'

Note that this is the motivation for the definition for the total differential! In particular,
for 1 < j < p—1 we have that

g"(0) = D f(a)(h)

and
9P\ (t) = DPf(a + th)(h).
Therefore g : I — R is p-times differentiable and so by the 1D version of Taylor’s Formula,

o) -0 =5 L0+ ),
2 |

for some 0 <t < 1. Thus,

(@)= fa) = fa+1) = fa) = 32 D F(@)(B) + D" f(a-+ th) 1),

and so we are done by taking ¢ = a + th.



MATH 247 Spring 2020

Lemma. Let U C R™ be open and let f € C?(U). If a € U such that F(f,a)(h) > 0 for
all 0 # h € R”™ then there exists m > 0 such that

F(f,a)(z) > ml|z||*,
for all x € R™.

Proof. Consider the compact set K = {x € R" : ||z|| = 1}. Since f € C%(U) we have
that F'(f,a) is continuous and positive on K. By the EVT, there exists m > 0 such that
m = min{F(f,a)(x) : x € K}. For 0 # € R" we then see that ﬁ € K and so

F(f,a) <|I§H> = H;HZF(]“, a)(z) > m.
O

Lemma. Let U C R™ be open and let f € C?(U). Suppose a € U such that that
Vf(a) =0. Let r > 0 such that B,(a) C U. There exists a function ¢ : B,(0) — R such
that

li =
lim e(h) =0

and
fla+h) = f(a) = %F(ﬁ a)(h) +[|hl|*e(h)
for ||h|| sufficiently small.

Proof. Consider
fla+h) = f(a) = 5F(f,a)(h)
[IA]]?
for 0 # h € B,(0) and define €(0) = 0. We are left to prove that e(h) — 0 as h — 0. Let
h € B,(0). Since V(f)(a) = 0 we have by Taylor’s Formula that

e(h) =

flat h) = fla) = SF(f.c)(h)

for some ¢ € L(a,a + h). Then,
0 < (IRl = \3F<f, (k) ~ SF(f,a)(h)
D> P
83: 8$] a:EZa.T]
5 Z Z

|hihyl

O f
——(a)
8@8:5]  Ow;0x;




MATH 247 Spring 2020

and

1 0% f 0% f
5 ; ; (E)xza:p] (C) B 8$28IJ (a)> =0
as h — 0 because ¢ — a as h — 0 and f € C%(U). O

Theorem. (Second Derivative Test) Let U C R™ be open and let f € C?*(U). Suppose
a € U such that that Vf(a) = 0.

1. If F(f,a)(h) > 0 for all 0 # h € R™ then f(a) is a local minimum of f.
2. If F(f,a)(h) <0 for all 0 # h € R™ then f(a) is a local maximum of f.
3. If there exist h, k € R" such that F'(f,a)(h) > 0 and F(f,a)(k) < 0 then a is a saddle

point of f.
Proof. Let r > 0 such that B,(a) C U. There exists a function ¢ : B,.(0) — R such that
li h)=20
)

and 1
fla+h) = fla) = SF(f,a)(h) + ||Pl[*e(R)
for ||h|| sufficiently small.
1. Suppose F(f,a)(h) > 0 for all 0 # h € R". Let m > 0 such that
F(f,a)(x) > mllz|]?,
for all x € R™. Then,

FlatB) = (@) = SF(fa) () + [1hIP<(h) > (5 + <)) 1Al > 0

for all ||h|| sufficiently small, since m > 0 and ¢(h) — 0 as h — 0. Therefore
f(a+ h) > f(a) for all ||h|| sufficiently small, and so f(a) is a local minimum of f.

2. Follows from (1) by replacing f with —f.
3. Let h € R™. For small t € R,

fla+th) = f(a) = %F(f, a)(th) + |[th|[*(th)

= (GEU 0 + P

Letting t — 0, we have that £(th) — 0 and so f(a + th) — f(a) takes on the same
sign as F'(f,a)(h), which can be both positive and negative. Therefore a is a saddle
point.

O]



10.1 Inverses Function Theorem

Ig&aﬂ: T= o) IJI f:IJR iS Comnuous ow  ingive ol géf(i) s Df is Mﬁ’ oe 7(:][?3)61
® f(x) #0
Thn, s A w § ol ()17 fi0

GmLi Dm/eﬁf o mylmable  Vorn of Hhs theten

T Gl f e of o700 0 iy L D'

Mt iR

Dﬁfi el UK ve de e jaoban of f ae 4 ctt Lj Tt = dee (pfad

% [Imfm Fonthion Thooow]
UK wn . fe (W), If aeth St Jw #o
T/W 3 o aewet st W f is inaie on W

o fe '(mk)

@ ah gefw  Dfy = [Dﬁmf R S )

T
£



) ]‘-RL~7R1 o= xed, Setrtog) Nt thae faw =CLesm f!mg)w,»fmg) % the feCtR.K)
Qe dhoe f oies wd s dff o e n e Gatoig (o) il Gufie (Wf)ro)
e, fap=00 & (XtY, Saxtlasg)= (o)
ok Y0
& J= R, Gaty b = St ost<]
&5 =0, ) KE2 or (20l ") o
Gee®: (= (KR, -2%) k2, ]fm:/\;o’/:'iaﬁo | wdl Qa Juse foum Dewom 3 om0 € WER
st Fis e oy gy et k) . fine (011 € fiw)
o Dol (131 = [24]
A = - t
(e 0= (3 5 Tfw= [, [= 1#0
Mo, Jogm  gew st fgf'{jm,k‘) with Do) = D :[é «'] :[D/ 7]

Rorork [he wag v regmce fﬁ pke it iojewee  dofnds on o Choie for ﬂy)



10.2 implicit Function Theorem
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Week 10 Appendix

Lemma 1. Let U C R™ be open. Suppose a € U so that we may find r > 0 such that
By(a) CU. Let f: U — R™ be continuous and injective when restricted to B,(a) and
assume its first order partials exist on B,(a). If Jf # 0 on B,(a) then there exists € > 0
such that B.(f(a)) C f(Br(a)).

Proof. Consider g : By(a) — R given by g(z) = ||f(x) — f(a)||. Since f is continuous and
injective on B, (a) we have that g is continuous and g(x) > 0 for all  # a. By the EVT,

m = inf{g(x) : ||z — a|| =7} > 0.

Take € = m/2. We claim that B.(f(a)) C f(B,(a)).
Let y € B-(f(a)). Again by the EVT, there exists b € B,(a) such that

£ () = yl| = mf{[[f(z) = y[| : = € Br(a)}.

For the sake of contradiction, suppose that ||b — a|| = r. Then,

e > [[f(a)=yll = [[F(0)—yll = |lf(0)—f(@)||=[|f(a)=yll = g(b)=||f(a)—yl| = m—e = 2e—¢ =,

which is a contradiction. Therefore we have that b € B,(a).

If we can show that y = f(b) we are done. This is where the information about
the partial derivatives and the Jacobian come into play. Consider the continuous function
h: B,(a) — R given by h(z) = ||f(z) — y||. By construction, h(b) is the minimum value of
h. Moreover, h?(b) is also the minimum value of of h?. Since b € B,(a), which is open, we
have that Vh?(b) = 0 (note that in last week’s proof we really just needed the first order
partials to exist at a, not necessarily differentiability at a). However,

n

W (x) =Y (filx) =),

i=1
and so for every 1 < j <mn,
Oh? - ofi
0= 871:]-(1)) = ;2@2({)) - yZ)T%(b)'

Thus, Df(b)x = 0, where z = (2(f1(b) — 1), 2(f2(b) —y2), - - -, 2(fn(b) _yn))T‘ Since D f(b)
is invertible (Jf(b) # 0) we have that z = 0. Hence f(b) =y, as required. O
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Lemma 2. Let U C R™ be open and nonempty. If f: U — R" is continuous, injective,
has all first-order partials existing on U, AND is such that Jf # 0 on U, then f~! is
continuous on f(U).

Proof. To prove that f~!: f(U) — R" is continuous it suffices to prove that f(W) is open
whenever W is open in R” and W C U (Why? Piazzal). Well, let W be such a set and
take b € f(W) so that b = f(a) for some a € W. Since W is open there exists r > 0 such
that Br(a) C W. By the previous lemma, there then exists ¢ > 0 such that

Be(b) € f(Br(a))-

Thus, B:(b) C f(W), and so f(W) is open.
O

Lemma 3. Let U C R™ be open and let f € C1(U,R"?). If a € U such that Jf(a) # 0
then there exists r > 0 such that B,(a) C U, f is injective on B,(a), Jf # 0 on B, (a), and

ofi
det <8m (cl-)) £0

J

for all ¢1,¢,...,c, € Br(a).

Proof. Let W =U x U x --- x U (n-times). Consider h : W — R defined by

h(xy1,xo,...,x,) = det <gxf; (:U1)>

Since f € C1(U,R") and a determinant is a polynomial in its entries, we have that h is
continuous. Note that h(a,a,...,a) = Jf(a) # 0. Thus we may find an open interval
h(a,a,...,a) € I C R such that 0 ¢ I. Then, h~!(I) is open (note that W is open) and so
there exists R > 0 such that Bg(a,a,...,a) C h=*(I). But then we may find r > 0 such
that

B,(a) x --- x B,(a) C Bgl(a,a,...,a) C h~ ().

We then see that Jf # 0 on B,(a), and

Ofi
det <6x](62)> #0

for all ¢1,¢9,...,¢, € Br(a).

We are left to show that f injective on B, (a). For the sake of contradiction suppose
there exists x # y in B, (a) such that f(x) = f(y). Since f is differentiable on B, (a), every
fi is differentiable on B,(a). Fix 1 < i < n. By the MVT there exists ¢; € L(x,y) such
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that 0 = f;(x) — fi(y) = Dfi(ci)(z —y). Letting A = [gj:; (cz)} we see that A(x —y) = 0.
Since x —y # 0, A is not invertible and so

ofi _
det (aZL‘](Cl)> = 0,

a contradiction.

O
Recall. (Cramer’s Rule) Let A be a n x n invertible matrix and consider a system of
equations Az = b. This system has a unique solution = = (1, 22, ...,z,)T € R" given by
det(A(i))
T = ———,
‘ det A

where A(4) is the matrix obtained from A by replacing its i" column by b.

Theorem. (Inverse Function Theorem) Let U C R"™ be open and let f € C1(U,R"). If
a € U such that Jf(a) # 0 then there exists an open set a € W C U such that

1. f is injective on W
2. fLe CHf(W),R")
3. For every y € f(W), if z = f~!(y) then

Df'(y) = [Df ()"

Proof. Since this is a rather long and technical proof, we break it into digestible, enumer-
ated pieces.
1. By Lemma 3 there exists r > 0 with W := B,.(a) C U such that f is injective on W,
Jf#0on W, and
oFf:
det <6fZ (cl)> #0

Lj

for all ¢1,ca,...,c, € W. Moreover, by Lemma 2, f~! is continuous on f(W).

2. We claim that f~! € C'(f(W),R"). Fix yo € f(W)and 1 < 4,5 <n. Choose 0 # t €
R sufficiently small so that yo + te; € f(W). We may then find zo, 21 = z1(t) € W
such that f(zo) = yo and f(x1) = yo + te;. By the MVT, for every 1 < i < n there
exists ¢; = ¢;(t) € L(xp, 1) such that

t ifi=j

0 otherwise

Vfi(ei) (w1 — xo) = fi(z1) — fi(zo) = {

3
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Therefore,

Tr1 — X0 1 le:]

t

A = ) - o) -

0 otherwise

Now let A; be the n x n matrix whose it row is V f;(¢;). By assumption, det(4;) # 0.
Moreover, A;(*5%0) = e;. For 1 <k < n, we then see that

(f Yelyo +te;) — (FHrlvo) _ 1k — Tk
t t ’

where by Cramer’s Rule, Q(t) := w is a quotient of determinants of matrices
whose entries are either 0, 1, or a first-order partial of f evaluated at a ¢y. Ast — 0
we clearly have that yo +te; — yo. But then, by the continuity of f ~1 we have that
x1 — o and so ¢; — xq. Since f is C!, we therefore that that Q(t) — Qg, where Q,
is a quotient of determinants of matrices whose entries are either 0, 1, or a first-order
partial of f evaluated at a g = f~'(y). Since f € C' and f~! is continuous at ¥y,

it follows that Q) is continuous at each yo € f(W). Moreover,

pim k(0 - te) = (P 0k(w0) _ oy 71k =20k _
t—0 t t—0 t b

Hence all of the partial derivatives of f~! exist and are continuous at yo (ie. f~! €

CH(f(W),R")).
3. Finally, we quickly run the chain rule and note that for y € f(W),
I=DI(y)=D(fof )y =Df(f )D))-
The result follows.
O
Theorem. (Implicit Function Theorem) Suppose U C R"*? isopen and f = (f1, fo, ..., fn) €

C1(U,R™). Suppose ¢ € R" and ty € R? such that f(xg,t9) = 0. If

det <gf(l’0,t0)> 7é 0,

J nxn

then there is an open set tg € V' C RP and a unique function g € C*(V,R") such that
g(to) = zo and f(g(t),t) =0 forallt € V.

Proof. For every (z,t) € U let

F(z,t) == (f(z,t),t) = (fi(z,t), ..., falz,t), t1,t2, ..., Ep).
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Notice that F(zg,to) = (0,t0). Then, F is a function from U to R"*? with

ofi
(axj>n><n B

0p><n IPXP

DF =

9

where 0%, is the pxn zero matrix, I« is the px p identity matrix, and B is a matrix whose
entries are first-order partials of the f/s with respect to the tgs. Taking the determinant
of this crazy matrix evaluated at (xq,tp), we have that

ofi
JF(:L‘Q, to) = det <f(:L‘0, to)) - det In><p £ 0.
836]' nxn

Therefore, by the Inverse Function Theorem there exists an open set (xg,t9) € W C U
such that F is injective on W and F~! € C1(F(W),R"*P).
To ease notation, let G = F~! = (G1,Ga,...,Gn,Gni1,...,Gnyp). Consider ¢ :

F(W) — R"” given by

v =(G1,Ga,...,Gp).
By construction we have that

o(F(z,t) =z

for all (x,t) € W and

F((p(:l), t)? t) = (:z:, t)7

for al (z,t) € F(W).

Consider V = {t € RP : (0,t) € F(W)} and the function g : V. — R"™ given by
g(t) = (0,t). Since G is C*, it follows that ¢ is also C*. Hence, g € C*(V,R"™). Also note
that V' is open since F'(W) is open. Finally, we compute that

g(to) = ¢(0,t0) = @(F(zo,t0)) = o,

and note that for all (z,t) € F(W),

f((p(%, t)7t) = .

In particular,
0= f(‘p(oat)at) - f(g(t)vt) =0

forallt e V.
Uniqueness follows from the injectivity of F'. (Please share the details on Piazzal)
O
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