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1.1

-

Probability Models and random experiments

Random Experiment:

1. Outcome is random
2. (Theoretically) repeatable

= Example 1.1
1. Connecting raw data (eg. heights of 30 randomly selected students)
2. Summary of raw data (eg. mean of heights of randomly selected students)

Definition 1.1.1 — Probability Model (describes a random experiment).

1. Sample Space S - Set of all possible experiments

2. Events A - Subset of the sample space

3. Probability function P(A) satisfying:

(a) P(A) >0 VA

(b)) P(S) =1

(c) If we have Aj,A;,As,...., that are mutually exclusive (A;NA; =0, Vi# j ), then

(U> - r)
i=1 i=

Proposition 1.1.1 — Properties of Probability Function P.
Let A, B be events in sample space S, then

1. P(0) =0
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2. A and B mutually exclusive = P(AUB) = P(A) + P(B). Generally, P(AUB) = P(A)+P(B) — P(ANB)
3. P(ANB) = P(A)—P(ANB)

4. P(A=1-P(A)

5.ACB=>P(A) < P(B)

6.0<P(A)<1

Definition 1.1.2 — Conditional Probability.
Let A, B be events with P(B) > 0, then

P(A|B)=P(;‘(g)m

Definition 1.1.3 — Independence.
Let A, B be events, we say A L B (independent) if

P(ANB) = P(A)P(B)

and we have P(A | B) = P(A), P(B|A) = P(A)

m Example 1.2 Flip Coin Twice - Random Experiment
Sample Space S = {(H,H),(H,T),(T,H),(T,T)}. Event: "First coin up heads" = A, "Second coin up Tail"
=A

A={(H,T),(H,H)}CS

Probability function

Al _ |A] S|
PA)=-—=— PS)=—=1
S| 4 N
Its easy to see P(A) = P(B) = 1, and P(ANB) = 1. Then P(ANB) = P(A)P(B),s0 A L B ]

Definition 1.1.4 — Random Variable.
X : § — R satisfying
{X<x}={AeS:X(A) <x}

is a valid event for all x € R

Definition 1.1.5 — Cumulative Distribution Function (CDF).
Let X be a random variable, then the CDF of X is defined as

F(x)=P(X<x) VxeR

Proposition 1.1.2 — Properties of CDFs.
1. F is a non-decreasing function: x; < xp = F(x1) < F(x2)
2. limF(x)=1and lim F(x)=0

X—yo0 X—y—00

3. F(x) is right continuous: Va € R, lim F(x) = F(a)
X—a
4.Ya<b,Pla<X<b)=P(X<b)—P(X <a)=F(b)—F(a)
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5.YVae R, P(X =a)= lim F(x) — lim F(x) = F(a) — lim F(x)

x—at x—a~ x—a~

Definition 1.1.6 — Discrete Variables.
Finite or countable number of values with positive probability. If there exists A C R that is finite or
countable and P(X € A) = 1, then X is discrete random variable.

probability mass function: f(x) = P(X =x), support A = {x: f(x) > 0}.
Properties of pmf:

1. f(x) >0forallx e R
2.) flx)=1

XEA

pmf to cdf:

Fx)= ) fO0)= Y P(Xzy)=P< U {Xzy}>=P({X§x}ﬂ{X€A})=P(XSX)

YEA,y<x YEAy<x yEA,y<x

cdf to pmf:

X ~ Bernoulli(p), X €{0,1}, P(X =1)=pand P(X =0) = 1 — p, then

0 otherwise 0 otherwise

f(x)_{P(X:x) xe{0,1} :{px(l—p)lx xe{0,1}

Definition 1.1.8 — Binomial Distribution.

1. n experiments

2. each experiment is independent

3. each experiment has 2 outcomes: 0 (prob=1 — p) or 1 (prob=p)

Let X be the number of experiments with outcome 1, so X ~ Bin(n,p), then for X; ~ Bernoulli(p),

X = iXi and
i=1

=

Definition 1.1.9 — Geometric Distribution.
Let X be the number of outcomes before the first 1 outcome in repeated Bernoulli random trials
For example, let X be number of trials before first head, so x =0, 1,2..., then

fx)-PX=x)=(1—-p)'p x=0,1,2.....

| Definition 1.1.7 — Bernoulli Distribution.
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I 7(x) = 0 otherwise.

Definition 1.1.10 — Negative Binomial Distribution.
Let X be the 0 outcomes before the 7" outcome of 1, so X ~ NegBin(r,p) in repeated Bernoulli(p)
experiments. Forx =0,1,2....,

x+r—1
o === (T -y
and X = )" X; with X; ~ Geo(p)
i=1
Definition 1.1.11 — Poisson Distribution.
Let X ~ Poi(u), then for x =0,1,2..... we have
X
fx) =P =x) = e

otherwise we have f(x) =0

Definition 1.1.12 — Continuous Variables.
If X is a random variable with CDF F(x) s.t.

1. F(x) is continuous at x for all x € R
2. F(x) is differentiable everywhere on R except at countably many points

Then X is a continuous random variable
probability density function: f(x) = F’(x) where F is differentiable, support set A = {x : f(x) > 0}
Properties of pdf:

f(x)>0forallxeR
[ f()dx= lim F(x) ~ lim F(x)=1-0=

f(x) = F'(x) if the derivative exists
Fx) = P(X <x) = [*. f(t)dr

P(
P

3

a<x§b):F(b)—F(a):/b

—o0 —o0

L.
2.
3.
4,
5.
6.

(X

b)=0

= Example 1.3

a<x<b

otherwise
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= Example 1.4
Let the pdf be
1
fl)=q»

0  otherwise

x>1

1. check if this pdf valid: 1. f(x) > 0 for all x and

/f t)dt = /xzdxz[—irzl

2. Find the cdf:
and

Then we have

Definition 1.1.13 — Gamma Function.

(o) :/0 Y ledy, a>0

Proposition 1.1.3 — Properties of Gamma Function.

(a)=(ox—1)-T'(a—1) for oc > 1
(n)=(n—1)!forneN

(%) VT




1.2 Expectation

» Example 1.5 Let X ~ N(0,1) and define

soletY——z,wehave

- | X2 | X2 202 V2
X) = e 2dX :2/ e 2dX = —/ e Y12y 24
[mf( ) /700 V27 0 V21 V27 Jo 2

1 S|
= — Y2~ leYay
\/ﬁ/o
—_—

I(3)
1 JE
NG
=1
= Example 1.6 Let X ~ N(u,c?) and define
1 x-p?
f(_x) = e 20’é

soletZ = %, we have

[ro=] s ¥ o= [ s

2 (oo}
ZT\/szZ:/

1.2 Expectation

Definition 1.2.1 — Expectation.
Let X be a discrete random variable with support A and pmf f(x), then if

Y Il f(x) =

XEA

we say that E[X] is DNE, otherwise we have

=) x f(x)

X€EA

Similarly, let X be a continuous random variable with pdf f(x), then if

|l fax=

Y

ZZ
e 2dZ=1
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we say that E[X] is DNE, otherwise we have

m Example 1.7 Let X be a random variable with pmf

L _ jfxeN
f ) = x(x+1)
) 0 otherwise

Then

oo

Y blft) =} > x—l—l ;x+1

XEA x=1

so E[X| DNE .

m Example 1.8 Let X be a random variable with pmf

0 .

T ifx>1
X)) =
f(x) {0

otherwise

~ = 9 = 1
/ x| f(x )a’x-/1 x-ﬁzﬂ /1 o dx
——

<eo iff 6 >0

for 6 > 0. Then we have

Then E[X] exists iff 6 > 1.

For 6 > 1,
* = 0 =1 1 0
E[X]—/_w]x]f(x)dx—/l X5 —0-/] xedx—9-<91> =51

Proposition 1.2.1
Let X be a discrete random variable, then

=) s(x)f(x)

XEA

provided it exists (i.e. Z lg(x)|f(x) < o)
X€A

Similarly, if X is a continuous random variable, then

provided it exists (i.e. / lg(x)] f(x)dx < o0)
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Proposition 1.2.2 — Linearity of Expectation.
1. Forall a,b € R, E[aX +b] = aE[X]+b
2. Forall a,b € R, E[ag(X) + bh(X)] = aE[g(X)] + DE[h(X)]

Definition 1.2.2 — Variance.
Let X be a random variable, then the variance of X is defined by

Var[X] = E[(X — E[X])?]
Definition 1.2.3 — «’* moment of X.
Let X be a random variable, then the k" moment of X is defined by
E[(Xy)"]

for k € N where u = E[X]

Proposition 1.2.3
Var[X] = E[X*] - (E[x])?
Proof: Let u = E[X], then

Var[X] = E[(X — p)?] = E[X> = 20X + u?] = E[X*] ~2uE[X] + 4* = E[x*] - (E[X])®

as desired.

» Example 1.9 Let X ~ Unif(0,1), so pdf

f(x>:{1 0<x<1

0 otherwise

then we have E[X] = 1 so that E[2X + 1] = 2E[X] + 1 = 2. Note that

E[X ]:/szf(x)dx:/olxzdx:;

this gives us that Var[X] = E[X?] — (E[X])?> = 1—12

1.3 Moment Generating Functions

Definition 1.3.1
Let X be a random variable, if 34 > 0 s.t. E[e""] exists for all 1 € (—h,h), then the moment generating

function of X exists and
M(t) =E[e™] Vi st. Ele"] exists
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= Example 1.10 Let X ~ Exp(0), so pdf

—_—

—e 0 ifx>0
fx)=16
0

otherwise

for 6 > 0. Then we have

1 1
g 1>0=1<yg

and we see that

1
t<g = integral converge < E[¢"'] exists

sohcanbe h = é for k € N. This gives us that

1= 1
M) =5 /0 e Vi<
_1 —11 e (e Vi<t
0 51 0 ?]
1 1
T 1-16 Vi<y

Proposition 1.3.1
If the MGF of X exists and its domain is 7, then the MGF of Y = aX + b exists for all a,b € R with a # 0
and

My(t) ="My (at) YV tc{tcR:atet}

Proposition 1.3.2
If the MGF of X exists, then

for k € N where
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» Example 1.11 Let X ~ Exp(0), so we have

so that

Proposition 1.3.3 Let X,Y be random variables with My = My <= X and Y have the same distribution
(i.e. their CDFs are equal)




-

&

’ 2u fivariate Random Variables - |

2.1 Joint and Marginal CDFs

Definition 2.1.1 — Joint CDF.
Suppose X and Y are random variables defined on sample space S. Then the joint CDF of X and Y is

defined by
F(xy)=P(X<xY<y) V¥ (xy)€R?
Similarly, let X;,X5, ..., X,, be random variables on sample space S, then the joint CDF of these variables

is
F(xpyeooxn) =P(X; <xp,.0ec0, X, <x,) YV xeR"

Proposition 2.1.1 — Properties of Joint CDF F(x,y).
1. F is non-decreasing in x: Fix y, V x; < x5, we have F(x1,y) < F(x2,y)
2. Fis non-decreasing in y: Fix x, V y; <y, we have F(x,y;) < F(x,y2)

3.
lim F(x,y)=0 and lim F(x,y)=0
X——o0 y——o0
4.
lim F(x,y)=0 and lim F(x,y)=1
(X7y)_>(_°°7_°°) ( y) (x7y)%(°°7°°) ( y)

Definition 2.1.2 — Marginal CDF of XY in F(x,y).

The marginal CDF of X
Fi(x)=limF(x,y)=P(X <x) Vx€eR
N~ Y
Fx (x)
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and the marginal CDF of Y

B(y)=limF(x,y)=P(Y <y) VyeR
~— —  X—00
Fr(y)

Note Given joint CDFs, we can find marginal CDFs but given marginal CDFs we cannot find joint CDFs.

It’s possible to have (X},Y;) and (X3,Y>) s.t.

Fx,(x) = Fx,(x) and Fy,(y) = Fy,(y) but Fx, v, (x,y) # Fx, v, (x,y)

2.2 Bivariate Discrete Distributions

Definition 2.2.1 — Bivariate discrete random variables.
Let X,Y be random variables on sample space S. IF 34 C R? s.t. A is countable and P((x,y) € A) =1,
then X ,Y are a pair of bivariate discrete random variables.

The joint probability (mass) function (joint pf/pmf)
f(x7y):P(X:x7YZy) v (x,y)€R2

and the joint support of (x,y) is
A={(xy) eR*: f(x,y) >0}

Proposition 2.2.1 — Properties of f(x,y).
L f(x,y) >0V(x,y) € R?

2. ) fluy) =1
(x,y)eA
3. For R CR?, P((x,y) €R) = Z f(x,y)

(x.y)€ER

» Example 2.1
PX<Y)=P((x,y)€R) for R={(x,y) eR*:x<y}

and
P(X+Y <1)=P((x,y) €R) for R:{(x,y)eRZ:x—i—ygl}

Definition 2.2.2 — Joint pmf f(x,y) for (X,Y) random variables.
The marginal probability function of X:

]\‘L@:P(X:x):Zf(x,y) VxeR

700 ally
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and marginal probability function of Y
L) =PY =y)=) flxy) VyeR
‘f\(/y;’ all x

* want to get the marginal from joint, sum out variable you don’t want

m Example 2.2 Let X, Y be discrete random variables with joint pmf

k(1—p)?p*™ ifx,y € NU{0}
flxy) = .
0 otherwise

with 0 < p < 1.

1. Find k&
2. Find marginal pmfs
3.Find P(X <Y)

Solution:
1. First, we note that f(x,y) >0 = k>0 and

[SSIN)

Y Y fey)=1 = ki i(lfp)szpyzl

x=0y=0 x=0y=0
= k1-p{YXr)|YLpr|=1
x=0 y=0
1 1
— k(l-p? — —— =1
(I-p) =5 1-p
— k=1

2.
AE =Y (0=p?p=1-pPp"- Y p'=(1-p)p* for xc NU{0}
y=0 y=0
Similarly,
L) = Z(l — )P =(1-p)p- pr =(1-p)p’ for ye NU{0}
x=0 x=0
3. Note that o _ .
Px<y)=Y Y (-pPp=0-p>Y Y p
x=0y=x x=0 y=x
and i _
y_ ox A
YP =) r=
y=x y=0 —p
Then we have 5
1-p)" & o 1 1
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2.3 Bivariate continuous random variables

Definition 2.3.1 — Bivariate c%ntinuous random variables.

If F(x,y) is continuous and ———F (x,y) exists and is continuous except perhaps only finite number of

0xdy
points. Then we say that X,Y are bivariate continuous random variables and we define joint pdf (prob

density function) to be
92

f(x,y) = { dxdy

0 otherwise

when it exists

and the joint support is
A={(x,y) eR*: f(x,y) > 0}

Proposition 2.3.1 — Properties of joint pdf.
L. f(x,y) >0V (x,y) € R?

2 [ fosien=

3. P((x,y) ER) = /Rf(x,y)dxa’y for R C R?

s Example 2.3

PX<Y)= f(x,y)dxdy for R C R?

x<y

2.4 Appendix 1 (provided by Lucy Gao)

When Can You Take Functions Outside Expectation?




When Can You Take Functions Outside Expectation?

Introduction

Let X be a random variable with E[X]| = p. A useful property of expectation is linearity, in the
sense that if ¢ is a linear function defined by g(x) = ax + b for some constant real numbers a and
b, then

Elg(X)] = Elax + b] = aE[x] + b = g(E[X]).

We will now discuss an important non-property of expectation. A non-property is a statement that
looks true that you may be tempted to use, but actually is not true. The reason that it looks true

is usually due to misapplication of analogy and/or guessing. The non-property is as follows:
E[g(X)] = g(F[X]), for any non-linear function g. (1)
This non-property is not always true. It is not always false. It is sometimes true
and sometimes false.
Examples
We will demonstrate this through a series of examples.

Example 1 Let X € {1,2} with P(X =1) = P(X =2) = 3. Let g(z) = 1.
We can find E[X] in at least two ways. The first is by definition:

ElX]= ) 2P(X=z)=1-
ze{1,2}

The second way is to notice that if Y ~ Bernoulli(1/2), then Y +1 and X have the same distribution.
Therefore,

BIX]=BY +1]= B[]+ 1= +1=".
It follows that
1 2
s(BX) =3 =2
2
We will now find Elg(X)]. By definition,

1 1 11 3
Elg(X)] = E[l/X]= ) <x>P(X_x)_1.2+2_2_4

ze{1,2}



Thus, we have shown that )

> = Blo(x)) # g(BIX)) = -

Example 2 Let X ~ Uniform(0,1). Let g(x) = —log(x). (Unless otherwise stated, when I write
log, I always mean the natural logarithm.)

We will find E[X] by definition:

It follows that

g(B[X]) = —log (;) — log(2) ~ 0.693.

We will now find E[g(X)]. By definition,

1
Elg(X)] = E[-log(X)] = /0 —log(z)dr = z(1 — log(x))‘zzl - iiir(l)x(l —log(x)) = 1.

Thus, we have shown that
1 = Elg(X)] # g(B[X]) = 0.693.

1 3
= T 3,
© T=a

We already showed in Example 1 that E[X] = % in two different ways. Let’s try a third. Recall
that X and Y + 1 have the same distribution, where Y ~ Bernoulli(1/2). The table of commonly
used distributions in the textbook tells you that Y has MGF My (t) = %et + % 1t follows that the
MGF of Y + 1, which is given by:

1 1 1 1
My 11(t) = B[+ = ' E[e¥] = ¢! <26t + 2> =3¢ T3¢

Since X and Y + 1 have the same distribution, and MGFs uniquely determine the distribution of a
random variable, we can say that the MGF of X 1is given by

1 1
Mx(t) = §€2t + §€t.

Finally,

1 1 3
t=0

So it follows that g(E[X]) = 3. We will now calculate E[g(X)] by definition.

ElgX)l= > g@)f(x)=g1)f(1)+g(2)f(2) =1



This means that we have shown that

Conclusion

What have we shown? We have shown that non-property (1) does not hold for g and X in Examples
1 and 2, but does hold for g and X in Example 3. So we have shown that when ¢ is a non-linear
function, all bets are off — depending on what choice of g and X we take, we can sometimes take g

outside the expectation, and we can sometimes not take g outside the expectation.

However, note that Example 3 is extremely contrived. So if you really must guess whether
Efg(X)] = g(E[X]) or E[g(X)] # g(E[X]) for a random variable X and a non-linear function g, it

is safer to guess the latter than the former.
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m Example 2.4 Let X Y be random variables with joint pdf

x+y 0<x<1,0<y<1
flx,y) = .
0 otherwise

Question 1: Is this a valid joint pdf?
Note that f(x,y) > 0, let’s check the following:

/01./()1f(x,y)dxdy—/Ol/olf(x,y)dydx—/()1/01(x+y)dydx
ot
—/ x+ dx

1
et

=1

Therefore, f(x,y) is a valid pdf

Question 2: Find P(X <

. .o 1
Question 3: Find P(X +Y < )

1
P<X+Y< ) / f(x,y)dxdy = / / (x+y)dydx
2 -‘,—y<l
2 27)6
: 2
:/ [xy—l—y} dx
0 2 0
1
2 1 1
= —— d
/0 2x +8 X

s ! 2
=|—=x x
6" T8,

I\)\

1
24
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Question 4: Find P(XY < 1)

Solution 1:
Lo Uk
P( ) / fxy)dxdy:/ /(x+y)dxdy+/ / (x+y)dxdy
<t 0o Jo 5 /o
Note that
/2/ (x+y)dxdy = =
0o Jo 8
and

1 L 1
1 ,]|= | 1 1 1 3
)dxd 2d:/7id:,_, _3
/o (x+y)dxdy = ) {xy—i- y]o x %2+8x2 x [ZX 8XL 3

Then we have

3 3
P( > //x—i—ydxdy+// x+ydxdy—§ 3= 1
1
P<XY§2>:1 P<XY> >—1// (x+y)dxdy
1, ! | 1, 171° 1
27 e0] o= o= 4

1 1 1 3
Plxy<-)=1-P(xy>-)=1--==2
2 2 4 4

Question 5: Find the marginal pdf of X and Y.

Solution 2:

Note that

Then we have

o 1 1,71 1
=/ f(x,y)dyZ/ (x+y)dy = [xy+2y2} =x+7
o 0 0

Then the marginal pdf of X is :

x+1 0<x<1
fulx) = : .
0 otherwise

Similarly, the marginal pdf of Y is :

y+% O0<y<l1
0 otherwise
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m Example 2.5 Let X,Y be continuous random variables with joint pdf:

ke 0<x<y<oo
flx,y) = .
0 otherwise

Question 1: What is k?

oo

oo y oo y oo 1
1= / / f(x,y)dxdy = / / ke ™ Vdxdy = k/ e(l—e?)dy=k [—ey + ezy} ==
0o Jo 0o Jo 0 2 0

Then we have

as desired.

(=
=]
(43
a
5.
=
»
1
=
o
v

—
<
IN

W=
~
IA

Sl

~—

Question 3: Find P(X <Y)

PX<Y)=[ flxy)dxdy=1
x<y

Question 4: Find P(X +Y > 1)

A elex
P(X+Y21):1—P(X—|—Y<1):1—/2/ 2 Vdydx
0 Jx

1

=1— /0i [—2e7x7y]i7xdx

k
2
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Question 5: Find the marginal pdfs.

filx) = / 2e " Vdy =2¢ >

for 0 < x < . Then we have

£) 20T 0<x<oo
X)) =
* 0 otherwise

Similarly,

y
Hl) = / 2e  Vdx=2eY —2e ¥
0
for 0 < y < oo, then we have

207 —2¢H Q< x<oo
fy()’) =

0 otherwise

2.5 Independent Random Variables

Definition 2.5.1 — Independent.
Let X,Y be two random variables, X is independent of Y if and only if for all A,B € R

P(X€AYeB)=P(XecA)-P(Y€B)

Theorem 2.5.1
Let X,Y be random variables, if joint CDF F'(x,y), marginal CDFs F}(x) and F»(y), then

X and Y are independent <=  F(x,y)=F(x)-F(y) V(x,y) €R?

Theorem 2.5.2
Let X,Y be random variables, if joint pdf/pmf f(x,y), marginal pdfs/pmfs fi(x) and f>(y) with

A]Z{XGRif](x)>O} and Azz{yE]lez(y)>0}

Then

X and Y are independent =  fy)=fix)-f£2(y) V(xy) €A xA
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m Example 2.6 Let XY be discrete random variables with joint pmf

(1-p)?p™™ x,yeN
flx,y) = .
0 otherwise

for 0 < p < 1. It’s easy to get that

(I-p)p* xeN (1-p)p” yeN
X) = and x) =
filx) {O otherwise f2(x) 0 otherwise
Are X,Y independent?
Note that
fxy) = filx) ()
Then by Theorem 2.5.2 we have X ,Y are independent. "

m Example 2.7 Let X,Y be continuous random variables with joint pdf

x+y O0<x<landO<y<1
flx,y) = .
0 otherwise

It’s easy to see that

x+1 0<x<l1 y+1 0<t<1
X) = and =

fix) {0 otherwise f20) 0 otherwise
Are X,Y independent?
Note that | . |

X+y
@A) =(x+5 ) (y+5 ) =0v+—F"+; Fx+y=f(xy)
2 2 2 4

Then X, Y are not independent. "

Theorem 2.5.3 — Factorization Theorem of Independence.
Let X,Y are random variables with joint pdf/pmf f(x,y) and joint support A with support of x,y: A;,A,
respectively, then

X and Y are independent <= Jg(x) >0, Fa(y) >0 s.t. f(x,y)=g(x)-h(y) V(x,y) €A xAs

Notes for Theorem 2.5.3:
1. If = holds, then
marginal pdf/pmf of X: fi(x) = g(x) VxeA

and
marginal pdf/pmf of Y: f,(y) < h(x) Vy€A;

2. If A is not rectangular, then X,Y must be dependent.

Proof: 3(x,y) € R? s.t. x € A; and y € A; but (x,y) € A, so f1(x), /2(y) > 0 with f(x,y) = 0, this is a
contradiction.
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= Example 2.8
9x+y8720

flx,y) = xly!
0 otherwise

x,y € A=NU{0}

Are XY independent?
Note that

It’s easy to check

for x,y € A. Then we have

fy)=filx)- f2(y) = X and Y are independent

m Example 2.9 Let X,Y be continuous random variables with joint pdf

3
“y(1—-x) —1 1,0 1
o) = 2y( x°) <x<1,0<y<
0 otherwise
Are X and Y independent? By Theorem 2.5.3
3 9 .
flx,y) = 57 (1-x) == X andY are independent
” (x)
hy) 5

Note that Jk;,ky € R s.t. fi(x) = ki1g(x) and f2(y) = koh(y). This gives us that

1 ) 4 3
1:k1-/ (l—x)dx:kl-f <“— ki =-—
—1 3 4
and
13 31 4
1=k - —vdy=bky == — ki = —
2 /0 2yy 2 ) 1 3
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m Example 2.10 Let X,Y be continuous random variables with joint pdf

0<x<1—-y4L, -1<y<l1

2
flry)=qm
0 otherwise

Are XY independent?
Note that the support

A:{(x,y)ER:0<x< \/l—yz,—l<y<l}

is not rectangular, then X ,Y are not independent.

Lemma 2.5.4
Let g,h be functions, if X, Y are independent, then g(X) and A(Y) are independent.

Note: The converse is not true.

Definition 2.5.2 — Joint Expectation.
Let X,Y be bivariate discrete and let h(x,y) be a real valued function. If

Y hxy)If(xy) <eo

(x.y)€A

Then
ERX, V)= Y, h(xy)f(xy)

(x,y)EA

Otherwise, we say that E[h(X,Y )] DNE.

Let X,Y be bivariate continuous and let 4(x,y) be a real valued function. If

/:,/:, |1(x, )| f (x,) < oo
Then o
E[h(X,Y)] = /,m/,wh(x»y)f(x,y)

Otherwise, we say that E[h(X,Y )] DNE.

m Example 2.11

Y, xwf(xy) if XY are discrete
(x,y)EA

EXY] =1 w e
/ / xyf(x,y)dxdy if X,Y are continuous

provided that E[XY] exists.
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» Example 2.12 Let X,Y be continuous random variables and E[X] exists, then

oo

EX]|= /_o:o /_O;xf(x,y)dydx = displaystyle/ ()x- [/:of(x,y)dy]dx = /o;x-f] (x)dx

— oo —

Proposition 2.5.5 — Linearity.
Leta,b € R and X,Y be random variables, then

Elag(X,Y)+bh(X,Y)] =aE[g(X,Y)]+bE[h(X,Y)]

Letay,...,a, € R and X, ....,X,, be random variables, then

n n
E Za,"Xi :Zai-E[Xi]
i=1 i=1
Proposition 2.5.6
Let X1, ....,X, be independent random variables and gy, ..., g, be functions, then
n n
E|[e:x)| =]]El&:(X)]
i=1 i=1

Definition 2.5.3 — Covariance of X and Y.

Cov(X,Y) = E[(X — 1) (Y — y)]
where u, = E[X] and p, = E[Y]. If Cov(X,Y) =0, we say X and Y are uncorrelated

Proposition 2.5.7

1. Cov(X,Y) =E[XY]|—E[X]-E[Y]

2. X and Y are independent —> Cov(X,Y) =0

3. Cov(X,X) = Var[X]

4. Var[aX + bY] = a* - Var[X] + b* - Var[Y] + 2ab - Cov(X,Y)

5.
n n
Var Z aX;| = Za?Var[X,-] + Zaiaj 0 COV(X,‘,XJ')
i=1 i=1 i)
6. If X1, ...., X, are independent,
n n
Var Za,-Xi = Za,-zVar[X,-]
i=1 i=1

7. Cov(X+Y,Z) = Cov(X,Z)+Cov(Y,Z)
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m Example 2.13 Let X,Y be random variables with joint pdf

x+y O0<x<l,0<y<l1
flx,y) = .
0 otherwise

Since
Var[X +Y] =E[(X +Y —E[X +Y])*]

Then by properties of variance we have

Var[X +Y] = Var[X] + Var[Y] 4+ 2Cov(X,Y)

Note that
x+3 0<x<l1 y+3 0<t<l1
X) = and =
fix) {0 otherwise ~W) 0 otherwise
then
1 1 7 5 1 ) 5 )
E[X]:/x x+ = |dx=-—= =EJY] and E[X]:/x x+= |dx= = =E[y?]
0 2 12 0 12
so we have 1
Var[X] = Var[Y] = E[X?] — (E[X])* = i
Note that

had had 1 1 l
E[XY]:/ / xyf(x,y)dxdy:/o /0 xy(x-+y)dxdy = 3
Then we have |

Cov(X,Y)=E[XY]—E[X]|E[Y] = ~Tn

Hence,

20
Var[X + Y| = Var[X] + Var[Y] + 2Cov(X,Y) = T

as desired.
Definition 2.5.4 — Correlation Coefficient.

Cov(X,Y)

\/ Var[X]/Var[Y]

* The measure of linear association between X and Y

pX.Y)=

Theorem 2.5.8

—1<pX,Y)<1

Note:
1.If p(X,Y)=1,thenY =aX +b for some a >0 and b € R
2. Ifp(X,Y)=—1,thenY =aX + b for some a < 0and b € R
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» Example 2.14 Let Z~ N(0,1), X = Z and Y = Z?, then p(X,Y) = 0 because there is no linear relation-
ship between X and Y. "

m Example 2.15 Let X,Y be random variables with joint pdf

x+y O0<x<1,0<y<1
0 otherwise

flxy) = {

Since
11 1

Var[X] = Var[Y] = Taa and Cov(X,Y) = ~Th
Then we have c (X v) |
ov(X,
Var[X]y/Var[Y] 11
as desired. n

2.6 Conditional Distributions

Definition 2.6.1 — Discrete Conditional Distributions.
Let X,Y be bivariate discrete random variables with joint pdf f(x,y), then

1. The conditional pdf of X given Y =y is

filx|y) = ];(x(, );) =PX=x|Y=y) where f>(y) is the pmf of y with f>(y) >0
2y
2. Conditional pdf of Y given X = x is
Sy e iy . :
Hblx)= 00 PY=y|X=x) where f;(x) is the pmf of x with f;(x) >0
1\X

Proposition 2.6.1

filx]y) >0 .Y filx]y) =1 and L= Y Ao =1
X y

Definition 2.6.2 — Continuous Conditional Distributions.
Let X,Y be bivariate continuous random variables with joint pdf f(x,y), then

1. The conditional pdf of X given Y =y is

f(xy)
L)

filx|y) = where f(y) is the pmf of y with f,(y) >0
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2. Conditional pdf of Y given X = x is

f(xy)
fix)

HLl]x) = where f(x) is the pmf of x with f;(x) >0

Note:

P(Y§y|X:x):/y At | x)dt

—oo

Proposition 2.6.2

AE920 [ fllar=1  and L1020 [ pl|Hdy=1

s Example 2.16

8xy O<y<x<l
flx,y) = .
0 otherwise

Find fi (x| y) and f>(y | x)
Note that

X 1
fi(x) :/ 8xydy =4x> with0O<x< 1 and L) :/ 8xydx=4y—4y’ with0<y<1
0 y

Then we have o) g g
X,y Xy X .
Nxly) = = = with0 <y<x<1
() L) 4y—4y3 4y

fley)  8xy 2y .
H | x) A0 Ao 22 with 0 <y <x <

= Example 2.17
Fley) = {(1 —p)’P"" x,yeA=NU{0}
otherwise
Is X and Y independent?

Note that
fik)=(1—p)p* withxc A and HL)=(0—-p)p” withycA
and we also have
Al =LYy withvea  and pil0 =250 — (1) withyea
H() fi(x)

Then we have

A&y 10)=0=p)p = f(xy) =

= filx)- L) =f(xy) V (xy)€AXA

Hence, X and Y are independent. "
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Theorem 2.6.3
Let X and Y are random variables with marginal pdfs/pmfs f(x), f2(y), marginal support A; and Ay,
conditional pmfs/pdfs fi(x | y) and f>(y | x). Then

X and Y are independent <=  fi(x|y)=fi(x) and fo(y|x)=fa(y) V x€A|,yEA;

Proposition 2.6.4 — Product Rule.

fy) = hHx|y)-£200) = L0 1x)- filx)

m Example 2.18 Let Y ~ Poi(A) and X | Y =y ~ Bin(y, p), what’s the distribution of X?

Let A = NU{0}, note that

Ae?

() withy € A and fi(x]y) = <§> pr(1—p)P™* withx=0,1,...,y

Then we have

(1-py=a’

f&y) = filx|y) f2(v) = b —)!

WithyeAandx:()?l'nny

This gives us that

=S X —A —X X —A, oo —X
ple” (1—p)™*AY _ p'e (I—p) A
f](x):Zf(xjy): . = Z
> = X! (y—x)! x= —x)!
pxe—llx . oo (1 _p)y—xly—x

x! = (=)

pixe_)’)ux . ea’(l*p)
x!
(pA)*e P
x!

Therefore, we have X ~ Poi(pA) ]
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» Example 2.19 LetY ~ Gamma(a,1), f2(y) = %e*y with y > 0 and fi(x | y) = ye ™ with x,y > 0.

Find f(x)
Note that

fy)=filx]y)=hfL>b) = %ef(Jﬁl)y
Since

F(a):/ x*le*dx  and T[(a+1)=al(a)
0

then we have

= [y (Y L,
Y= T Y= Jo \&a¥1) T xt1
1

“ o _—t
= — t
<x+1>a+lr<a>/o red
—_——
=I'(a+1)
o o
(x4 1)a+!

for x > 0 as desired. n

2.7 Appendix 2 (provided by Lucy Gao)

Relationship Between Covariance and Independence



Relationship Between Uncorrelated and Independence

We saw in Lecture 7 that if X and Y are independent, then Cov(X,Y) =0, i.e. X and Yare

uncorrelated. This is true because:
Cov(X,Y) = FE[XY]| - E[X]E[Y],

and when X and Y are independent, E[XY]| = E[X]E[Y]. This may lead you to wonder about
the converse — are uncorrelated random variables independent? Unfortunately, this is another
non-property — not all uncorrelated random variables are independent, as the following example

demonstrates.

A Cautionary Example — Uncorrelated May Not Mean Independent

Let X be a non-constant continuous random variable with a symmetric probability density function
(pdf), i.e. f(x) = f(—=z) for all z € R. For example, you could imagine that X ~ N(0,1) or
X ~ Uniform(—1,1). Let Y = X2.

First, we will show that X and Y = X? are uncorrelated. We write:
Cov(X,Y) = E[XY] — E[X]|E[Y] = E[X?] — E[X]E[X?]. (1)
Since X has a symmetric pdf, for p odd, we have

E[X7] = / " o f(@)da

—00

- /OOO xpf(x)d$+/oo a? f(x)dz

0

:/0 xpf(—x)dx+/ooxpf(x)dx

—00 0

= —/Oo xpf(:r)d:c+/oo$pf(ff)d$

0
= 0.

Thus, F[X3] =0 and E[X] =0 in (1), which means that Cov(X,Y) = 0.

However, X and Y are not independent — they are dependent! One way to see this is to observe
that their joint support is {(z,2?) : € A}, where A is the support of X, which is not a rectangle
parallel to the x and y axes when A # ().



Correctly Characterizing Independence With Expectations

We have demonstrated that Cov(X,Y) = 0 does not imply that X and Y are independent. That
is, E[XY] = E[X]|E[Y] does not imply that X and Y are independent. You might now ask — is
there a correct way to chacterize independence between two random variables with expectations?

As it turns out, there is.

Theorem. X and Y are independent if and only if E[g(X)h(Y)] = E[g(X)|E[h(Y)] for all func-
tions g(-) and h(-).

The (=) direction follows from the fact that X and Y are independent if and only if their
joint pdf factorizes into the product of their marginal pdfs. We can prove the (<) direction by

contradiction. Suppose that
Elg(X)h(Y)] = E[g(X)]E[h(Y)] for all functions g(-) and h(-), (2)

but X and Y are dependent. Then, there exists some set A in the support of X and some set B in
the support of Y such that

P(X €AY eB)#P(XecAP(Y €B). (3)

1, €A, 1, yeB
But if we consider g(z) = and h(y) =

0, z&€ A 0, y¢B

", then we have by (2) that

P(Xe€AYecA)=PXecAPY cA).

(If this is surprising to you, please see the first recap session on Friday.) This contradicts (3), so X

and Y are independent.

Conclusion

The key takeaway here is that uncorrelated random variables may not be independent. This is be-
cause whether two random variables are uncorrelated relies solely on whether E[XY] = E[X]|E[Y].
This is not enough to ensure independence — we would need E[g(X)h(Y)] = E[g(X)]E[h(Y)] for

all functions g(-) and A(-) in order to guarantee independence, which is a much stronger condition.
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2.8 Conditional Expectation

Definition 2.8.1
For a function g, the conditional expectation of g(Y) given X = x is

Z g(y)- f2(y|x) ifY is discrete random variable
E[g(Y)|X =x] = {ally
[%.8()- f2(y]|x) ifY continuous random variable

oo

unless Y g(y) - f2(y | x) does not converge in which case E[g(Y) | X = x] is DNE (/
ally —oo
Y =y] is similarly.

>. The E[g(X) |

Note:
1. g(y) =y, E[Y | X = x] is called conditional mean
2.8(y) = (y—E[Y | X = x])* implies

VarlY | X =x] =E|(y—E[Y | X =x])* | X :x} —E[Y? | X =x]—[E[Y | X =]
is called conditional variance.

s Example 2.20

Fly) 8xy O<y<x<l1
X, =
Y 0 otherwise

and we have

f(x,y) 8xy 8x .
= = = th 0 1
filx|y) 70)  dy—ap d—y with0 <y <x<
8 2
fz(y|x):f(x’y)—ﬂ——y with0 <y <x <1

filx) 43 x2

Find E[X | Y =y] and Var[X | Y =]

(oo} 2
E[X|Y:y]:/7MXf1(X\y)dx: | 4_74-};2(1)6:

B0y =)= [ 2 il [ 2= 1 (147)

Therefore, we have

2
Var[X | Y =y =E[X?|Y =y] — (E[X | Y =y])* = (1+y2)—3< :;) for0<y<1

as desired. n
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Proposition 2.8.1
If X,Y are independent, then for all functions g, A:

Elg(X)|Y =y =E[g(X)] and  E[r(Y)|X =x] = E[n(Y)]

Proposition 2.8.2 — Substitution Rule.

E[h(X,Y)| X =] = E[h(x,Y) | X = 1]

For example:
EX+Y |X=x]|=E[x+Y |X=x]=x+E[Y |X =4]

EXY |X =x]=E[xY | X =x] =xE[Y | X = x]

Theorem 2.8.3 — Double-Expectation Formula.
Let g be a function and X, Y be random variables, then

E[E[g(X) | Y]] = E[g(X)]

Proof (continuous case):

EIEls(0) | V] = | [ st = [

8

| —

—

g 8
OQ

ry>dx] )y

/ 8(x)fi(x | y) f2(y)dxdy
/ g(x)f(x,y)dxdy
i

f(x,y)dydx

glx
- _o;g () [ S (%y)dy] dx

» Example 2.21 LetY ~ Poi(A) and X | Y =y ~ Bin(y, p). Then
EX|Y=)|=yp = EX|[Y]=pY
By Double-Expectation Formula
EEX | Y]] =E[pY] = pE[Y] = pA = E[X]

Then we have X ~ Poi(pA) ]
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Proposition 2.8.4

Var[Y] = E[Var[Y | X]] + Var[E[Y | X]]

» Example 2.22 LetY ~ X =x ~ Bin(x,p) and X ~ Poi(A). Then
VarlY | X =x]=xp(l-p) = VarlY [X]=Xp(l-p) = E[VarlY [X]]=E[Xp(1—p)|=p(1-p)A
and

E[Y | X=x]=xp = E[Y|X]=Xp = Var[E[Y|X]]= Var[Xp] = p*Var[X] = p*A
Therefore, we have

Var[Y] = E[Var[Y | X]] + Var[E[Y | X]] = p(1 — p)A + p*A = Ap

2.9 Joint MGFs

Definition 2.9.1
Let X;....X, be random variables, if E [e):?zl t"X"] exists Vt; € (—h;, h;) with some h; > 0. Then

M(ty,.....t) :E[ez?zl’ix'} Vit,....t; S.t. E[ez?:”"xi} exists

is called the joint MGF

Proposition 2.9.1
Given M(t;,1,), then
Mx (1) = M(11,0) = E[" 0] = B[]

and
My(1;) = M(0,1;) = E["X1°Y] = E[”"]

Proposition 2.9.2
Let X, ....., X, be random variables with joint MGF M (t,1,), then

Xi,.....X, are independent <= M(11,......1,) = [ [Mx.(t;)
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m Example 2.23 Let X,Y be continuous random variables with joint pdf:

e x>0,y>0
0 otherwise

flx,y) = {

Then o e - -
E[eth-i-th] :/ / et'x+’2yf(x,y)dxdy :/ ey(tz—l)dy/ ex(tl—l)dx

—oo

<oo whent; <1 <o whent; <1

Then, E[e"X+2Y] exists, so

oo oo 1
— F[1X+0Y] y(r—1) x(tn—1) e
M(ty,t;) = Ele ] [/_me dy] [/_we dx] d=m(i-n)

for all 1,z < 1. Then we have

Mx(t1) =M<l1,0) = 1 !

Vi <1
—t]

and

My (t) =M(0,1,) = Vi, <1

1—1n
This gives us that

M(t),tn) = Mx(t;)My(r,) = X and Y are independent

» Example 2.24 Let X ~ Poi(A;) and Y ~ Poi(A;) and X,Y are independent. Show what X +Y ~ Poi(4; +
1)
Note that

M(t1,1) = My (11 )My (1) = M (" ~D (271 — (1 =DiAa(er 1)

Also we have
M(t,1) = E[¢X+17] = E[/X+)] = (e =Dl =1) _ ((u+a)(@ 1)

which is the MGF of Poi(A; 4+ A,). Since MGF are uniquem then X +Y ~ Poi(A; + A,) "
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3.1 Multinomial Distribution

Definition 3.1.1 — Multinomial Distribution.
Let (Xi,....,Xx) be discrete random variables with joint pmf

k
X X
ﬁpll....pk" where ) x;=n
f(xl,....,xk) = < X1:X2:...X] =

0 otherwise

n!

k
for 0 < p; < 1 with Zp,- =1. We say (Xi,....,Xx) ~ Mult(n,p1,..., px)
i=1

Proposition 3.1.1
Let (Xl, ...,Xk) ~ Mult(n,pl, ‘..,pk)
1. Joint MGF:

M(l‘l,...,l‘k) = E[611X1+"‘+thk] = (pletl +.... —|—pketk)n A (ll,...,l‘k) E Rk

I’l' ki Fom

To prove: (x;+...+x,)" = mxl Xy

ki+...+kn=n

2. X; ~ Bin(n,p;) fori=1,....k
Proof:

MXi(ti) :M(0707'-~’ti7~-70a0) = (pieti +ij> = (pieti +1-pi)*
J#i




3.2

3.2 Bivariate Normall Distribution

which is the MGF of Bin(n, p;)

3. T = X;+X; with i # j, then T ~ Bin(n, p; + p;).
Reason:
Mo (1) :E[ef<xf+xf>] = M(0, ... t1,...,t},...,0)

is the MGF of X; + X .

4. E[X;] = np; and Var[X;Jnp;(1 — p;), Cov(X;,X;) = —np;p;j.
Proof for COV(X[,XJ'): Note that X; +X; ~ Bin(n, p; -f-pj) with i # j and

Var[X; +X;] = n(pip;)(1 — pj — pi)
. Then
n(pip;)(1—pj— pi) = Var[X; + X;] = Cov(X; + X;,X; + X)
= 2Cov(X; + X;) + Var[X;] + Var[X]
=2Cov(X;+X;) +npi(1 — p;) +np;(1—pj)
so we rearrange it to get Cov(X;,X;) = —np;p;

)

. o — 775 9 . _Pi
5.Xi | Xj =x; ~ Bin(n —x;j, l—lpj

6. X; |Xj+Xi :tNBin(tvp,»ij)

= Cov(X;,X;) + Cov(X;,X;) + Cov(X;, X;) + Cov(X;, X;)

Bivariate Normal Distribution

Definition 3.2.1 — Bivariate Normal Distribution.
The Bivariate Normal Distribution is defined as ¥ ~ BVN(fi, } ) where

2
2 |X = (M _| 9i poO102
S S D S

where i; € R, 0; >0fori=1,2and -1 <p <1

1 Lz Tyl z_g\T
f(x) = f(xl 7X2) = - efi(x*#) Yo (x¥-n)
ZAOME
1 ST {<x1"2‘1)2+(x2*1212)272,3()(17,11)(,{27#2) ,
= 2(1-p%) o o 610, .
B ¢ l : vVx¥eR
261024/ 1 —p?

Proposition 3.2.1
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1. X; and X; have joint MGF:

M(t1,t;) = E[e"1122] = ¢
2. X; ~N(uy,0%) and Xp ~ N(i2,063)

3.
X | Xi =x1 ~N(p2 +p0r0y ! (x1 — ), 05 (1 - p?))

Xi | X2 =x2 ~ N(l1 +p020; (2 — ), 07 (1 — p?))

VO£AZER? &X=ciXi+cXy~N(fi,d" Y ¢
2x2 . 7 2 v 7 = 7 T
VA €R> with |[A|#£0,VbcR AX+b~BVN(AfL+b,AY A

5. E[X,‘] = U, Var[X,-] = Giz fori= 1,2. COV(X],Xz) = P00y, COVI’(X],Xz) =p.
Proof for Cov(X;,X>): Note that

E[X1X2 |X1 :xl] :E[x1X2 |X1 :xl] :xlE[Xz |X1 :xl] :xl([Jz —{—p626]_1(x1 —[.11))
Then we have E[X;X; | Xi] = X; (U2 +p626f1(X1 — 1)), so that

EX\X] =E[EXi\ X2 | Xi]] = EXi (42 + poroy ' (X1 — )]
= LE[Xi]+poro; 'E[XT] - poroy 'E[Xi]m
= M2+ PpO102

Therefore, we have
Cov(X,X;) = E[X1X5] — E[X{]E[X3] = ti U2 + pO102 — Ui U = PO

as desired.

6. Cov(X1,X;) =0 < p =0 < X; and X, are independent. (in BVN only)

Proposition 3.2.2
Let X; ~ N(u, 612) and X ~ N(Uz, 622), if X; and X, are independent, then

MELE(=RV)

F0r1,32) = fi1) folxa) = ——mse 1 1740

Proof:

3.3 Appendix 3 (provided by Lucy Gao)



Is Marginally Normally Distributed Enough to Conclude That
Uncorrelated = Independent?

Recall from the week 4 reading that in general, if all you know is that two random variables are
uncorrelated, you cannot safely conclude that they are independent. However, we saw in Lecture
11 that the bivariate normal distribution has a very special property: if the joint distribution of
X1 and X5 is bivariate normal, and Cov(X1, X2) = 0, then X; and X, are independent.

If all you remember is that “in the special case of normality, uncorrelated and independent are

the same”, then it is unfortunately easy to fall into the trap of a non-property:

Non-Property. Suppose that X1 ~ N(ui,0%) and Xy ~ N(uz,03). Then, Cov(X1,X3) = 0
implies that X1 and Xo are independent.

We will proceed to debunk this non-property through a cautionary example.

A Cautionary Example

Suppose that X7 ~ N(0,1). Define P(W = 1) = 1/2 and P(W = —1 = 1/2). (This is called the
Rademacher distribution.) Suppose that W and X; are independent, and let Xo = X3 W.
We will first show that Xo ~ N(0,1). Observe that for any ¢ € R,

S
I
+
|
s
vV
&
=
[
L

Xy <)P(W =1)+ P(Xy > —t)P(W = —1)
= (P(X1 <t) + P(Xy > —1))/2
—2P(X; < 1)/2 = P(X; < 1),

where the third equality follows from independence of W and X1, and the last equality follows from
the symmetry of the normal pdf. Thus, the CDF of X, is the CDF of a N(0,1) distribution, and
so Xo ~ N(0,1).

We will now show that Cov(X71, X3) = 0. Observe that
Cov(X1, X2) = E[X1Xs] — E[X1]E[X3] = E[XiW] -0 = E[X}|E[W] = E[X}]0 =0,
where the third equality follows from independence of W and X;.

Finally, we will show that X; and X, are dependent. Recalling the definition of independence



as P(X; € A, Xy € B) = P(X; € A)P(X; € B) for any set A, B C R, it suffices to show that
P(X1 <, Xy <t) # P(X1 <t)P(X2 <)
for any t > 0. We now do so. Let ¢t > 0. Then,

P(X1<t, X, <t)
= P(Xy < t,X1W < t)
—P(—t< X, <t,W=—-1)+P(X; <t,W =1)
= P(W =—1)P(—t < X1 < t)+ P(W = 1)P(X; < 1)

%(p( < Xy < 1)+ P(X) < 1))
= 3 @P(X1 < 1) = P(X1 < 1)
= P(Xy < 1)~ 5 P(X1 < 1)
_P(X, < 1) — %(1 _P(Xy <1)) (by symmetry of normal pdf)
gp(xl <t)— %
However,
P(X1 < )P(Xy < t) = gP(Xl <t %

Since we showed that X1, Xo ~ N(0,1), P(X; <t) = P(X2 <t) and so we have
5 3
P(X1 1) = SP(X1 S8+ 5 =0,

This is a quadratic equation in P(X; < t) which has two roots: one at P(X; < t¢) = 1/2, and
one at P(X; <t) = 1. The latter cannot be satisfied for any ¢ < oo, so this is only satisfied for
P(X; <t)=1/2, which cannot be the case for our choice of ¢, since we assumed that ¢ > 0. Thus,

we have shown that X; and X5 are dependent!

Conclusion

The key takeaway here is that you really need bivariate normality in order to conclude that

uncorrelated implies independent — marginal normality is not enough.



3.4 Finding Distribution of Multivariate Random Variables

Finding Distribution of Multivariate Random Variables

Three Methods to Find the Distribution of Y = h(X|,....,X,) where X;, ..., X, are Random Variables:
1. CDF technique

2. One to one Transformation Theorem (continuous only)
3. MGF technique

Method 1 - CDF Techniques Goal: Find CDF and/or pdf/pmf of Y = h(X|,....,X,)

Discrete Case:
Forall y € R,

fr(y)=P(Y =y) =P(h(X1,....,.Xn) =)

soforall y € R,

= Example 3.1 Let ¥ = X2

if x| =1
ifx=0

otherwise

=
~
=
S~—
Il
S Wi~ AI—

then we have

PX=y)+PX=—y) ify>0 3 ify=1
I ify=0
0 otherwise

Therefore, Y ~ Bernouli(%)
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Continuous Case:
1.VyeR, find Ry = {(x1,....x,) : h(x1,...,x,) <y}
2. Find CDF pfY: Vy e R,

Fy(y) =P(Y <y) =P(h(X1,....Xn) <y) =P((X1,....Xn) ERy) = /er(xl,....,xn)

3. Find the pdf of Y: fy(y) = Fy (y)

» Example 3.2 Let X ~ Exp(6) and

0 ifx<0
Y = F(X) = .
l—e o ifx>0
1.VyeR, findRy = {x: F(x) <y}:
0 ify <0
R — {x:x<0} ify=0
IR ify>1
{x:x<0}U{x>0:x<—-0log(l—y)} f0<y<l
Then we have
0 ify <0 ,
. 0 ify<o0
F(y) 0 fy=0 if0<y<1
= — 1
y\y 1 ify>1 M . y
. 1 ify>1
P(X < —6log(l—y)) ifOo<y<l
so we see that Y ~ Unif(0,1), the pdf is trivial. .
= Example 3.3 Let X ~ N(0,1) and Y = X?
I.VyeR
0 ify<0
Ry={x:x* <y} = .y
VORI S
2.
ify<O

0
FY(y):P(XERy):{P(XG[—ﬁ,\/ﬂ) lfyZO
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3.
)= F0) = KW=~ (-9 (-5
yW)=Lyy) = Ix\vy 2.5 X y 2.y
= 55 )+ ()
1 2
N
—\/lziﬂyie)2 fory>0
pdf of x?
SO we haveychl2 "

m Example 3.4 Let X;, X, ~ Unif(0,1) and i.i.d, so

f()C],XQ) = {

Now we let Y = X; +Xs and A = (0,1) x (0,1)

1 if0<x<lL,0<xn<l1
0 otherwise

Then, we can immediately get that

0 ify<0
ifo<y<l1
L ifo<y<1 yoo misys
Fr(y) = - and fry)=92—y if1<y<2
1! _2y) if1 <y<2 0 otherwise
1 ify>2

» Example 3.5 Let X; ~ Unif(0,0) be i.i.d for 1 <i < n. Find the distribution of X,y = max X; and

1<i<n
Xy = min X;
. 0 ify<o0
Fx, =P(Xu <y)=PXi<y,V1<i#n)=[[PXi<y)=[FO)"=1 (3)" ifo<y<®
= 1 ify>0
nd ny=lif Q) 0
Lyl jf0<y<
S ) = {8 ’ other‘if)ise
Note that

PXqy<y)=1-PX1y>y)=1-PX; >y V1<i<n)=1-[]PXi>y)=1-J](1 -P(X; <y))
i=1 i=1
so similarly, we have
0 ify<o0

Fx, =q1-(1-%)" ifo<y<6 and uMsz{
1 ify>6

4 ) ifo<y<6
0 otherwise

—
—_
|
<
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3.5 One to One Transformation

Special Case:
1. n =1, X is continuous with support A
2. his 1 —1onA, thatis for all x;,x; € A,h(x)) =h(x) = x1=x

Theorem 3.5.1 — (Univariate) One to One Transformation Theorem.
If X is continuous with support A and A(x) is a one-to-one function on A, then the pdf of ¥ = h(X) is

elh () [Er710)| iy € {h(x) :x € A}

0 otherwise

fr(y) =

where h~! satisfies A~ ! (h(x)) = x for all x € A

Proof: Apply CDF technique

s Example 3.6 Let X be a random variable with

O ifx>1
fX(x> — {x0+1

otherwise

and A = (1,00), h(x) = log(x), Y =log(X)
It’s obviously that /4 is one-to-one. By the Theorem above, we have

Be % ify>0
fry) = .
0 otherwise

3.6 Appendix 4 (provided by Lucy Gao)



Convolution of Probability Distributions

You may have come across convolutions of two functions in electrical engineering, physics, or

other fields. A convolution is a mathematical operation on two functions f and ¢ defined as follows:
Featt) = [~ s(rate - ryar

This operation appears in applications across many fields, including signal /image processing, physics,
and statistics. In this reading, we will show that the probability density function (pdf) of the sum
of two independent continuous random variables X and Y is given by the convolution of the pdf of

X and the pdf of Y.

Derivation of the Convolution Formula

Suppose that X and Y are two independent continuous random variables. Let fx(¢) denote the
pdf of X and fy (t) denote the pdf of Y. We will show that the pdf of X + Y is given by:

fxiv(t) = fx * fr(t) / fx(x)fy(t —x)dx

We will use the CDF technique. Observe that

Fxiy(t)=P(X+Y <t)= /_OO /_H fx () fy (y)dydx

= /Z /too fx (@) fy (v — z)du dx
= /_; [/_Z fx (@) fy(u—2z)dz| du,

where in the first line, we have applied the independence of X and Y to factorize their joint pdf, in
the second line, we have applied the change of variables u = x + y to the inner integral, and in the
last line, we have used the fact that the integral bounds do not depend on x or u to interchange

the order of integration.

We can now differentiate the CDF to get the pdf of X +Y. Applying the fundamental theorem

of calculus yields

Ix1v(t) = FX+Y / fx(z)fy(t —z)dx

Note that applying the convolution formula with the roles of X and Y swapped says that the pdf
of Y + X = X 4+ Y is given by:

frex(t) = fy » fx(t) / Jy () fx(t —y)dy



Thus, to find the pdf of X +Y, you can either do the convolution fx * fy or the convolution fy * fx.
Either works.

Application of the Convolution Formula

In Lecture 14, we show that if X and Y are independent Exponential(1) random variables, then
X +Y ~ Gamma(2, 1) via the bivariate one-to-one transformation theorem. This fact can also be

shown using the convolution theorem. We have:
frov® = [ Ix@i(e-o)ia, 1)

where
e ™, u>0,
fy(u) = fx(u) =
0, otherwise.
Observe that for any ¢t > 0, we have fx(z)fy(t —x) > 0 if and only if z > 0 and t — z > 0, which

in turn is the case if and only if 0 < x < ¢. So when ¢t > 0, we can simplify (1) as:

t t
fxqv(t) = / e ety = / e tdr = te "
0 0

For any t < 0, we have fx(z)fy(t —z) = 0 when x < 0 (because fx(z) = 0 for z < 0) and
fx(z)fy(t—2) =0 for x > 0 (because then t —x < 0 and so fy(t —x) = 0). Thus, when ¢ < 0, we
can simplify (1) as:

fx+y(t) = /OO Odx = 0.

—00

Putting the pieces together, we get

te=!, t>0,
fxiv(t) =
0, otherwise,

which is indeed the pdf of the Gamma(2, 1) distribution.

Conclusion

The convolution formula is a useful tool for calculating the pdf of sums of independent and con-
tinuous random variables, although you do have to be careful when working with piecewise defined
pdfs. The ideas behind the convolution formula can also be extended to derive similar formulas for

the difference, product, and quotient of X and Y for independent and continuous X and Y.
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Theorem 3.6.1 — Bivariate One to One Transformation Theorem.
If U =h(X,Y)and V = hy(X,Y) defined a one-to-one transform on the joint support.
Let A = {(x,y) € R*: f(x,y) > 0}, then the joint pdf of U and V is

F1(at,9), w2 (,9)) - | 258322 i () € {0 (,3), o (,3)  (,9) € A}

g(u,v) =
0 otherwise
where 5 5
d(wi,wa) SLon _ dwy awz_awl owy
d(u,v) 9w dw| QJu Jdv  Iv du
Jdu v

mn Example 3.7 LetU =X+Y,V=X—-Y and

X 0 1 0 _ L ,l(x2+y2) 2
(b Y) egeen e

Then we have X = J(U +V) = w;(U,V) and Y = 1(U —V) = w,(U,V), so by the Theorem above we have

1
g(u,v) = Ee_%(”hrvz) YV (u,v) € R?

» Example 3.8 Let X,Y be independent and X,Y ~ Exp(1) with

e e fO<x<oo,0<y<oo
flx,y) = .
0 otherwise

We will show X +Y ~ Gamma(2,1). LetU =X+Y andV =X,s0X =V =w(U,V)and Y =w,(U,V) =
U —V, then by the Theorem above we have

e fo<v<u<o
g(u,v) = .
0 otherwise

so that
(W) Joetdv f0<u<oo ue ™™ f0<u<eoo
u)—= —
81 0 otherwise 0 otherwise
which is a pdf of Gamma(2,1), so X +Y ~ Gamma(2,1) .

» Example 3.9 Let the support of X,Y to be {(x,y) € R*:x > 0, y > 0}, then the support of

X

U=X+Y and S

X+Y
will be

{(u,v)€R210<v<l, u>0}
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3.7 MGF Technique and Distributions defined by Transformations

Proposition 3.7.1
Let X, ....,X, be i.i.d and each X; ~ N(u,c?), then

Definition 3.7.1 — Distributions defined by Transformations.
n
1.1f 3Zy,....,Zx ~ N(0,1) are i.i.d such that X = )" Z7, then

i=1

X~ x(zk) Chi-Squared Distribution
2 : Z
2.1f3Z~N(0,1),Y ~ X(» and they are independent such that X = —=, then
Y
n
X ~ 1 t Distribution
n

3.1f 3y ~ X(%,,) and Y, ~ )((an) and they are independent such that X = %, then

na

X ~ F(ny,n)

Proposition 3.7.2
1. X ~ xfk) has MGF:
1 1
Mit)=——— Vit <
(1—-21)2 2

2. Let Xi,..., X, be independent and each X; ~ x(zk_), then

n
2
EXi ~ AT k)
=

Proof for 2: Apply Proposition 2.9.2

Theorem 3.7.3 .
— 1
IfXy,....X, ~N(u,0%) are iid, let X = — ) X; then
iz

(n—1)s?
02

1 & -
~ X) where s° = Z(Xi -X)?

Proof: See Cochran’s theorem and Lemma 3.7.4



https://en.wikipedia.org/wiki/Cochran%27s_theorem#Sample_mean_and_sample_variance
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Lemma 3.7.4
If Xq,...., X, ~ N(u,0?) are i.i.d, then X and s> are independent.

Theorem 3.7.5
If Xq,..... X, ~ N(u,o?) are i.i.d, then

~(n—1)

Theorem 3.7.6
IfXy,..., Xy ~ N(1,0%) areiidand ¥y,....,Y, ~ N(l, 67) are also i.i.d where each X.,Y; are independent
for all i, j, then

51/01

~F(ny—1,m—1
Bfo; ~HmTtml




4.1

Convergence in Distributions

Definition 4.1.1 — Convergence in Distributions - CDF Converges Pointwise.
Let X, X, ... be a sequence of random variables where X,, have CDF F,(x) for all n € N and X has a CDF
F(x), we say

X, i) X (X, converges in distributions to X)

If

lim F,(x) = F(x) Yx where F is continuous at x
n—oo

We call F is the limiting/asymptotic distribution of X},

n Example 4.1 Let W ~ Bernoulli() where X, = W for all n € Nand X = 1 —W. Hence we have
x, 4 x
but is lim X, = X? Nope, because |X, —X|=1foralln € N .
n—oo

= Example 4.2 Let X, ~ Unif(0,1) and X = 0, show X, % X

n

Note that
0 ifx<0
F(x)=qnx if0<x<l = lim F(x) =0 Vx<0 and limF(x)=1 Vx>0
1 ifx>1

Then let F be the cdf of X, we have

lim F,(x) = F(x) =

n—yoo

0 ifx<O d
1 ifx>0
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Proposition 4.1.1
Let b,c € R and ¢@(n) s.t. lim @(n) =0, then
n—soo

lim [1 N (”(”)] = ot
n n

n—soo

idea: consider the case ¢(n) = 0 for all n € N, then applying the limit:

b cn
lim [1 + } = ¢P*
n

n—soo

» Example 4.3 Let Xi,...,X, ~ Unif(0,1) are i.i.d, X(;) = min {Xi,...,X, } and X,y = max {Xi,...

1. Find the asymptotic distribution of nX(y)

n—
L

0 if2<0
X X\ . X
F(®) = P(nX() <x) = P(Xy 2 ) = { 1= (1-2)" ifo<z<1
1 if 5 > 1
0 ifx<O0
=<q1—(1-%)" ifo<x<n
1 ifx>n
- [0 ifx<0
l—e™ ifx>0

That is nX(1) % Exp(1)
2. Find asymptotic of n(1 — X))

Fyx) = Pr(1 = X) <x) = P(X 2 1= 5 ) = 1= P (X < 1-7)

n n
X
—1-F (1 . 7)

1 if1—-2<0
=¢1-(1=3)" ifo<1—-7<1
0 if1—2>1

0 ifx<O0
=¢1-(1=-3) ifo<x<n
1 ifx>n
noeo | O ifx<0
A
l—e™ ifx>0

That is n(1 — X)) % Exp(1)

Xn}
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Convergence in Probability

Definition 4.2.1 — Convergence in Probability - Converge in Probability Measure.
Let X1,X>, ... be a sequence of random variables and X be a random variable. We say that X, Lx Xy
converges to X in prob) if

Vex>o0 ,}EE,POX”_X’ >¢e)=0

or equivalently
Ve>0 limP(X,—X|<e¢)=1
n—yoo

m Example 4.4 Let W ~ Unif(0,1), X =0 and

J1ito<w< g
" 10 otherwise

Then for all € > 0:

1
P(|X, —X| 28)_P(Xn28)_P(Xn_1)_P<0<W<1) —tim [" 1dx = lim+ =0

n n—oo J n—oo g

That is X, Ly X as desired. n

» Example 4.5 Let X, ~ Bernouli(1 — ) and X = 1, then for € > 0:

1
n

L jfo<e<i .
P(|X,—X|>€)=<" . = lim P(|X, —X| >¢€)=0

0 ifex>1 n—oo

or
1 1
P(’Xn_X’6{071}):P(’Xn_X’:1)+P(‘Xn_x‘:0):P(Xn:1)+P(Xn20): _Z"_;:l
Therefore, we have lim P(|X, —X| > &) =0, thatis X, & X = 1 ]
n—oo

Probability Limits Theorems

Theorem 4.3.1

If X, Lx , then X, i> X. (Converse is not always true, but if X is constant random variable, this will be
true)

Proof: Proofs of Convergence of Random Variables

n Example 4.6 Let W ~ Bernoulli(}) and X, = W foralln € N. Let X = 1 —W, so X ~ Bernoulli(}) and
X, L X but P(1X, —X| > 1) =P(|X,—X| = 1) = 1, s0 lim P(|X, —X| > 1) = 1 £0,s0 X, X .
n—oo


https://en.wikipedia.org/wiki/Proofs_of_convergence_of_random_variables
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Theorem 4.3.2
Letc € R, if X, % ¢, then X, & ¢
Proof: Since X, % c, that is for any € > 0, we have P(|X, —X| > €) > 0 and

P(|X,—c|>¢e)=PX,>c+€)+PX,<c—eg)
=1-PX,<c+é&)+F,(c—¢)
€
<1-P(X, <c+2) +Fifc—e)

S
=1 —Fn<c—|— 5) +Fy(c—¢€)
Note that the CDF for c:
0 ifx<c
F(x) =
1 x>c¢

and X, % ¢ implies lim F,(x) = F(x) for all x # ¢, then

n—yoo

By Squeeze theorem, we have lim P(|X,, —c| > €) =0, that is X, Ly ¢ as desired.
n—soo

0< lim P(X,—c| > &) < lim 1 = F, (c+2 ) + Fy(c—&) = 1-1+0=0
n—yoo n—yoo 2

Proposition 4.3.3 — Markov Inequality.
Let X be a random variable, then for all kK > 0, ¢ > 0:

E[|x["]

P(XIZe) <=5

(we usually take k = 2)

Proposition 4.3.4 — Chebyshev’s Inequality.
Let X be a random variable, the for all k£ > 0:

P(IX —E[X]| > kv/Var[X]) < %

s Example 4.7 Let Y ~ Unif(0,1) and X, = Y", show X, 2 X for X = 0.
Note that
1

n+1

B = £ = [ vy =

Let € > 0, then
El|X,—X E|X, 1
€ € (n+1)e

By Squeeze Theorem, we have 1i_r>n P(|X, —X| > &) = 0, that is X, 2> X as desired.
n—yoo
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Proposition 4.3.5

Let X;,X,,.. be a sequence of random variables with E[X,] = u, Var[X,] = 62 > 0 and lim 62 = 0, then
n—oo

X, 5u

Proof: Let € > 0, then

E[(X,—p)’] _ VarlX,] o,
€2 =~ 2"

0<P(|X,—p|=¢) <

Then by Squeeze theorem, we have lim P(|X,, — | > €) =0, that is X, 2, U as desired.
n—soo

Proposition 4.3.6 — Weak Law of Large Numbers (WLLN).
Let X,, be a sequence of i.i.d random variables with E[X;] = p and Var[X;] = 62 < oo, then

_ 1 &
X=-Yx5u
nl:l
Proof: Note that
— 1 & 1 &
E| n]:*'ZE[Xl]:*'Z.“:.U
s iz
and
- 1 ¢ 1 & , ol
Var [ X, ] :—Z-Z’Var[X,]:—2 ZG =— =0
W i=1 W i=1 W

Then we have

0<P(|X, —E[X,]| > &) <

That is X,, 2 U, which completes the proof.

= Example 4.8 Let X, be a sequence of i.i.d random variables such that X; ~ Bernouli(p), so we have
E[X;] = p and Var[X;] = p(1 — p) < oo, then by WLLN: X,, & p -

m Example 4.9 Let X, be a sequence of i.i.d random variables such that X; ~ Bernouli(p). We define
1 n
W, ==Y 2%
ni

Find W, 257:
First we define Y¥; = 2%, so Y; are also i.i.d. Then we have

Ex]=2"(1-p)+2'p=1+p and EY ]| =201 —-p)+2%'p=1+3p

This gives us that Var[Y?] = E[Y?] — (E[Y}])* < e, then by WLLN W, 2 1 4 p. ]
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Lemma 4.3.7
Let X, be a sequence of random variables with MGFs M,,() and X is a random variable with MGF M(z). If

3h > 0's.t. lim My(1) = M(t) for all |¢| < h, then X, 4 x
n—roo

Proof: omitted, too much math for this class.

Theorem 4.3.8 — Central Limit Theorem (CLT).
Let Xi,.....X, be i.i.d random variables with E[X;] = u, Var[X;] = 62 < oo, then

(o]
where

_ 1 &
Xo=—3 %

Proof: B
Let M, (t) be the MGF of w, so we have

and MGF of N(0,1) is M(t) = exp{%} forallt € R

t
Now we will show that lim M,(—=) = M(t). By Taylor series:

nove /R
() () o (5)'+o{ ()
gee(2)
o) -t () )] o)

Then by Lemma 4.3.7 we have X, 4 X as desired.

then we have

» Example 4.10 Let X|,...,X,, ~ Poi(A) be i.i.d , then

‘/’;();”/{M 4 N(0,1) ByCLT
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= Example 4.11 Let X, ~ %2, , then E[x2,] = 1 and Var| 22 | =2, then by CLT

n 2
i B
V2

1> 4 N, 1)

Then we have

— N(0,1)

m Example 4.12 Let X1, X>,.... ~ Unif(0,1) are i.i.d, then

V(X

X_1y,
n__2) 5 N(,1)

LetY; = Xl-3 so Y; are 1.i.d so that

1 1 1 1 2
E[Y}] :/ Xdx = 1 and  E[Y;] :/ xXOdx = 7 = Varlt;] = - — <> <o
0 0

Then by CLT:

Theorem 4.3.9 — Continuous Mapping Theorem.
Let g be a continuous function, X, be a sequence of random variables and X be a random variable

1.If X, % ¢, then g(X,) 2 ¢

2.1 X, % X, then g(X,) % g(X)

Theorem 4.3.10 — Slutsky’s Theorem.
X, % X and ¥, & c, then

LX,+Y, S X+cand X, +Y, B X +c

2.X,Y, % X and XY, B cX

d
3. % % Xand 2+ & X (when ¢ #0)

Note: If X, i) X and Y, i) Y, does not always implies that X, + Y, i) X+Y
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m Example 4.13 If X;, > 0 and ¢ > 0, then by Continuous Mapping Theorem:
X, 5e = VX, B e and x2 2 2
IfXx, LX~N (0,1), then by Continuous Mapping Theorem:
2%, 152X +1~N(1,4)  and X2 5X2~y2)
If X, % X ~ N(0,1) and ¥, & ¢ with ¢ # 0, then

Xo+Y, L X +c~N(ce, 1) XY, % CX ~ N(0,c%)

= Example 4.14 Let X, ~ Poi(1) be a sequence of i.i.d random variables, define U, = \/n(X, —A) and
Z, = Y~ By CLT:

A

Let g(1) = v/At and we see that

- VA < - 1 )
U, = X,—A)—= X,—A) —
By Comtinuous Mapping Theorem we have

\/ﬁ(Xn—/l)>d
VIZR Z2) ) 4 G (N(0,1)) = A -N(0,1) = N(0, A
oV g(N(0,1)) = A-N(0,1) = N(0.2)
By WLLN X,, % A and define h(x) = \/x, then g(X,,) 2 g() = VA

Since /X, 2 v/A and U, i>N(0,7L), then we have

» Example 4.15 Let X,, ~ Unif(0,1) be i.i.d and U, = max X; and V,, = e~"(1=Ur)_Then it’s easy to see that
<i<n

n(l1—-U,) 4 Exp(1). NowweletT =e > soand Y ~ Exp(1)
0 ifr<0

o 0 ift <0 .
Fr(t)=Ple™” <t)= . =4qt if0<r<l1
P(Y > —log(t)) ift>0 )
1 ifr>1

Then we have
V, = e "1=U0 & ynif(0,1)

Now define W, = %, we see that X, = E X;] = % by WLLN and Var[X;] = ﬁ < o0, $0 we have continuous

g(t) =12 sit. '
2 —e®) 5 (1) =1 2o
" 2 4

Then by Slutsky’s Theorem we have W, = "(;ZU”) 4

n

=4.Y = Exp(4) where Y ~ Exp(1), ]

ST
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Theorem 4.3.11 — Delta Method.
Let X,, be a sequence of random variables such that a, (X, — 0) 4N (0,02) with lim a, = o and g(x) is
n—soo

differentiable at x = 6 and g'(0) # 0, then

an(8() —8(0)) 4 N (0, [¢/(8)]*0?)

Intuition:
g(Xn) %g(e)"i_g/(e)(xn_g) = an(g(Xn)_g(G)) %ang/(e)(xn_e)

Since for large n we have a,(X, — ) ~ N(0, 62), which implies

an(g(xn) — 8(6)) = N(0,62)-¢'(6) = N(0,6°[¢'(6)]°)

» Example 4.16 Let X, ~ Poi(A) be a sequence of random variables, find the limiting distribution of

Zy = \/ﬁ(\/)?n_\/z)

By previous result we have (X, — 1) % N(1), Let Z, = v/n(g(X,) — g(A)) for g(t) = /7. Since A > 0,
so g'(A) exists and g’ (1) = ﬁ # 0. Now by Delta Method:

Z, SN0, A[g'(M)]) = N(O, i)

= Example 4.17 Let X, ~ Exp(0) be a sequence of random variables and Z, = /n(log(X,) —log(6))

By CLT:

\/ﬁ(Xe”_e)gN(()J) —  Va%.—0) % N(0,6%)

Let g(¢) = log(t), so by Delta method:
d 2 1
Zy —>N(0, 0°[g'(0)] ) :N(o, 5 92> =N(0,1)

Let X,, be a sequence of random variables with E[X;] = 0 and Var[X;] = 6 < o for all i. Find the approximate
distribution of X ,21
By CLT:
X,—0
‘/’E(C;') LNO0,1) =  ViX L N(0,6?)

Let g(¢) =t> and Z = N(0, 1), by continuous mapping:



5.1 Introduction

We define the statistics 7(X) of X only, does not contain 6.

= Example 5.1

T(X)= — = X, isastatistic X,—u isnot
1 ¢ _ T
52 = — Z (Xi fX)z is a statistic "R s not

I
@

—

Want to estimate 6 or g(8) for some function g, we call a statistic T'(X) an estimator of 6 if we use it to

estimate 6. We call 7'(¥) an estimate of 6.

= Example 5.2 X, is an estimator for 4 and X, is an estimate

We will often use 8 (x;,x,) to indicate estimator of 6, but we often omit (...). That is we use @ to denote

estimator of 0.
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5.2 Method of Moments

Definition 5.2.1
Let Xy, ...., X, be i.i.d with pdf/pmf f(x;0) where 6 is a p-dimension parameter. such that

DL
~—

wm=EX]=g(0) m=EX]=g(0) ... Hy = E[X]] = g,(

Idea: Substitute u;, Uy, ... with (i1, I, ... where

. n X R n X2 R n XP
L=y — b=y - .. a,=) —-
,Z{ n i=1 1 I; "
We define the Method of Moments (MME) of 6 to be the solution to
=g1(0) Mm=g(6) ... f, = gp(é) p unknowns and p equations

» Example 5.3 Let Xi,...,X, ~ Poi(A) be i.i.d, we see that u; = E[X;] = A so that

3\'—*

s0A = {11 is the MME of A.

Is E[A] = A (A unbiased??)

n
1 R
ZEX]:f-n/'L:/I = A is unbiased

ZX

Is 2 & 12 (A consistent 7?)
By WLLN: 4 =X, & A, so A is consistent .

= Example 5.4 Let Xi,....,X, ~ Unif(0,0) be i.i.d, so u = E[X;] = 4, so MME 8 solves fi; = &, so

6 =20, =2X,
Then 0
E[f) =E[2X,] =2E[X,] =2- 5 =0
and 6 = 2X,, 2 0 because by WLLN X, —> , then 0 is unbiased and consistent. "

= Example 5.5 Let Xi,...,X, ~ N(u,0?) be i.i.d, so u; = E[X;] = u, up = E[X?] = Var[X;] + E[X;]* =
o2+ p?, then MME:s fi, 62 solve:

=p p=
—
{ﬁzZGZ-HJZ {0221312—!112

Then i =X, and 6 ZX 2_ x> , S0 [l is unbiased and consistent. Also we see that

E16%) = EL] - (VX B = o= (% ) = Lo
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1 n
- ZX,-Z %624+u?> and X,5u = 65067 byslutsky’s theotem and continuous mapping
iz

so 62 is biased but consistent n

n Example 5.6 Let Xi,...,X, ~ Unif(—6,0) be i.i.d with @ > 0. Then we have u; = E[X;] = =42 =0, so
we should use higher order moments. We see that

iy = E[X?] = Var[x;| + E[x P = (0~ (0

so MME solve

o ®
Il
=3
)

Maximum Likelihood

Let Xi,...,X, be i.i.d with pdf/pmf f(x; é) and 6 € Q (parameter space), we observe (xj,....,x,) from random
variables (X, ....,X,)

Definition 5.3.1 — Likelihood Function.

n

— —

L(6;%) = Hf(m ;6)

where f(x; ; 0) is joint pdf/pmf of X;’s and L : Q — [0, ). The joint pdf is function of data X by parameter
0, likelihood is function of parameter 0 indexed by data X.

Note: It’s not true that /L(O ;X)d6 =1 or ZL(O; X) = 1 n general
0
Likelihood idea: pick 6 such that it maximizes L(6), we call = arg max L(6 ;X) the maximum likelihood
S
estimate (MLE) of 6. Max likelihood estimator replaces X with X.
Review: How to maximize function L(6) over Q?

Maximizer solve: %L(G) or look at the boundary of Q.

Note:
L(6 :;X) = log(L(0 ;X
argmax L(6 ;X) = argmax log(L(6 ;¥))

The log likelihood function:

£(0;X) =log(L(6;X)) = log (ﬁf(x;é)) = i}log(f(x,-;é))

this is other easier to work with because ¢ is easier to diiferentiable.
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» Example 5.7 Let Xi.,...,X, ~ Exp(8) be i.i.d, find the MLE of 6. Since f(x;60) = ¢ /?, then

n .
i=1%Xi

n _ =1t 1 n
9)=[]/(:0)=6""c 6 — BT = —nlogh— Y
=l i=1

Then we see that

MLE 6 solve % =0, we get

s Example 5.8 Let X, ..., X, ~ Poi(1) be i.i.d, find the MLE of A. Since f(x;0) = 2¢ ’

n Aine—nl
X = I = — =X in 7}1},
Ef(xl,l) o Atte

so that

X’)—(in)logl—n/l Zlogxl (Zx,)log)t—nl—c for some c € R

i=1 i=1

Then we have

so MLE 1 solves % =0 we get

i = — 1=
i=1

}.»

which is the same as MME n

» Example 5.9 Let Xi,...,X,, ~ Unif(0,0) be i.i.d and it has the pdf

£(x:6) % if0o<x<6
x,0) =
0 otherwise

Then we have

n 6" ifo6> max Xx;
L(6:%) = [ [ f(xi:0) = =i
i=1 0 otherwise

Then we have 6 = 1r1<1jc1<x X; is the MLE, which is different from the MME 6 = 2X,, "
SiIsn
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= Example 5.10 Let X|,...,X, ~ N(u,c?) be i.i.d, then
2 1 ¢ 2 N 2
(u,0%) = =55 ) (xi— )’ = S log(270”)
i=1

202

This gives us that

del 1 (& L )
-\ e L e
solve it to get the MLEs

N
ar H=-) X

4=0 o

5.4 Properties of MLEs

Theorem 5.4.1 — Invariances of MLEs.
If 6 is the MLE of 6, then for any function g, g(8) is the MLE of g(8)

» Example 5.11 Let X, ..., X, ~ Poi(A), by previous we have Amre = X, and MLE of E[X?] = A(A +1)
What’s the MLE of P(X; = 0) = ¢ *? It’s ¢ X" by invariance.
What’s the MLE of
1 A<10
l<i0=

0 A>10

By Invariances, the MLE is
1
]IY,,glo = 0

)

| 3
AVARRVAN
]

N

—_

From now on: 0 is a scalar

Definition 5.4.1
Score Function: 4
S(0;X) = —£(6;X
(6:7) = 1 £(6:3)
Information Function:
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Expected Information Function:

J(0)=E[I(0;X)|=E [—ddezf(ﬂ;)?)] =E !_da;z .nllogf(xi;e)]

Theorem 5.4.2 — Asymptotic Normality and Consistency of MLE.
Under some regularity conditions (e.g support not depending on ),

@-0)-J0)] LNO,1) and 0656

Proof: Taylor’s theorem to score function

m Example 5.12 Let Xi,....,X,, ~ Poi(A) be i.i.d, then we have

i=1

L(A3X) = (ix,) log(1) —nlOilog(xi!)
i=1

and
S l’*)——d LAX) = —1 Zn | — d 1 )L'*)———d LAX) = En ;
(,x—d)L X)) = T X; n an (AsX) = 192 ,x-lz' X;

Then we have

this gives us that

>

and A -2 %N, 1) and A=X,22

>3

P(X; =0) = e~ *, by invariance it has MLE: ¢~*», by continuous mapping /n(X, — ) 4 N(0,1).
Use delta method we het

V(e —e ) 4 N(0,1e7 )

so the large n estimate of P(X; = 0):
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